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E-mail: gamboa@cimat.mx

∗∗ Departamento de Matemticas
Universidad de Guanajuato

Guanajuato Gto., Mxico. CP 36240

E-mail: fernandonm@ugto.mx

Abstract. We study the fixed point and the weak fixed point property in the Banach space c0α =(
c0, ‖·‖α

)
, where ‖(xi)‖α = supi |xi| + α

∑
i
|xi|
2i
. It is known that c0α has the weak fixed point

property for every α ≥ 0. We prove that if K is a nonempty, convex, closed and bounded subset of

c0α, then K is weakly compact if and only if every nonempty, convex and closed subset of K has the

FPP.
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1. Introduction

In the last years the converse of Maurey theorem [MAU]: If K ⊂ c0 is nonempty,
convex, closed, bounded and has the fixed point property (FPP) then K is ω-compact,
has been an active research theme. Llorens-Fuster and Sims proved in 1988 in [LFS]
that some nonempty, convex, closed and bounded subsets of c0 which are compact
in a locally convex topology very similar to the weak topology of c0 do not have the
FPP. This fact led them to the following conjecture: Let K be a nonempty, convex,
closed and bounded subset of c0; then K has the FPP if and only if K is ω-compact.
In 2003, Dowling, Lennard and Turett answered partially this conjecture in [DLT],
specifically they defined the asymptotically isometric c0 summing basic sequences
(aisbc0 sequences), showed that if K ⊂ c0 is a nonempty, convex, closed and bounded
set which is not weakly compact, then it contains an aisbc0 sequence and using it,
they construct a subset of K without the FPP. Later in 2004 the same authors proved
in [DOL] that, as conjectured by Llorens-Fuster and Sims, the converse of Maurey’s
theorem is true.

In 1992 in [JIM], Jiménez-Melado A., used the space c0α to prove that two prop-
erties which imply the weak fixed point property are not equivalent. In [FGB], Fetter
H., and Gamboa de Buen B., showed that for all α ≥ 0, the space c0α has the ω-FPP
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and that for α ∈ [0, 1), the space cα has the ω-FPP, where c0α and cα are the c0 and
c spaces respectively with the equivalent alpha norm. The following question arises
naturally. If K ⊂ c0α is nonempty, convex, closed, bounded and has the FPP, is K
ω-compact? The same question can be asked in cα, α ∈ [0, 1).

In this article, first we show that in c0α there exist nonempty, convex, closed and
bounded subsets which are not ω-compact and without aisbc0 sequences with the
norm ||.||α.

Then we define the corresponding asymptotically isometric c0α summing basic
sequences (aisbc0α sequences). We give an example of a nonempty, convex, closed
and bounded subset of c0 which is not ω-compact and without aisbc0α sequences with
the norm ||.||∞, proving that the families of aisbc0 and aisbc0α sequences are different.

Next we show that if K is a nonempty, convex, closed and bounded subset of a
Banach space X that contains an aisbc0α sequence, then we can construct C ⊂ K
nonempty, convex, closed and without the FPP.

Finally we show that if K is a nonempty, convex, closed and bouded subset of c0α
which is not ω-compact, then there exist {xn} ⊂ K and L > 0 such that {Lxn} is an
aisbc0α sequence, proving then that if K is a nonempty, convex, closed and bouded
subset of c0α, then K is weakly compact if and only if every nonempty, convex and
closed subset of K has the FPP. We also prove a similar result in the space cα, for
α ∈ (0, 1].

As we said, one of the key points of the Dowling, Lennard and Turett work in
[DLT] is to construct, in a nonempty, convex and closed subset K of c0, a sequence
with a ”similar” behavior to the c0 summing basis. To do that, they define the aisbc0
sequences. Recall that c00 is the set of all eventually zero sequences in K.

Definition 1.1. Let {xn} be a sequence in a Banach space X. We say that {xn} is
an asymptotically isometric c0-summing basic sequence, aisbc0 sequence for short, if
there exists {εn} ⊂ (0,∞) with εn → 0 such that

sup
n∈N

(1 + εn)
−1

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ ≤
∥∥∥∥∥
∞∑
n=1

tnxn

∥∥∥∥∥ ≤ sup
n∈N

(1 + εn)

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ , (1.1)

for all {tn} ∈ c00. If L > 0, we say that {xn} is a L-aisbc0 sequence if {Lxn} is an
aisbc0 sequence.

Remark 1.1. In the previous definition we can replace c00 by l1.
An aisbc0 sequence is a bounded basic sequence equivalent to the summing basis of c0.

A subsequence of an aisbc0 sequence {xn}∞n=1 is again an aisbc0 sequence. More-
over, if {λn} ⊂ (0,∞) and λn −→ 0, then we can select {xnk}∞k=1 such that the

associated new sequence {ε′n} satisfies that ε
′

n+1 < ε
′

n and ε
′

n < λn, n ∈ N.

In [DLT] the following results were proved.

Proposition 1.1. Let K be a nonempty, convex, closed and bounded subset of c0.
Then K is ω-compact if and only if every nonempty, convex and closed subset of K
has the FPP.
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Proposition 1.2. Let K be a nonempty, convex, closed and bounded subset of c.
Then K is ω-compact if and only if every nonempty, convex and closed subset of K
has the FPP.

Note that proposition 1.1 does not prove Llorens-Fuster´s and Sims´ conjecture. In
2004 the same authors, Dowling, Lennard and Turett, proved in [DOL] the following
theorem.

Theorem 1.1. Let K be a nonempty, convex, closed and bounded subset of c0. Then
K is ω-compact if and only if K has the FPP.

The conjecture in the case of c remains still open.

2. The fixed point property in the c0α space

Definition 2.1. Let α ≥ 0 and l∞α the space of all scalar bounded sequences endowed
with the α-norm given by

|| (xn) ||α = || (xn) ||∞ + α ‖(xn)‖s , (xn) ∈ l∞,
where

‖(xn)‖s =

∞∑
n=1

|xn|
2n

.

Note that ||.||α and ||.||∞ are equivalent, since

||x||∞ ≤ ||x||α ≤ (1 + α) ‖x‖∞ , x ∈ l∞.
As we said, Fetter H., and Gamboa de Buen B., proved in [FGB] that for all

α ∈ [0, 1), the space cα = (c, ||.||α) has the ω-FPP and also that c0α = (c0, ||.||α) has
the ω-FPP for all α > 0.

In what follows we shall fix α > 0.
Next we will see that in c0α there exist nonempty, convex, closed and bounded

subsets which are not ω-compact and without aisbc0 sequences with the norm ||.||α.

Example 2.1. Let {ξn} be the c0 summing basis. Then

C =

{ ∞∑
n=1

λnξn : λn ≥ 0 and

∞∑
n=1

λn = 1

}
does not have aisbc0 sequences with the norm ||.||α.

Proof. It is clear that C is a nonempty, convex, closed and bounded subset of c0α
which is not ω-compact. Suppose that C contains an aisbc0 sequence {yn} with the
norm ||.||α, for some sequence {εn}. By remark 1.1 we can suppose that {εn} satisfies
εn+1 ≤ εn < α

2 , n ∈ N. Since {yn} ∈ C we have that yn =
∑∞
i=1 λ

n
i ξi for some

sequence {λni } such that λni ≥ 0 and
∑∞
i=1 λ

n
i = 1. Take m ∈ N and define

(tn) = em,

where {en} is the canonical basis of c0. Then
∞∑
n=1

tnyn = ym
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and ∥∥∥∥∥
∞∑
n=1

tnyn

∥∥∥∥∥
α

=

∥∥∥∥∥
∞∑
i=1

λmi ξi

∥∥∥∥∥
α

= 1 + α

∞∑
k=1

∣∣∣∑∞j=k λmj ∣∣∣
2k

≥ 1 +
α

2
. (2.1)

On the other hand, since {yn} is an aisbc0 sequence with the norm ||.||α we get∥∥∥∥∥
∞∑
n=1

tnyn

∥∥∥∥∥
α

≤ sup
n∈N

(1 + εn)

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ = (1 + ε1),

which contradicts (2.1), since ε1 <
α
2 . �

In view of example 2.1, in a similar way to the Dowling, Lennard and Turett
definition given in [DLT] for c0, we will define the asymptotically isometric summing
basic sequences in the space (c0, ||.||α). First we recall the definition of convexly closed
sequences given in [GBN].

Definition 2.2. Let {xn} be a bounded basic sequence in a Banach space X. We say
that {xn} is a convexly closed sequence if the set

C =

{ ∞∑
n=1

tnxn : tn ≥ 0 and

∞∑
n=1

tn = 1

}
is closed, that is, if conv {xn} = C.

Note that subsequences of convexly closed sequences are again convexly closed and
that every basic sequence equivalent to a convexly closed sequence is convexly closed.

It is easy to see that the c0 summing basis and the canonical basis of l1 are convexly
closed. An aisbc0 sequence is also convexly closed, since it is equivalent to the c0
summing basis.

Definition 2.3. Let {xn} be a sequence in a Banach space X and α > 0. We say that
{xn} is an asymptotically isometric c0α-summing basic sequence, aisbc0α sequence for
short, if {xn} is convexly closed and there exist {εn} ⊂ (0,∞), {an} ⊂ (0,∞) and

{δn} ⊂
(
0,
√

2− 1
)

such that εn → 0,
∑∞
j=n+1 aj ≤ an, n ∈ N, δn+1 ≤ δn, n ∈ N and

sup
n∈N

(1 + εn)−1

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣+ α

∞∑
n=1

(1 + δn)−1

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ 2an+1 (2.2)

≤

∥∥∥∥∥
∞∑
n=1

tnxn

∥∥∥∥∥ ≤ sup
n∈N

(1 + εn)

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣+ α

∞∑
n=1

(1 + δn)

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ an,
for all {tn} ∈ l1 with

∑∞
n=1 tn = 0. If L > 0, we say that {xn} is a L-aisbc0α sequence

if {Lxn} is an aisbc0α sequence.

We saw in example 2.1 that there exist nonempty, convex, closed and bounded
subsets of c0α which are not ω-compact and without aisbc0 sequences with the norm
||.||α. The following example shows that there exist nonempty, convex, closed and
bounded subsets of c0 which are not ω-compact and without aisbc0α sequences with
the norm ||.||∞.
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Example 2.2. Let {ξn} be the c0 summing basis. Then

C =

{ ∞∑
n=1

λnξn : λn ≥ 0 and

∞∑
n=1

λn = 1

}
does not have aisbc0α sequences with the norm ||.||∞.

Proof. Suppose that C contains an aisbc0α sequence {yn} with the norm ||.||∞ for
some sequences {εn}, {an} and {δn}. Since {yn} ∈ C we have that yn =

∑∞
i=1 λ

n
i ξi

for some sequence {λni }
∞
i=1 such that λni ≥ 0 and

∑∞
i=1 λ

n
i = 1. Take m ∈ N with

m > 1 and define

(tn) = −e1 + em,

where {en} is the canonical basis of c0. Then
∞∑
n=1

tnyn = −y1 + ym

and (
sup

1<n≤m

1

1 + εn

)
+ α

m∑
n=2

(1 + δn)
−1

2an+1 (2.3)

= sup
n∈N

(1 + εn)−1

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣+ α

∞∑
n=1

(1 + δn)−1

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ 2an+1 ≤

∥∥∥∥∥
∞∑
n=1

tnyn

∥∥∥∥∥
∞

≤ 1.

Since (2.3) holds for all m ∈ N, making m −→∞ in (2.3), we obtain

1 + α

∞∑
n=2

(1 + δn)
−1

2an+1 ≤ 1,

which contradicts the fact that α
∑∞
n=2 (1 + δn)

−1
2an+1 > 0. �

The following proposition is an “analogous” of theorem 2 of [DLT]. In its proof,
the set C and the operator T are constructed as in [DLT]. However, to prove that T
is a nonexpansive mapping we have to do different estimations to those in [DLT].

Proposition 2.1. Let K be a nonempty, convex, closed and bounded subset of a
Banach space X. Fix {εn} ⊂ (0,∞) with εn < 2−14−n, n ≥ 2. If K contains an
aisbc0α sequence {xn} such that (2.2) holds with this {εn} and some sequences {ak}
and {δk}, then there exist C ⊂ K nonempty, convex and closed and T : C → C affine,
nonexpansive and fixed point free. Moreover, T is contractive.

Proof. Let {xn} ⊂ K be an aisbc0α sequence with {εn} ⊂ (0,∞) such that εn <

2−14−n, n ≥ 2 and {ak} ⊂ (0,∞) and {δk} ⊂ (0,
√

2− 1) as in definition 2.3. Set

C = conv {xn} =

{ ∞∑
n=1

tnxn : tn ≥ 0, n ∈ N and

∞∑
n=1

tn = 1

}
⊂ K.

Thus C is nonempty, convex, closed and bounded. Define Txn =
∑∞
j=1

xn+j

2j ,

n ∈ N, and extend T linearly to C, that is, if x =
∑∞
n=1 tnxn ∈ C then define
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T (
∑∞
n=1 tnxn) =

∑∞
n=1 tnTxn. It is clear that T (C) ⊂ C and that T is an affine

mapping. It is easy to see that T is fixed point free. See [DLT].
We only need to show that T is a contractive mapping. Let x, y ∈ C with

x 6= y. Then x =
∑∞
n=1 tnxn and y =

∑∞
n=1 snxn, with tn, sn ≥ 0 and

∑∞
n=1 tn =∑∞

n=1 sn = 1. Let βn = tn − sn, n ∈ N, so that
∑∞
n=1 βn = 0. Therefore,

T (x)− T (y) =

∞∑
n=1

βnT (xn) =

∞∑
n=1

βn

 ∞∑
j=1

xn+j

2j


=

(
β1

2

)
x2 +

(
β1

22
+
β2

2

)
x3 +

(
β1

23
+
β2

22
+
β3

2

)
x4 + ....

Define B1 = 0 and Bn = β1

2n−1 + β2

2n−2 + ...+ βn−1

2 , n ≥ 2. Thus

T (x)− T (y) =

∞∑
n=1

Bnxn.

Since {xn} is an aisbc0α we have

‖T (x)− T (y)‖ =

∥∥∥∥∥
∞∑
n=1

Bnxn

∥∥∥∥∥ ≤ sup
k∈N

(1 + εk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣+ α

∞∑
k=1

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ ak.
By theorem 2 of [DLT] we obtain

sup
k∈N

(1 + εk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ < sup
k∈N

(1 + εk)−1

∣∣∣∣∣∣
∞∑
j=k

βj

∣∣∣∣∣∣ . (2.4)

On the other hand,
∞∑
j=1

Bj =

∞∑
j=2

Bj =

∞∑
j=1

βj = 0

and
∞∑
j=n

Bj =

(
β1

2n−1
+

β2

2n−2
+ ...+

βn−1

2

)
+

(
β1

2n
+

β2

2n−1
+ ...+

βn
2

)

+

(
β1

2n+1
+
β2

2n
+ ...+

βn+1

2

)
+ ...

=
β1

2n−2
+

β2

2n−3
+ ...+

βn−2

2
+

∞∑
j=n−1

βj , n ≥ 3.

Since
∑∞
j=1 βj = 0, note that∣∣∣∣∣∣

∞∑
j=3

Bj

∣∣∣∣∣∣ =

∣∣∣∣∣∣β1

2
+

∞∑
j=2

βj

∣∣∣∣∣∣ =

∣∣∣∣β1

2
− β1

∣∣∣∣ =

∣∣∣∣β1

2

∣∣∣∣ ,
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∞∑
j=4

Bj

∣∣∣∣∣∣ =

∣∣∣∣∣∣β1

22
+
β2

2
+

∞∑
j=3

βj

∣∣∣∣∣∣ =

∣∣∣∣β1

22
+
β2

2
− (β1 + β2)

∣∣∣∣
≤
∣∣∣∣β1

2
+
β2

2
− (β1 + β2)

∣∣∣∣+
|β1|
22

=
|β1 + β2|

2
+
|β1|
22

.

In general, if k ≥ 3 we have∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ ≤ |β1 + β2 + ...+ βk−2|
2

+ ...+
|β1 + β2|

2k−3
+
|β1|
2k−2

.

Since δk <
√

2 − 1, k ∈ N, then 1 + δk <
2

1+δk
, k ∈ N. We also have that δk+1 ≤

δk, k ∈ N; therefore

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ ak ≤ (1 + δk)ak

(
|β1 + β2 + ...+ βk−2|

2
+ ...+

|β1|
2k−2

)

≤
k−2∑
j=1

(1 + δk−j)ak

(
|β1 + β2 + ...+ βk−1−j |

2j

)

<

k−2∑
j=1

(1 + δk−j)
−1ak

(
|β1 + β2 + ...+ βk−1−j |

2j−1

)
Thus

∞∑
k=3

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ ak <

∞∑
k=3

k−2∑
j=1

(1 + δk−j)
−1ak

(
|β1 + β2 + ...+ βk−1−j |

2j−1

)

=

∞∑
k=2

(1 + δk)−1

∣∣∣∣∣∣
k−1∑
j=1

βj

∣∣∣∣∣∣
(
ak+1 +

ak+2

2
+
ak+3

22
+ ...

)

≤
∞∑
k=2

(1 + δk)−1

∣∣∣∣∣∣
∞∑
j=k

βj

∣∣∣∣∣∣ 2ak+1

=

∞∑
k=1

(1 + δk)−1

∣∣∣∣∣∣
∞∑
j=k

βj

∣∣∣∣∣∣ 2ak+1,

since ak+1 ≤ ak, k ∈ N and
∑∞
n=1 βn = 0. We know that

∑∞
n=1Bn =

∑∞
n=2Bn = 0,

so we get

∞∑
k=1

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ ak <
∞∑
k=1

(1 + δk)−1

∣∣∣∣∣∣
∞∑
j=k

βj

∣∣∣∣∣∣ 2ak+1. (2.5)
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Finally, from (2.4) and (2.5) we obtain

‖T (x)− T (y)‖ =

∥∥∥∥∥
∞∑
k=1

Bkxk

∥∥∥∥∥
≤ sup

k∈N
(1 + εk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣+ α

∞∑
k=1

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

Bj

∣∣∣∣∣∣ ak <
< sup

k∈N
(1 + εk)−1

∣∣∣∣∣∣
∞∑
j=k

βj

∣∣∣∣∣∣+ α

∞∑
k=1

(1 + δk)−1

∣∣∣∣∣∣
∞∑
j=k

βj

∣∣∣∣∣∣ 2ak+1 ≤

≤

∥∥∥∥∥
∞∑
k=1

βkxk

∥∥∥∥∥ = ‖x− y‖ .

�

To simplify the proof of the below proposition we make use of the decomposition
||.||α = ||.||∞ + α ‖.‖s .

Proposition 2.2. Let K be a nonempty, convex, closed and bouded subset of c0α
which is not weakly compact. Then K has an L-aisbc0α sequence {zk} such that (2.2)

holds for some sequence {ε′k} ⊂ (0,∞) with ε
′

k < 2−14−k, k ≥ 2.

Proof. Suppose that K is a nonempty, convex, closed and bouded subset of c0α which
is not weakly compact. Since K is not ω-compact in c0, by theorem 4 of [DLT],
there exist {yn} ⊂ K ⊂ c0 and L > 0 such that {Lyn} is an aisbc0 sequence and

yn
ω∗−→ y ∈ l∞\c0. Define xn = Lyn, n ∈ N. Since {xn} is an aisbc0 sequence then

it is convexly closed and by remark 1.1 we can suppose that {xn} satisfies (1.1) for
some sequence εn ⊂ (0,∞) with εn < 2−14−n, n ≥ 2, that is

sup
n∈N

(1 + εn)−1

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ ≤
∥∥∥∥∥
∞∑
n=1

tnxn

∥∥∥∥∥
∞

≤ sup
n∈N

(1 + εn)

∣∣∣∣∣∣
∞∑
j=n

tj

∣∣∣∣∣∣ , (2.6)

for all {tn} ∈ l1. Suppose that xn = {αnk}∞k=1 and x = {αk}∞k=1. Since xn
ω∗−→ x ∈

l∞\c0 we have that xn converges coordinatewise to x and

∞∑
m=i

|αnm − αm|
2m

> 0, n, i ∈ N. (2.7)

Moreover, since xn converges coordinatewise to x we also have that ||xn− x||s −→ 0.

Fix {δn} ⊂
(
0,
√

2− 1
)

such that δn+1 ≤ δn, n ∈ N. Since ||xn − x||s −→ 0, there
exists B > 0 such that ||xn − x||s < B. Define N1 = 1, a1 = B and b1 = 1. Since
||xn − x||s −→ 0, there exists M1 ∈ N such that

∞∑
m=1

|αqm − αrm|
2m

= ||xq − xr||s <
1

2N1(1 + δ2)
, q, r ≥M1.
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Take n1 > M1. From (2.7) we can select N2 ∈ N such that N2 > N1,

0 <

N2∑
m=1

|αn1
m − αm|

2m
< a1. (2.8)

P2 ≡
N2∑

m=N1+1

|αn1
m − αm|

2m
> 0, (2.9)

P2 −
1

2N2
> 0,

and
∞∑

m=N2+1

|αn1
m − αm|

2m
< P2

(
1− 1

1 + δ2

)
. (2.10)

Since ||xn − x||s −→ 0, there exists M2 ∈ N such that

∞∑
m=1

|αqm − αrm|
2m

= ||xq − xr||s <
1

2N2(1 + δ3)
, q, r ≥M2.

Since xn converges coordinatewise to x, by (2.8), (2.9) and (2.10), there exists n2 >
max {M2, n1} such that

0 < a2 ≡
N2∑
m=1

|αn1
m − αn2

m |
2m

< a1,

b2 ≡
N2∑

m=N1+1

|αn1
m − αn2

m |
2m

> 0,

b2 −
1

2N2
> 0,

∞∑
m=N2+1

|αn1
m − αn2

m |
2m

< b2

(
1− 1

1 + δ2

)
,

and also that

0 <

∞∑
m=1

|αn2
m − αm|

2m
= ‖xn2 − x‖s <

1

2

(
b2 −

1

2N2

)
.

Let N3 ∈ N such that N3 > N2,

0 <

N3∑
m=1

|αn2
m − αm|

2m
<

1

2

(
b2 −

1

2N2

)
,

P3 ≡
N3∑

m=N2+1

|αn2
m − αm|

2m
> 0,

P3 −
1

2N3
> 0,
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and
∞∑

m=N3+1

|αn2
m − αm|

2m
< P3

(
1− 1

1 + δ3

)
.

Since ||xn − x||s −→ 0, there exists M3 ∈ N such that
∞∑
m=1

|αqm − αrm|
2m

= ||xq − xr||s <
1

2N3(1 + δ4)
, q, r ≥M3.

Since xn converges coordinatewise to x, there exists n3 > max {M3, n2} such that

0 < a3 ≡
N3∑
m=1

|αn2
m − αn3

m |
2m

<
1

2

(
b2 −

1

2N2

)
,

b3 ≡
N3∑

m=N2+1

|αn2
m − αn3

m |
2m

> 0,

b3 −
1

2N3
> 0

∞∑
m=N3+1

|αn2
m − αn3

m |
2m

< b3

(
1− 1

1 + δ3

)
,

and also that

0 <

∞∑
m=1

|αn3
m − αm|

2m
<

1

2

(
b3 −

1

2N3

)
.

Continuing in this way we can construct sequences {ak}∞k=1 ⊂ (0, B] and {bk}∞k=1 ⊂
(0, 1] such that a1 = B, b1 = 1,

0 < ak =

Nk∑
m=1

∣∣αnk−1
m − αnkm

∣∣
2m

<
1

2

(
bk−1 −

1

2Nk−1

)
, k ≥ 3, (2.11)

bk =

Nk∑
m=Nk−1+1

∣∣αnk−1
m − αnkm

∣∣
2m

> 0, k ≥ 2, (2.12)

bk −
1

2Nk
> 0, k ≥ 2,

2ak+1 < bk −
1

2Nk
< bk < ak, k ≥ 2

and
∞∑

m=Nk+1

∣∣αnk−1
m − αnkm

∣∣
2m

< bk

(
1− 1

1 + δk

)
, k ≥ 2. (2.13)

Since 2ak+1 < ak, k ≥ 2, then ak+1 < ak, k ≥ 2, and by construction we have that
a2 < a1. Moreover, since n1 > M1 and nk > max {Mk, nk−1} , k ≥ 2, by construction
we also have

Nk∑
m=1

∣∣αnk+1
m − αnkm

∣∣
2m

<
1

2Nk(1 + δk+1)
, k ∈ N. (2.14)
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Take now {tk} ∈ l1 such that
∑∞
k=1 tk = 0. Let N0 = 0. Since

∞∑
k=1

tkxnk =

( ∞∑
k=1

tkα
nk
1 ,

∞∑
k=1

tkα
nk
2 , ...

)
,

then ∥∥∥∥∥
∞∑
k=1

tkxnk

∥∥∥∥∥
s

=

∞∑
m=1

1

2m

∣∣∣∣∣
∞∑
k=1

tkα
nk
m

∣∣∣∣∣
=

∞∑
i=0

Ni+1∑
m=Ni+1

1

2m

∣∣∣∣∣
∞∑
k=1

tkα
nk
m

∣∣∣∣∣ .
Let αn0

m = αm . Since
∑∞
k=1 tk = 0, we have

∞∑
k=1

tkα
nk
m =

∞∑
k=1

tk (αnkm − αm)

=

∞∑
k=1

( ∞∑
i=k

ti −
∞∑

i=k+1

ti

)
(αnkm − αm)

=

∞∑
i=1

( ∞∑
k=i

tk

)
(αnim − αni−1

m ) .

Thus,
N1∑
m=1

1

2m

∣∣∣∣∣
∞∑
k=1

tkα
nk
m

∣∣∣∣∣
≥

N1∑
m=1

1

2m

∣∣∣∣∣
∞∑
k=1

tk

∣∣∣∣∣ |αn1
m − αm| −

∞∑
p=2

∣∣∣∣∣∣
∞∑
k=p

tk

∣∣∣∣∣∣ |αnpm − αnp−1
m |

 ,

N2∑
m=N1+1

1

2m

∣∣∣∣∣
∞∑
k=1

tkα
nk
m

∣∣∣∣∣
≥

N2∑
m=N1+1

1

2m

∣∣∣∣∣
∞∑
k=2

tk

∣∣∣∣∣ |αn2
m − αn1

m | −
∞∑
p 6=2

∣∣∣∣∣∣
∞∑
k=p

tk

∣∣∣∣∣∣ |αnpm − αnp−1
m |

 ,

N3∑
m=N2+1

1

2m

∣∣∣∣∣
∞∑
k=1

tkα
nk
m

∣∣∣∣∣
≥

N3∑
m=N2+1

1

2m

∣∣∣∣∣
∞∑
k=3

tk

∣∣∣∣∣ |αn3
m − αn2

m | −
∞∑
p 6=3

∣∣∣∣∣∣
∞∑
k=p

tk

∣∣∣∣∣∣ |αnpm − αnp−1
m |

 , ...

Therefore, from (2.14), (2.12) and (2.13) we obtain∥∥∥∥∥
∞∑
k=1

tkxnk

∥∥∥∥∥
s
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≥

∣∣∣∣∣
∞∑
k=1

tk

∣∣∣∣∣
(

N1∑
m=1

|αn1
m − αm|

2m
−

∞∑
m=N1+1

|αn1
m − αm|

2m

)

+

∣∣∣∣∣
∞∑
k=2

tk

∣∣∣∣∣
(
−

N1∑
m=1

|αn2
m − αn1

m |
2m

+

N2∑
m=N1+1

|αn2
m − αn1

m |
2m

−
∞∑

m=N2+1

|αn2
m − αn1

m |
2m

)

+

∣∣∣∣∣
∞∑
k=3

tk

∣∣∣∣∣
(
−

N2∑
m=1

|αn3
m − αn2

m |
2m

+

N3∑
m=N2+1

|αn3
m − αn2

m |
2m

−
∞∑

m=N3+1

|αn3
m − αn2

m |
2m

)

+

∣∣∣∣∣
∞∑
k=4

tk

∣∣∣∣∣
(
−

N3∑
m=1

|αn4
m − αn3

m |
2m

+

N4∑
m=N3+1

|αn4
m − αn3

m |
2m

−
∞∑

m=N4+1

|αn4
m − αn3

m |
2m

)
+ ...

≥

∣∣∣∣∣
∞∑
k=2

tk

∣∣∣∣∣
(
− 1

2N1(1 + δ2)
+ b2 − b2

(
1− 1

1 + δ2

))

+

∣∣∣∣∣
∞∑
k=3

tk

∣∣∣∣∣
(
− 1

2N2(1 + δ3)
+ b3 − b3

(
1− 1

1 + δ3

))
+

+

∣∣∣∣∣
∞∑
k=4

tk

∣∣∣∣∣
(
− 1

2N3(1 + δ4)
+ b4 − b4

(
1− 1

1 + δ4

))
+ ...

=

∞∑
k=2

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣
(
− 1

2Nk(1 + δk)
+

bk
1 + δk

)

=

∞∑
k=2

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣
(
bk − 1

2Nk

1 + δk

)
≥
∞∑
k=1

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ 2ak+1

1 + δk
,

since 2ak+1 ≤ bk − 1
2Nk

, k ≥ 2. On the other hand, by (2.11) and (2.13) we have∥∥∥∥∥
∞∑
k=1

tkxnk

∥∥∥∥∥
s

≤
∞∑
k=2

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣
(
ak + bk

(
1− 1

1 + δk

))

≤
∞∑
k=2

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣
(
ak + ak

(
1− 1

1 + δk

))

=

∞∑
k=1

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ ak
(

2− 1

1 + δk

)

<

∞∑
k=1

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ ak (1 + δk) .
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Then we obtain

∞∑
k=1

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ 2ak+1

1 + δk
≤

∥∥∥∥∥
∞∑
k=1

tkxnk

∥∥∥∥∥
s

≤
∞∑
k=1

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ ak, (2.15)

for all {tk} ∈ l1 with
∑∞
k=1 tk = 0. Since {xnk} is a subsequence of {xk} , then {xnk}

is convexly closed with the norm ||.||∞ and hence with the norm ||.||α. Since ||.||α =
||.||∞ + α ‖.‖s, by (2.6), (2.15) and remark 1.1 we obtain

sup
k∈N

(1 + ε
′

k)−1

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣+ α

∞∑
k=1

(1 + δk)−1

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ 2ak+1 ≤

≤

∥∥∥∥∥
∞∑
k=1

tkxnk

∥∥∥∥∥
α

≤

≤ sup
k∈N

(1 + ε
′

k)

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣+ α

∞∑
k=1

(1 + δk)

∣∣∣∣∣∣
∞∑
j=k

tj

∣∣∣∣∣∣ ak,
for all {tn} ∈ l1 with

∑∞
k=1 tk = 0, for a new sequence ε

′

k ⊂ (0,∞) such that ε
′

k <
2−14−k, k ≥ 2. Finally, define zk = ynk , n ∈ N. Then {zk} is the desired sequence.

�

From propositions 2.2 and 2.1 we get the following result.

Theorem 2.1. Let K be a nonempty, convex, closed and bounded subset of c0α. If
K is not weakly compact, then there exist C ⊂ K nonempty, convex and closed and
T : C → C affine, nonexpansive and fixed point free. Moreover, T is contractive.

As we said, in [FGB], Fetter H., and Gamboa de Buen B., showed that for all
α ≥ 0, the c0α space has the ω-FPP, then from this result and theorem 2.1 we obtain
the following theorem.

Theorem 2.2. Let K be a nonempty, convex, closed and bouded subset of c0α. Then
K is weakly compact if and only if every nonempty, convex and closed subset of K
has the FPP.

We think that the conjecture of Llorens-Fuster and Sims is also true in the c0α
setting.

Now we turn to the cα space.
Define π : c −→ K by π({xk}) = limxk. Thus, π ∈ c∗. Take a ∈ K and consider

the set π−1({a}). Define U : π−1({a}) −→ c0 by U({xi}) = {xi − a} . In the proof of
corollary 7 given in [DLT], it was shown that U is an affine mapping and that

U :
(
π−1({a}), σ(c, c∗)|π−1({a})

)
−→ (c0,σ(c0, c

∗
0))

is a homeomorphism. Since ‖.‖α and ‖.‖∞ are equivalent, we also have that π ∈ c∗α
and that

U :
(
π−1({a}), σ(cα, c

∗
α)|π−1({a})

)
−→ (c0α,σ(c0α, c

∗
0α))



462 BERTA GAMBOA DE BUEN AND FERNANDO NÚÑEZ-MEDINA

is a homeomorphism.
Consider K ⊂ cα nonempty, convex, closed and bounded which is not ω-compact.

Set
Q(K) =

{
a ∈ K : π−1({a}) ∩K is not ω-compact in cα

}
.

Since K is not ω-compact in cα, by lemma 6 of [DLT] we have that Q(K) 6= φ.

Theorem 2.3. Let K be a nonempty, convex, closed and bouded subset of cα. Then

i) The set K is weakly compact if every nonempty, convex and closed subset of
K has the FPP.

ii) For α ∈ [0, 1), the set K is weakly compact if and only if every nonempty,
convex and closed subset of K has the FPP.

Proof. i). Suppose that K is not weakly compact in cα. Then there exists a ∈ K
such that π−1({a})∩K is not ω-compact in cα and hence U

(
π−1({a}) ∩K

)
is not ω-

compact in c0α. By theorem 2.1, there exist D ⊂ U
(
π−1({a}) ∩K

)
nonempty, convex

and closed and R : D → D affine, nonexpansive and fixed point free. Moreover, R
is contractive. Therefore C = U−1(D) is a nonempty, convex, closed and bounded
subset of π−1({a})∩K ⊂ K and the operator T = U−1RU : C −→ C is nonexpansive
and fixed point free.

ii). This result follows by i) and that for α ∈ [0, 1), the space cα = (c, ||.||α) has
the ω-FPP. See [FGB]. �

Remark 2.1. If in the definition of ‖.‖s we take a sequence {un} ⊂ (0,∞) such that∑∞
n=1 un < ∞ and

∑∞
n=m un ≤ um, m ∈ N instead of the sequence

{
1

2n

}
, then we

obtain analogous results to those given in this work.
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