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AN INTEGRAL EQUATION RELATED TO AN EPIDEMIC
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Abstract. In the paper Qualitative behavior of an integral equation related to some epidemic model
(Demonstratio Mathematica, Vol. XXXVI, No 3/2003, 603-609) the author Eva Brestovanska has
considered the integral equation

t t
=(t) = a1 +/A1(tfs)F1(s,:Jc(s))ds] o) +/Ap(tf ) Fp(s, 2(s))ds], ¢ > 0.
0 0

In this paper we shall study by weakly Picard technique operators in a gauge space: the existence,
uniqueness and data dependence such as the continuity, smooth dependence on parameter for the
solution of the following integral equation

t t
z(t) = [91(15) +/K1(t,s,x(s))ds] . [gg(t) +/K2(t,s,z(s))d8], t € [0,00).
0 0

Our approach are connected with some results due from I.M. Olaru (An integral equation via weakly
Picard operators, Fixed Point Theory, Vol 11 No1/2010, 97-106 and Generalization of an integral
equation related to some epidemic models, Carpathian J. Math. Vol 26, No.1(2010), 92-96).
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1. INTRODUCTION

The theory of integral equations has many applications in describing numerous
events and problems of real world. For example, integral equations are often applicable
in mathematical physics, engineering, economics and biology (see [1], [4], [5], [6], [11],
[12], [13] and their references for results about existence and uniqueness, continuous
dependence of solution and even more specialized topics). The purpose of this paper
is to study the following integral equation

z(t) = [gl(t) —l—/Kl(t,s,x(s))ds} : [gg(t) —l—/Kg(t,s,x(s))ds}, t€0,00). (1.1)
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This equation has, as a particular case, the integral equation studied by Eva Bresto-
vanska in [1]. Also we notice that the survey of equation (1.1) for the case when
t € [a,b] can be found in [11] where I. M. Olaru were obtained the results concerning
the existence, uniqueness and data dependence: continuity, monotony, smooth depen-
dence on parameter for the solution of equation (1.1). Also, a generalization of (1.1)
with ¢ € [a,b], is provided by I. M. Olaru in [12]. In order to approach the equation
(1.1) we shall use weakly Picard operators technique. Also, weakly Picard operators
technique is given in [10] and [14]. The Picard operators are used in various fields,
especially in one of the most modern area of mathematics, namely Fractals Theory
(see for instance [18]).

2. BASIC NOTIONS AND RESULTS OF THE WEAKLY PICARD
OPERATORS THEORY

Throughout this paper we shall follow the standard terminologies and notations in
nonlinear analysis. For the convenience of the reader we shall recall some of them.
Let X be a nonempty set and A : X — X an operator. We denote by A° := 1y,
Al == A, A"l .= A" o0 A, n € N, the iterate operators of the operator A. We also
have
PX)={YCX|Y #0}
Fo:={zeX|A(zx)=xa}
I(A)={Y e P(X)|A(Y)CY}
By (X,—) we will denote an L-space. For examples of such spaces one can see
(7], 18], [9]-
In this paper, we need the following notations, notions and results from weakly
Picard operators technique (I.A. Rus [16] and [17]).

Definition 2.1. Let (X, —) be a L-space. An operator A : X — X is weakly Picard
operator (briefly WPO) if the sequence (A" (x))nen converges, for all x € X, and the
limit (which may depending on z) is a fixed point of A.

Definition 2.2. Let (X, —) be a L-space. An operator A : X — X is a Picard
operator (briefly PO) if the following properties hold:

(i) Fa={z*};

(ii) A™(z) — z* as n — oo, for all z € X.

If A: X — X is weakly Picard operator, then we may define the operator
A*®: X — X by A®(x) = lim A"™(x). Moreover, if A is PO and we denote by z* its
n—oo
unique fixed point, then A% (z) = z*, for each x € X.
We have (see [15],[16],[17] and [19]):

Theorem 2.1. (ezxistence and uniqueness) Let (X, (d;);er) be a sequentially complete
Hausdorff gauge space and let T : X — X be such that, for every i € I, there exists
«; € I such that

for each z,y € X. Then T is PO.
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Definition 2.3. Let X be a nonempty. By definition (X, —, <) is an ordered L-space
if and only if:
(i) (X,—) is an L-space;
(ii) (X, <) is a partially ordered set;
(ii) z, — x, yo — y and z,, <y, for each n € N imply = < y.

Theorem 2.2. (abstract Gronwall’s Lemma) Let (X,—,<) be an ordered L-space
and A : X — X be an operator. We suppose that:
(1) operator A is Picard and Fa = {z%};
(ii) A is increasing.
Then
(a) z < A(x) implies © < x7%;
(b) = > A(x) implies x > x%.

Theorem 2.3. (data dependence) Let (X, (da)aca) be a gauge space and
A, B: X — X be two cx— WPOs. We suppose that, for each A\ € A, there exists
nx > 0 such that

dx(A(x)), B(z) < my, for all z € X.
Then

Hy, (Fa,Fp) <cx-ma, forall M e A.

Other results about data dependence on gauge spaces can be found in [2].
For the study of the smooth dependence of parameter we shall use the following
result

Theorem 2.4. Let (X,—) be a L-space and (Y, (d;)icr) be a sequentially complete
Hausdorff gauge space. Let B: X — X and C : X XY — Y be two operators. We
suppose that:

(i) B is a Picard operator(PO) (we denote by x* its unique fixed point);
(ii) for every i € I there exists a; € (0,1) such that
di (C(z,11),C(x,y2)) < aidi(y1,y2),
for all x € X and y1,y2 € Y (we denote by y* the unique fized point of the
operator C(x*,-));
(iii) the operator C(-,y*) is continuous in x*.
Then A: X XY — X xY, A(z,y) := (B(z),C(z,y)) is a Picard operator. Moreover,
FA = {((E*,y*)}'

3. EXISTENCE AND UNIQUENESS RESULTS

In this section we shall prove that the equation (1.1) has a unique solu-
tion in C([0,00),R). For this, in what follows we consider the gauge space
X = (C’([O,oo),R)7 (dm)meN*), where

dm(x,y) = tg[l(?ﬁ} |z (t) — y(t)]e”™, 7 > 0.

Our first main result is the following.
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Theorem 3.1. We suppose that

(i) 91,92 € C(R,R), K1, K3 € C(Ry* x R, R);
(ii) for each m € N* and i = 1,2, there exists M (K;,m) > 0 such that

|Ki(t7 s,u)| < M(Kla m)a

forallt,s € [0,m], u € R;
(iii) there exists L > 0 such that

|K;(t,s,u) — K;(t,s,v)| < Llu —v|,
forallt,s € [0,+00), u,v € R, i =1,2;
Then the equation (1.1) has a unique solution x* in C(R4,R).
Proof. We consider the operator A : X — X defined by:

A(x)(t)f /Klts:ﬂ()ds < |ga(t /thsx ds]

We set

2
= LS (M(giym) +m - M(K;,m)),
i=1
where

M(gzam) ‘= max |gl(t)|7
tel0,m]

Notice that, for all z,y € X, one has

[A()(t) — A(y)(1)]

= ‘(gl(t) + /K1 (t,s,x(s))ds) . (gz(t) + /Kg(t,s,x(s))ds)
0

0
_(gl(t) +/K1 (t,ay(s))ds) . (gg(t) +/K2(t,s7y(s))ds)‘
0

= ‘(gl(t) + /K1 (t,s,x(s))ds) . (gg(t) + /Kg(t,s,x(s))ds)
—(gl(t) +/K1 (t,s,x(s))ds) : (gg(t) +/K2 (Ls,y(s))ds)

+(g1(t) +/K1 (t,s,m(s))ds) : (gg(t) +/K2 (t,s,y(s))ds)

0
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t t

_<gl(t) +/K1 (t,s,y(s))ds) . (gQ(t) —I—/Kg(t,s,y(s))ds)‘

0 0

t
< L (M(gy,m) + mM(Ey,m)[ — yllm / emods
0

t

+L - (M(gQ,m) + mM(KQ,m))H-%‘ - yHm/eT'Sds
0

«@
< 7m||x - yHm et
-
It follows that
Q
1A() = AW)lm < —=llz = yllm-

For a suitable choice of 7, according to Theorem 2.1, we obtain the conclusion. O
Example 3.1. Let us consider the following integral equation

a(t) = <g1(t)+/t2t.s-smmczs) : (gg(t)+/t2t-s-sinlf2(f:i)2ds>,
0 0

where the functions ¢g; € C(R4,R) are arbitrarily chosen and a; € R, i = 1,2. Then
one can apply Theorem 3.1.

Proof. We establish that the requirement of Theorem 3.1 are verified.
Indeed, we have

.2 _ . ai - U .
Kl,KQ R+ XR‘)R, Ki(t,S,U)—Qt'S‘Slnm, 1—1,2.
We notice that, for each m € N, one has
. U 2
|Ki(t,5,u)|:2t'8' SIHW‘SQm s

for all t,s € [0,m] and u € R (i = 1,2). So, M(K;,m) = 2m?. Also, we observe that

0K;

W(tv&u)‘ = 1+(t—|—8)2

2 s |a; i
s Jail ’ 08 7 —|—a(t—fs)2‘ < |a;| < max{|ai1],|az|} =: L,

for all t,s € Ry and u € R. Therefore

|Ki(t, s,u) — Ki(t,s,v)‘ < Lju —v|,

for any t,s € [0,400), u,v € R, i = 1,2, as required. O
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4. DATA DEPENDENCE RESULTS

We consider the following integral equations

x(t):< /Kltsx( ))ds 92 /K (t,s, (s ),izl,?. (4.1)

Assume that we are in the conditions of Theorem 3.1. Let 27, ¢ = 1,2 be the unique
solution of equation (4.1). Then we have:

Theorem 4.1. Let gi, g, Ki, KL, i = 1,2 be as in the statement of Theorem 3.1.
We suppose that
(a) there exists my such that |g}(t) — gZ(t)| < mu, for every t >0, i =1,2;
(b) there exists n2 > 0 such that
|Ki1(t, s,u) — K2(t, s,u)| <19,
forallt,s e Ryandu e R, i=1,2;

2
(c) 7> max{a},, a2}, where !, = L-Z (M(g;»,m) +m~M(K§,m)), i=1,2.
j=1

Then

1 1
I = 8l < ()l ) e { -

T T

for all m € N*
Proof. Let A; : X — X be defined as

Ai(z)(t) = (g{(t) +/K{(t,s,m( ))ds +/K (t,s,x( ds)7 i=1,2.

Since )
2

al, .
14i(2) = Ai(@)llm < =z = yllm, i =1,2,

1 1
deduce that Ay, Ay are ¢, —Picard operators, where ¢, = max {7(11, 7{12}

On the other hand, for al z € X we have

A1 (2)(t) — Az (2) (1))

g1 /Kltssc ds g2 +/Kt5x ds)

—(gl(t) —l—/K%(t,s,x(s))ds) . (92 (t —|—/K22 t,s,x(s))ds)’

0 0

¢ ¢
+/K11tsx +/Ktsx ds)
0 0
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ain—i—agn
< (m +mapp) - =

The conclusion follows from Theorem 2.3. [l
Next we consider the inequalities

= -

x(t) < (gl(t) +/K1(t,s,a:(s))ds) . (92(t) —l—/Kg(t,s,x(s))ds) (4.2)

o(t) > (gl(t)Jr/Kl(t,s,x(s))ds) : (gg(t)+/K2(t,s,x(s))d5> (4.3)
0 0

Theorem 4.2. We suppose that:
(a) gi(Ry) CRy and Ki(Ry xRy x R) C Ry, i=1,2;
(b) 91,92, K1, Ko verify the hypothesis of Theorem 3.1;
(¢) g; and K;(t,s,-) are increasing;
Then

(i) for each solution x of inequality (4.2) we have x < z*;
(ii) for each solution x of inequality (4.3) we have x < z*,

where x* is the unique solution of equation (1.1).

Proof. Consider on C(R,R) the partial order defined by

x <y if and only if z(t) <y(t) for any t e Ry.
Also, we consider the L-space (C'(R4,R), —) where ”—” stands for uniform conver-

gence on each compact subset of Ry. Then (C(R;,R),—, <) is an ordered L-space.
Now we define, A : C(R4,R) — C(R4+,R) by

t
A(z)(t) /Kltsx ds- +/K2tsa: ds)
0

First observe that from (b) A is PO. From (a) and (c) it follows that A is an
increasing operator. The conclusion follows from Theorem 2.2. (]
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5. SMOOTH DEPENDENCE ON PARAMETER

Next we are going to apply fiber principle contraction to study smooth dependence
on parameter for the equation (5.1). We remark that fiber principle contraction tech-
nique, can be found in many papers(see for instance [13], [15], [16], [17]). Throughout
of this section we consider gauge space X := (C(Ry x J,R),d,,), where

d(z,y) = a t,A) —y(t, \)]e ™, m e N*.
m(@y) = max [t A) =yt Al m
Let us consider the integral equation
t

z(t,\) = (gl(t7>\) + /K1 (t7s7x(s,)\),)\)ds) . <92(t, A) +/K2(t,s,x(s7)\),)\)ds>,
0 0
(5.1)

for all t € [0,00),\ € J C R. We assume that
(Hy) J C R an compact interval;
(H3) g1,92 € CY(Ry x J,R), K1, K3 € CY(R? x R x J,R);
(Hg) there exists L > 0 such that

K;
8“ (t,S,’LL,A) S L7

forallt,s e Ry, u e R, X € J,;
(Hy) for each m € N* and ¢ = 1, 2, there exists M (K;,m) > 0 such that
|K;(t, s, u,\)| < M(K;,m),
for all t,s € [0,m], u € R and \ € J;
2
We set =L+ Y [M(g;,m) +m - M(K;, m)], where
i=1

M i = Z‘t,)\ .
(9i,m) (mf&%f(mw|g( )l

We define the operator B : X — X, given by
¢ t
B(@)(t,A) = (916, ) +/K1(t,s,x(s),)\)ds) (g2t 0) +/K2(t7s7x(s)7>\)ds>
0 0

It is clear that, in the conditions (Hy) — (Hy4), B is Picard operator. Let z*(-, A)
the unique fixed point of operator B. Then

2*(t,N)
t

_ (gl(t, )+ /Kl(t, s,x*(s,)\),A)ds) : (QQ(t,A) " /Kg(t,s,x*(s,)\),)\)ds), (5.2)
for all t € [a,b],ox\ eJCR 0

ox*

We suppose that there exists N Then from relation (5.2) we obtain that
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t t

ox* dg1 0K, N ox* 0K, N

S = (Gren+ /W(t, 5,2 (5,1), A)- - s, )\)ds—i—/ﬁ(t,sw (5, \), A)ds)
0 0

gg (t, N —|—/K2 (t,s,2"(s,\), \)ds) + (g1 (¢, /\)—|—/K1(t, S,x*(s,)\),)\)ds)-
0 0

t

t
392 0K, or* OK,
+/— (t 5.2 (5,0), ) - 5 (s,A)ds+/ (s (s,)\),/\)ds).
0

0
This relation suggest us to consider the following operator C : X x X — X,

Cla,y)(t, A)

t

— (e + [ ks (s, -yt A)ds+/a;§ (15, 2(s, \), A)ds )
0

(t,\) + [ Kalt,s,z(s, ), N)ds (t,A)+ | Ki(t,s,z(s,\),N)ds)-
(92 0/ 2 ) 91( / 1( )

0

¢

992 [ OK. 2 Ko

(8)\(75)\) 5u —=(t,8,2(s,\), ) - ds—l—/aitsxs)\))\)ds).
0

0
Let be m € Nand z € X. Then for all y,z € X we have

Qi
1C(z,y) — C(x,2)[|m < — ly — 2[lm.-

For a suitable choice of 7, the operator C(z,-) is contraction. In this way we have the
triangular operator
A: X xX > X xX,

Az, y)(t, ) = (B(x)(t, ), C(z,)(t, A)).

Using Theorem 2.4 we conclude that A is a Picard operator. So, the sequences
Tn+l = B(xn)vn eN

Yn+1 = C(xmyn)
converges uniformly on each compact of Ry x J to (z*,y*) € Fja, for all zg,y0 € X.

0]
If we take zg = 0, yg = % = 0 then y; = % and thus by induction we can
prove that y,, = %ZA", for all n € N*.
0xy,
Hence z,, — z* and, also, W — y* as n — oo, uniformly on each interval [0, m],
m € N*. - -
x x
Therefore, th ists —— =y~
erefore, there exists —+ o =Y

From the above considerations, we have that
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Theorem 5.1. We consider the integral equation (5.1) in the hypothesis (Hy)— (Hy).
Then

(i) the equation (5.2) has a unique solution x*(t,-) € X;
(i) z*(t,-) € CY(J), for all t € [a,b].
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