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Abstract. A common fixed point theorem for a commuting family of asymptotic pointwise nonex-
pansive mappings in a uniformly convex Banach space is proved. Weak and strong convergence of
an iterative sequence defined by two of such mappings are also established. Our results generalize
the results of Kirk and Xu [7], Khan and Takahashi [4] and Kozlowski [8].
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1. INTRODUCTION

A mapping T on a subset C of a Banach space X is said to be asymptotic pointwise
nonexpansive if there exists a sequence of mappings «,, : C — [0, 00) such that
[T (z) = T" ()|l < an(z)|z —yl, (1.1)
where limsup,, . an(x) < 1, for all 2,y € C. This class of mappings was intro-
duced by Kirk and Xu [7], where it was shown that if C' is a bounded closed convex
subset of a uniformly convex Banach space X, then every asymptotic pointwise non-
expansive mapping T : C — C has a fixed point. In 2009, Hussain and Khamsi [2]
extended Kirk-Xu’s result to the case of metric spaces, specifically to the so-called
CAT(0) spaces. Recently, Khamsi and Kozlowski [3] proved an analogous result in the
framework of modular function spaces. Moreover, Kozlowski [8] defined an iterative
sequence for an asymptotic pointwise nonexpansive mapping T : C' — C by

xr1 € C, Tl = (1 — tk)l'k + tp T ((1 — Sk)l'k + s, Tk ({,Ck)), k eN, (12)
where {n;} is an increasing sequence of natural numbers for which

limsup an, (zx) = 1.
k—oo
He proved, under some suitable assumptions, that the sequence {xy} defined by (1.2)
converges weakly to a fixed point of 7" where X is a uniformly convex Banach space
which satisfies the Opial condition and {x;} converges strongly to a fixed point of
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T provided T™ is a compact mapping for some m € N. In the latter case, no Opial
condition is assumed for the uniformly convex space X.

In this paper, motivated by the results mentioned above, we ensure the existence
of common fixed points for a family of asymptotic pointwise nonexpansive mappings.
Furthermore, we obtain weak and strong convergence theorems of a sequence defined
by two of such mappings.

2. PRELIMINARIES

The notion of asymptotic contractions was introduced by Kirk [6] as the following
statement.

Let ¥ denote the class of all mappings ¢ : [0, 00) — [0, 00) satisfying:
(i) ¢ is continuous;
(ii) ¢¥(s) < s for all s > 0.
Definition 2.1. Let (X, d) be a metric space. A mapping T : X — X is said to be
an asymptotic contraction ([6]) if

d(T™(z), T"(y)) < ¢ (d(z,y)) forall z,y € X, (2.1)

where 1, : [0,00) — [0,00) and ,, — ¢ € ¥ uniformly on the range of d.

T is called a pointwise contraction ([7]) if there exists a mapping « : X — [0,1)
such that
d(T(x),T(y)) < a(z)d(z,y) for each y € X. (2.2)

Definition 2.2. Let (X, ||-||) be a Banach space. A mapping T': X — X is called an
asymptotic pointwise mapping ([2]) if there exists a sequence of mappings a, : X —
[0, 00) such that

[T (z) = T"(y)|| < an(@) ||z —y| for any y € X. (2.3)
(i) If {a,} converges pointwise to o : X — [0,1), then T is called an asymptotic
pointwise contraction.
ii) If limsup,, ., an(x) < 1, then T is called asymptotic pointwise nonexpansive.
n o0
iii) If limsup,,_, ., an(z) < k, with 0 < k < 1, then T is called strongly asymptotic
n o0

pointwise contraction.

A point z € X is called a fixed point of T"if x = T'(x). We shall denote by F(T) the
set of fixed points of T and by 7 (C') the class of all asymptotic pointwise nonexpansive
mappings from C into C. Let S, T € T (C), without loss of generality, we can assume
that there exists a sequence of mappings «a,, : C' — [0,00) such that for all z,y € C
and n € N,

15" (z) = S* (W)l < an(@)lle —yll, IT"(2) = T"(Y)|| < an(z)llz —yll, and
limsup a,(z) < 1.

n—oo

Let a,(x) = max {a,(x),1}. Again, without loss of generality, we can assume that

157 (x) = S (W)l < an (@)l —yll, IT"(2) = T"(Y)Il < an(z)llz -y, and
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lim a,(x) =1, ay(z) > 1, for all z,y € C and n € N.

n—oo

Define b, (z) = a,(x) — 1. Then, for each x € C we have lim,,_,, b,(x) = 0.

3. A COMMON FIXED POINT THEOREM
Before proving our fixed point theorem, we need the following lemma.

Lemma 3.1. (See [7, Theorem 3.5]) Let C' be a nonempty bounded closed and con-
vex subset of a uniformly convexr Banach space X. Then every asymptotic pointwise
nonexpansive mapping T : C — C has a fized point. Moreover, F(T) is closed and
convet.

The following result is a counterpart of [10, Theorem 6] and extends Theorem 3.5
of [7].

Theorem 3.2. Let C' be a nonempty bounded closed convexr subset of a uniformly
convex Banach space X. Then every commuting family S of asymptotic pointwise
nonexpansive mappings on C' has a nonempty closed convex common fixed point set.

Proof. Let Th,T5,...,T, € S. By Lemma 3.1, F(T}) is a nonempty closed and convex
subset of C. We assume that A := ﬂf;ll F(T}) is nonempty closed and convex for
some k € Nwith 1 <k <n.Forxz e Aand j € Nwith 1<j <k, we have

Tk(a:) = Tk o T](a:) = Tj o Tk(a:)

Thus Ty () is a fixed point of T}, which implies that T (z) € A, therefore A is invariant
under Tj. Again, by Lemma 3.1, T} has a fixed point in A4, i.e.,

k
() F(Ty) = F(Ty,) () A # 0.
j=1

Also, the set is closed and convex. By induction, (j_, F(T}) # 0. This shows that
the set {F(T) : T € S} has the finite intersection property. We note that C is weakly
compact because X is reflexive. Since F(T) is weakly closed for every T' € S, we have
Nres F(T) # 0. Obviously, the set is closed and convex. O

4. CONVERGENCE THEOREMS
We now collect some basic definitions and lemmas.
Lemma 4.1. (See [1]) Suppose {ry} is a bounded sequence of real numbers and {dy »}
is a doubly-index sequence of real numbers which satisfy

limsuplimsupdg, < 0, and rgrn <1 +diy

k—oo n— oo

for each k,n € N. Then {ry} converges to an r € R.

Lemma 4.2. (See [9, 11]) Let X be a uniformly convex Banach space and let {t,} be
a sequence in [a,b] for some a,b € (0,1). Suppose that {u,} and {v,} are sequences
i X such that

limsup ||u, || <7, limsup ||v,|| <r, and lm |[t,u, + (1 —t)v,] =7,
n—oo n—oo n—oo
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for some r > 0. Then lim, . ||u, —v,|| = 0.

Lemma 4.3. (See [8, Lemma 3.1]) Let C' be a nonempty bounded closed convex
subset of a uniformly convex Banach space X and let T € T(C) be such that a,, is a
bounded function for every n € N. If lim,, o ||T(2s) — || = 0 then for any m € N,
limg, o0 |T™(20) — x| = 0.

Lemma 4.4. (See [8, Theorem 3.1]) Let X be a uniformly convex Banach space with
the Opial property and let C' be a nonempty bounded closed convex subset of X. Let
T € T(C) be such that a,, is a bounded function for every n € N. Then the conditions
we X, {x,} CX, z = w, and lim, o [|[T(x,) — x| = 0, imply w € F(T).

Definition 4.5. Let S,T € 7(C) and let {ny} be an increasing sequence of natural
numbers. Let {s;}, {tx} C [a,b] C (0,1). Define a sequence {z;} in C as:

21 € C, xpy1 = (1 —tg)ag + txS™ (1 — sp)xk + s T (xy)), k € N. (4.1)
We say that the sequence {zx} in (4.1) is well defined if lim sup a,, (zx) = 1.

k—oo
As in [8], we observe that limy_,o ai(z) = 1 for every = € C. Hence we can always

choose a subsequence {a,, } which makes {x} well defined.

Lemma 4.6. Let C' be a nonempty bounded closed and convexr subset of a uniformly
convex Banach space X and let S, T € T(C) be such that >~ by(z) < co for each
xe€C. Letw e F(S)NF(T), {sx},{te} C[a,b] C (0,1), and {ny} C N be such that
{zr} in (4.1) is well-defined. Then limg_ o ||xx — w|| exists.

Proof. For each k € N, we let yr = (1 — sg)ag + sxT™ (zx). Then
k1 — wl = (1 = tr)aw + teS™ (yx) — wl|
< (= tp)llze — wll + tel[S™ (yk) — wll
< @ =tp)lleg — wll + te(1 + bny (W) llye — ||
< (1 —t)lzr — wll
F tr(1 4 b, (W)L = sp)llak — wll + sel| T (2) — w|l]
< (1 =t)llze — wl|
F tk(1 4 by (W)L = s)llak — || + sk (1 + by, (w))[lzr — w]]
< @ =tp)ller — wll + t,(1 + bny (W) (1 + skbn, (W) llzk —
< (1= tw)llow — wl| + te(L + b (@))?[|lzr —
< lex = wll + tr (200, (@) + b3, (@) |21, —
< llzr — wl| 4 3bn, (W)|zk — w||
< |lzg — wl| + 3diam(C)by, (w).
It follows that for each n € N,

k+n—1
|2hsn = @l < [y — ]| + 3diam(C) Y b, ().
i=k
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. . . k+n—1 .
By assumption, limsup,_, ., limsup,,_, . ZZ:,: by, (w) = 0. By Lemma 4.1, letting
. —1 .
i = ok —w| and dg,, = 3diam(C) 07" by, (W), there exists an r € R such that
limg o0 |2 — W] =7 O

Lemma 4.7. Let C' be a nonempty bounded closed and convex subset of a uniformly
convex Banach space X and let S, T € T(C) be such that > -, by(z) < oo for each
x € C. Suppose that F(S)N F(T) # 0. Let {sx},{tx} C [a,b] C (0,1), and {nx} C N
be such that {xy} in (4.1) is well-defined. Then

Jim |5 () — i = 0 (42)
and
i {|zey — k) = 0, (4.3)

where yr = (1 — sg)ag + sxT™ (xk), for each k € N.
Proof. Let w € F(S)N F(T). Then there exists an r € R from Lemma 4.6 such that
lim [l — o] = . (1.4)
Note that
limsup [|S™ () — ]| = lim sup S™ () — 8™ (w)]

k—oo k—o00

< limsup an, (w) |lyr — ||
k—oo

< limsup ap, (W) [(1 = sp)||lzx — Wl + sk [T (2x) — w]]

k—o0

< limsup [an, () (1= s0)lox = ]+ s, () o o]
< (4.5)
and
T (1= ) (o — @) + (5™ () @)l = lim s —wll = . (46)
It follows from (4.4), (4.5), (4.6), and Lemma 4.2 that
Jim |57 (3) — ]| = 0.
This, together with the construction formula for zj1, we also obtain that

lim ||zg+1 — x| = 0. O
k—o0

Lemma 4.8. Let C' be a nonempty bounded closed and convex subset of a uniformly
convex Banach space X and let S, T € T(C) be such that >, by(z) < co for each
x € C. Suppose that F(S)N F(T) # 0. Let {sx},{tx} C [a,b] C (0,1), and {nx} C N
be such that {x} in (4.1) is well-defined. Then

lim ||S™(xg) — k]| = 0 = lim || T (zg) — xk]|- (4.7)
k—o0 k—o0
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Proof. Let w € FI(S)N F(T). Then there exists r € R such that

lim ||zg — w|| = 7.
ko0
Since
[T (zk) — w| = 1T (z) = T"™ ()] < an, (@)[lzx — ],
then we get
limsup ||T™ (x) — w|| < limsup a,, (w)||zr — w|| = 7.
k—oo —00
Now,
lye —wll = [[(1 = sk)zp + sx T (x) — w||
< (L= sp) flze — wll + si ([T (k) — ||
< (1= sp) lzr — @l + sk an, (W)||lzx — |-
This implies that
limsup |lyx — w|| < limsup ||z —w]|| = r.
k—o0 k—o0

On the other hand
|2k —wl| < [lzk —S™ (ye)ll + 15 (yx) — w|

< [lze = 5™ (ye)ll + an, (W) lyx = w]-
From (4.2) and (4.11), we get that

r = lminf oy — o < lmin oy - .
From (4.10) and (4.12), we have limy oo ||yr — w|| = . Thus
Tim /(1 s) (g — )+ (T () )| = Jim [~ o] = .
It follows from (4.8), (4.9), (4.13), and Lemma 4.2 that
klingo | T (z) — zx|| = 0.
Since
157 (wx) — anll < I1S™ (xn) = 5™ ()l + [15™ (y&) — |
< ang (@) |on — yill + 15 (yr) — 2l
< sk (@) [lze = T (wr) |+ 15™ (yr) — 2,
it follows from (4.2) and (4.14) that
klirrgo||5"k(zk) — x| = 0.

Therefore the proof is complete.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

O

Definition 4.9. A strictly increasing sequence {n;} C N is called quasi-periodic ([1])
if the sequence {n; 1 —n;} is bounded, or equivalently if there exists a number p € N
such that any block of p consecutive natural numbers must contain a term of the
sequence {n;}. The smallest of such numbers p will be called a quasi-period of {n;}.
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Lemma 4.10. Let C be a nonempty bounded closed and convex subset of a uni-
formly convex Banach space X and let S, T € T(C) be such that F(S) N F(T) # 0,
Yo bo(x) < oo for every x € C and ay is bounded for every n € N. Let
{sk}, {tx} C [a,b] C (0,1), and {nx} C N be such that {zx} in (4.1) is well-defined.
If, in addition, the set of indices J = {j : nj41 = 1+ n;} is quasi-periodic, then

Jim [S(ax) — il = 0 = Jim [ T(e) 2] (4.15)
Proof. Assume that J = {j : nj41 = 1+ n;} is quasi-periodic with period p. For each
k € J, we have
2k = T (@)l < ok — Tpga || + [[Trer = T (@) |
+ ([T (@pg1) — T () || + ([ TT™ () — Tz |
< ok = gl + lzerr = T (@e4) |l
+ oy @) |Ze1 — @]l + ax (@) 1T (k) — 2]
This, together with (4.3) and (4.7), we can obtain that || T(z) — x| — 0 as k — oo
through 7.

To prove that limy_,o ||T(xr) — k|| = 0 is similar to the proof of Lemma 4.3 of
[8], therefore we omit it. Similarly, we also have limg_, ||S(xg) — zx|| = 0. O

The following theorem extends Theorem 1 of [4] and Theorem 5.1 of [8].

Theorem 4.11. Let X be a uniformly convex Banach space with the Opial property
and C be a nonempty bounded closed convex subset of X. Let S,T € T(C) be such
that F(S)NF(T) #0, >°.°  by(x) < 0o for every x € C and ay, is bounded for every
n € N. Let {si}, {tr} C [a,b] C (0,1). Let {ng} be such that the sequence {x} in
(4.1) is well defined. If the set J = {j; nj4+1 = 1+ n;} is quasi-periodic, then the
sequence {x} converges weakly to a common fixed point of S and T.

Proof. We have by Lemma 4.6 that lim,, . ||2x —w|| exists for every w € F(S)NF(T).
We shall prove that {zj} has a unique weak subsequential limit in F'(S) N F(T). For
this, we suppose that there are subsequences {x, } and {xy, } of {x}} which converge
weakly to u and v, respectively. By Lemma 4.10, limy, o || S(zr) —2| = 0. It follows
from Lemma 4.4 that S(u) = u. Similarly, we can prove that T'(u) = u. By using the
same argument, we can prove that v € F(S) N F(T). Finally, we prove that u = v.
Suppose not, then by the Opial property we get that

lim ||z —ul| = lim ||k, — ul|
k—o0 i—00
< lim [z, — o]
11— 00
Ji |z, — o]
= Jim [l — o]
j—oo
< lim [[zg, — ul|
J—oo
= lim |lxg — ul.
k—o0

This is a contradiction. Therefore the proof is complete. O
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The following theorem extends Theorem 2 of [4] and Theorem 6.1 of [8].

Theorem 4.12. Let X be a uniformly conver Banach space and C be a nonempty
bounded closed convex subset of X. Let S, T € T(C) be such that F(S) N F(T) # (),
S0 L bn(x) < 0o for every x € C and ay, is bounded for every n € N. Assume that
there exists m € N so that S™ or T™ is compact. Let {s;}, {tx} C [a,b] C (0,1). Let
{ni} be such that the sequence {x} in (4.1) is well defined. If the set J = {j; nj+1 =
1+4n;} is quasi-periodic, then the sequence {xy} converges strongly to a common fized
point of S and T.

Proof. We will prove only the case that S™ is compact (the proof for the other case
is identical). Observe that by Lemma 4.10,

Tim [[S(ax) — 24 = 0.

By Lemma 4.3,
klim IS™(xk) — x| = 0. (4.16)
s — 00

Since S™ is compact, we can find a subsequence {xy,} of {x;} such that
lim [[S™(x,) — || =0 for some x € C. (4.17)
J—00

Since
ok, — 2l < Nk, — S (x|l + [15™ (k) — =,
it follows from (4.16) and (4.17) that
lim [[zg, — x| = 0. (4.18)
J—00

Since S and T are continuous, then

lim S(z,;) = S(x) and lim T(zy;) = T(x).
J—00 :

J—00

This, together with (4.15) and (4.18), we get that
15(z) =zl = 0 = [T (2) — x]|.

This means x € F(S)NF(T). Therefore {xy, } converges strongly to x € F(S)NF(T).
But limg_,o [|zx — 2| exists, {zp} must itself converges to z. This completes the
proof. O
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