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1. Introduction and preliminaries

In this paper we will study the following aspects concerning a set integral equation:
Ulam stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability and
generalized Ulam-Hyers-Rassias stability.

We will present first some notions and symbols used in this paper.
Definition 1.1. (I.A. Rus [9]) A function ϕ : R+ → R+ is a comparison function if
it satisfies:

(i) ϕ is monotone increasing;
(ii) (ϕn(t))n∈N converges to 0, for all t > 0.

Definition 1.2. (I.A. Rus [9]) A comparison function ϕ : R+ → R+ is said to be:
(i) a strict comparison function if it satisfies t− ϕ(t) →∞, for t→∞;

(ii) a strong function if it satisfies
∞∑

n=1
ϕn(t) <∞, for all t > 0.

Remark 1.3. If ϕ : R+ → R+ is a comparison function then ϕ(0) = 0 and ϕ(t) < t,
for all t > 0.

Example 1.4. (I.A. Rus [9]) The functions ϕ1 : R+ → R+, ϕ1(t) = at (where
a ∈]0, 1[) and ϕ2 : R+ → R+, ϕ2(t) = t

1+t are strict comparison functions.

Let ϕ : R+ → R+ be a strict comparison function. We denote:

ϕη := sup{t ∈ R+| t− ϕ(t) ≤ η}.
659
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Definition 1.5. (I.A. Rus [10]) Let (X, d) be a metric space. A mapping A : X → X
is a ϕ-contraction if ϕ is a comparison function and

d(A(x), A(y)) ≤ ϕ(d(x, y)), for all x, y ∈ X.

We present now the concept of generalized Ulam-Hyers stability.
Let (X, d) be a metric space, A : X → X be an operator. Consider the following

fixed point equation:
x = A(x), x ∈ X (1.1)

and for ε > 0 the following inequation

d(y,A(y)) ≤ ε. (1.2)

Definition 1.6. (I.A. Rus [10]) The equation (1.1) is called generalized Ulam-Hyers
stable if there exists ψ : R+ → R+ increasing, continuous in 0 with ψ(0) = 0, such
that for each ε > 0 and for each solution y∗ ∈ X of (1.2), there exists a solution
x∗ ∈ X of (1.1) such that:

d(y∗, x∗) ≤ ψ(ε).

In the case that ψ(t) := ct, ( for some c > 0), for all t ∈ R+, then the equation
(1.1) is said to be Ulam-Hyers stable.

Theorem 1.7. Let (X, d) be a complete metric space and A : X → X be ϕ-
contraction. If the function ψ := 1R+ − ϕ is strictly increasing and surjective, then
the fixed point equation

x = A(x), x ∈ X
is generalized Ulam-Hyers stable.

Proof. Let ε > 0 and y∗ ∈ X with the property d(y∗, A(y∗)) ≤ ε. By Matkowski-Rus
theorem (see [9]) we know that there exists a unique fixed point x∗A ∈ X for A, i.e.,
x∗A ∈ A(x∗A). Then

d(x, x∗A) ≤ d(x,A(x)) + d(A(x), x∗A)

≤ d(x,A(x)) + ϕ(d(x, x∗A)).

If follows that: d(x, x∗A) ≤ ψ−1(d(x,A(x))), for all x ∈ X.
In particular, for x := y∗ we have that

d(y∗, x∗A) ≤ ψ−1(d(y∗, A(y∗))) ≤ ψ−1(ε).

Then the fixed point equation is generalized Ulam-Hyers stable (with the function
ψ−1). �

Remark 1.8. If, in the above result, ϕ is a strict comparison function, then we have
the conclusion

d(y∗, x∗A) ≤ ϕε.
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2. Ulam-Hyers stability

Let us denote Pcp,cv(Rn) := {X ∈ P (Rn)|X is compact and convex} and let
Br := {X ∈ Pcp,cv(Rn)|diam(X) ≤ r}, where r > 0.

The set Br is convex and endowed with Pompeiu-Hausdorff metric H is complete.
Let F : [a, b]× [a, b]×Br → Br/2, and a set A ∈ Br/2.

Consider the set integral equation

X(t) = A+
∫ b

a

F (t, s,X(s))ds. (2.1)

By a solution of the equation (2.1) we understand a continuous functionX : [a, b] →
Br, which satisfies (2.1) for every t ∈ [a, b].
Definition 2.1. Let F : [a, b]× [a, b]× Pcp,cv(Rn) → Pcp,cv(Rn) and A ∈ Pcp,cv(Rn).
The integral equation (2.1) is generalized Ulam-Hyers stable if there exists a function
ψ : R+ → R+ increasing, continuous in 0 with ψ(0) = 0 such that for each ε > 0 and
for each solution Y ∗ ∈ C([a, b], Pcp,cv(Rn)) of the inequation

H(Y (t), A+
∫ b

a

F (t, s, Y (s))ds) ≤ ε, t ∈ [a, b]

there exists a solution X∗ of the equation (2.1) such that

||X∗ − Y ∗||C([a,b],Pcp,cv(Rn)) ≤ ψ(ε).
If ψ(t) = ct, for each t ∈ R+ (c > 0) then the equation (2.1) is said to be Ulam-Hyers
stable.

Theorem 2.2. Let F : [a, b] × [a, b] × Br → Br/2 be continuous and suppose there
exist a comparison function ϕ : R+ → R+ and a function p : [a, b]× [a, b] → R+ such
that:

H(F (t, s,X), F (t, s, Y )) ≤ p(t, s)ϕ(H(X,Y ))

for every t, s ∈ [a, b], X, Y ∈ Br, where max
t∈[a,b]

∫ b

a
p(t, s) ≤ 1. Then:

(a) For each A ∈ Br/2 the integral equation (2.1) has a unique solution X(·, A) :
[a, b] → Br with depends continuously on A (see [14]).

(b) If, in addition, we assume that the function ψ : R+ → R+, ψ(t) = t −
ϕ(t) is strict increasing and surjective, then the set integral equation (2.1) is
generalized Ulam-Hyers stable.

Proof. For (a) the proof is given in [14]. By (a) we have that the operator
U : (C([a, b],Br), || · ||C([a,b],Br)) → (C([a, b],Br), || · ||C([a,b],Br)), given by
UX(t) = A+

∫ b

a
F (t, s,X(s))ds, where X ∈ C([a, b],Br) and t ∈ [a, b] is a ϕ- contrac-

tion, i.e., ||UX − UY ||C([a,b],Br) ≤ ϕ(||X − Y ||C([a,b],Br)), for all X,Y ∈ C([a, b],Br).
Notice that the fixed point equation X = UX is equivalent with the equation (2.1)

and X∗ denotes the unique solution of this equation.
Let ε > 0 and Y ∗ ∈ C([a, b],Br) with the property: ||Y ∗ − UY ∗||C([a,b],Br) ≤ ε.
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For X ∈ C([a, b],Br), we have:

||X −X∗||C([a,b],Br) ≤ ||X − UX||C([a,b],Br) + ||UX −X∗||C([a,b],Br)

= ||X − UX||C([a,b],Br) + ||UX − UX∗||C([a,b],Br)

≤ ||X − UX||C([a,b],Br) + ϕ(||X −X∗||C([a,b],Br)).

There, we have that ψ(||X −X∗||C([a,b],Br)) ≤ ||X − UX||C([a,b],Br) and then
||X −X∗||C([a,b],Br) ≤ ψ−1(||X − UX||C([a,b],Br)), for all X ∈ C([a, b],Br).

By putting X := Y ∗, we get

||Y ∗ −X∗||C([a,b],Br) ≤ ψ−1(||Y ∗ − UY ∗||C([a,b],Br)) ≤ ψ−1(ε).

Then the fixed point equation X = UX, is generalized Ulam-Hyers stable with
function ψ−1. Then, the integral equation (2.1) is generalized Ulam-Hyers stable. �

3. Ulam-Hyers-Rassias stability

We consider the following integral equations in the space of multivalued operators:

X(t) =
∫ b

a

K(t, s,X(s))ds+X0(t), t ∈ [a, b] (3.1)

X(t) =
∫ t

a

K(t, s,X(s))ds+X0(t), t ∈ [a, b], (3.2)

where K : [a, b] × [a, b] × Pcp,cv(Rn) → Pcp,cv(Rn) is a continuous operator and
X0 ∈ C([a, b], Pcp,cv(Rn)).

A solution of these integral equations in the space of the multivalued operators
means a continuous operator X : [a, b] → Pcp,cv(Rn) which satisfies (3.1) respectively
(3.2), for each t ∈ [a, b].

An auxiliary result is the following.
Lemma 3.1. (I.A. Rus [12]) Let h ∈ C([a, b],R+) and β > 0 with β(b − a) < 1. If
u ∈ C([a, b],R+) satisfies

u(t) ≤ h(t) + β

∫ b

a

u(s)ds, for all t ∈ [a, b],

then

u(t) ≤ h(t) + β(1− β(b− a))−1

∫ b

a

h(s)ds, for all t ∈ [a, b].

Theorem 3.2. Consider the integral equation (3.1). Let

K : [a, b]× [a, b]× Pcp,cv(Rn) → Pcp,cv(Rn)

be a multivalued operator. Suppose that:
(i) K is continuous on [a, b]× [a, b]× Pcp,cv(Rn) and X0 ∈ C([a, b], Pcp,cv(Rn));
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(ii) K(t, s, ·) is Lipschitz, i.e. there exists LK ≥ 0 such that:

H(K(t, s, A),K(t, s, B)) ≤ LKH(A,B),

for all A,B ∈ Pcp,cv(Rn) and for all t, s ∈ [a, b];
(iii) LK(b− a) < 1.
(iv) ϕ ∈ C([a, b], (0,+∞)).

Then:
(a) the integral equation (3.1) has a unique solution denoted with X∗;
(b) the integral equation (3.1) it is generalized Ulam-Hyers-Rassias stable, i.e., if

X ∈ C([a, b], Pcp,cv(Rn)) has the property

H(X(t),
∫ b

a

K(t, s,X(s))ds) ≤ ϕ(t), for all t ∈ [a, b],

then there exists cϕ > 0 such that

H(X(t), X∗(t)) ≤ cϕ · ϕ(t), for all t ∈ [a, b].

Proof. For the proof of (a) we refer to [15] . By (a) we have that
Γ : C([a, b], Pcp,cv(Rn)) → C([a, b], Pcp,cv(Rn)) the operator, given by
ΓX(t) =

∫ b

a
K(t, s,X(s))ds+X0, for all t ∈ [a, b] is a contraction.

Then the fixed point equation X = ΓX has a unique solution

X∗ ∈ C([a, b], Pcp,cv(Rn)).

We have:

H(ΓX(t),ΓX∗(t)) = H(
∫ b

a

K(t, s,X(s))ds+X0(t),
∫ b

a

K(t, s,X∗(s))ds+X0(t)) ≤

≤
∫ b

a

H(K(t, s,X(s)),K(t, s,X∗(s)))ds ≤ LK

∫ b

a

H(X(s), X∗(s))ds.

For X ∈ C([a, b], Pcp,cv(Rn)), we have:

H(X(t), X∗(t)) ≤ H(X(t),ΓX(t)) +H(ΓX(t), X∗(t))

= H(X(t),ΓX(t)) +H(ΓX(t),ΓX∗(t))

≤ ϕ(t) + LK

∫ b

a

H(X(s), X∗(s))ds.

By Lemma 3.1 we have:

H(X(t), X∗(t)) ≤ ϕ(t) + LK(1− LK(b− a))−1

∫ b

a

ϕ(s)ds

= ϕ(t)[1 + LK(1− LK(b− a))−1

∫ b

a
ϕ(s)ds
ϕ(t)

].

By the Mean Integral Theorem, there exists α ∈ (a, b) such that

ϕ(t)[1 +LK(1−LK(b− a))−1ϕ(α)
ϕ(t)

] ≤ ϕ(t)[1 +LK(1−LK(b− a))−1Mϕ

mϕ
] = cϕ ·ϕ(t).
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Then, the integral equation (3.1) is generalized Ulam-Hyers-Rassias stable. �

Lemma 3.3. (I.A.Rus [12]) Let J be an interval in R, t0 ∈ J and h, k, u ∈ C(J,R+).
If

u(t) ≤ h(t) +
∣∣∣∣∫ t

t0

k(s)u(s)ds
∣∣∣∣ , for all t ∈ J,

then

u(t) ≤ h(t) +
∣∣∣∣∫ t

t0

h(s)k(s)e|
R t

s
k(σ)dσ|ds

∣∣∣∣ , for all t ∈ J.

Theorem 3.4. Consider the integral equation (3.2). Let K : [a, b] × [a, b] ×
Pcp,cv(Rn) → Pcp,cv(Rn) be a multivalued operator and X0 ∈ C([a, b], Pcp,cv(Rn)).
Suppose that:

(i) K is continuous on [a, b]× [a, b]× Pcp,cv(Rn);
(ii) K(t, s, ·) is Lipschitz, i.e. there exists LK ≥ 0 such that

H(K(t, s, A),K(t, s, B)) ≤ LKH(A,B),

for all A,B ∈ Pcp,cv(Rn) and t, s ∈ [a, b];
(iii) there exists ϕ ∈ C([a, b], (0,+∞)) and ηϕ > 0 such that

∫ t

a
ϕ(s)ds ≤ ηϕ · ϕ(t)

for all t ∈ [a, b].
Then:

(a) the integral equation (3.2) has a unique solution denoted with X∗;
(b) the integral equation (3.2) it is generalized Ulam-Hyers-Rassias stable, i.e., if

X ∈ C([a, b], Pcp,cv(Rn)) has the property

H(X(t),
∫ t

a

K(t, s,X(s))ds) ≤ ϕ(t), for all t ∈ [a, b],

then there exists cϕ > 0 such that

H(X(t), X∗(t)) ≤ cϕ · ϕ(t), for all t ∈ [a, b].

Proof. For the proof of (a) we refer to [15] . By (a) we have that
Γ : C([a, b], Pcp,cv(Rn)) → C([a, b], Pcp,cv(Rn)), given by the operator
ΓX(t) =

∫ t

a
K(t, s,X(s))ds+X0(t), t ∈ [a, b] is a contraction.

Consider the fixed point equation X = ΓX and let X∗ be the unique solution of
this equation. We have:

H(ΓX(t),ΓX∗(t)) ≤ H(
∫ t

a

K(t, s,X(s))ds,
∫ t

a

K(t, s,X∗(s))ds)

≤
∫ t

a

H(K(t, s,X(s)),K(t, s,X∗(s)))ds

≤ LK

∫ t

a

H(X(s), X∗(s))ds.
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On the other hand, we have:

H(X(t), X∗(t)) ≤ H(X(t),Γ(X)(t)) +H(Γ(X)(t), X∗(t))

= H(X(t),Γ(X)(t)) +H(Γ(X)(t),Γ(X∗)(t))

≤ ϕ(t) + LK

∫ t

a

H(X(s), X∗(s))ds.

By Lemma 3.3 we have:

H(X(t), X∗(t)) ≤ ϕ(t) + LKe
LK(b−a)

∫ t

a

ϕ(s)ds

≤ [1 + ηϕLKe
LK(b−a)]ϕ(t) = cϕϕ(t).

Then, the integral equation (3.2) is generalized Ulam-Hyers-Rassias stable. �

Another stability result is the following.

Theorem 3.5. Consider the following equation

X(t) =
∫ t

t−τ

F (s,X(s))ds, where τ > 1, t, s ∈ [−τ, T ]. (3.3)

Suppose that:
(i) F : [−τ, T ]× Pcp,cv(R+) → Pcp,cv(R+), is continuous;
(ii) there exists k ∈ L1[−τ, T ] such that

H(F (s,A), F (s,B) ≤ k(s)H(A,B), for all A,B ∈ Pcp,cv(R+) and s ∈
[−τ, T ];

(iii) ϕ ∈ C([−τ, T ], Pcp,cv(R+));
(iv) there exists λϕ > 0 such that:

∫ t

t−τ
ϕ(s)ds ≤ λϕ · ϕ(t), for each t ∈ [−τ, T ].

Then, the integral equation (3.3) is generalized Ulam-Hyers-Rassias stable with respect
to ϕ, i.e., there exists cF,ϕ > 0 such that for each solution Y ∈ C1([−τ, T ], Pcp,cv(R+))
of the inequation

H(Y (t),
∫ t

t−τ

F (s, Y (s))ds) ≤ ϕ(t), for all t ∈ [−τ, T ]

with the property

Y (0) =
∫ 0

−τ

F (s, Y (s))ds,

there exists a solution X∗ ∈ C1([−τ, T ], Pcp,cv(R+)) of the equation (3.3) such that:

H(Y (t), X∗(t)) ≤ cF,ϕ · ϕ(t), for all t ∈ [0, T ].

Proof. Let Y ∈ C1([−τ, T ], Pcp,cv(R+)) be a solution of the inequality

H(Y (t),
∫ t

t−τ

F (s, Y (s))ds ≤ ϕ(t), for all t ∈ [−τ, T ].

Let X∗ ∈ C1([−τ, T ], Pcp,cv(R+)) be the unique solution of the Cauchy problem:
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{
X(t) =

∫ t

t−τ
F (s,X(s))ds, where τ > 1, t, s ∈ [−τ, T ]

X(0) = Y (0)

We have

H(Y (t), X∗(t)) ≤ H(Y (t),
∫ t

t−τ

F (s, Y (s))ds) +H(
∫ t

t−τ

F (s, Y (s))ds,X∗(t))

≤ H(Y (t),
∫ t

t−τ

F (s, Y (s))ds) +H(
∫ t

t−τ

F (s, Y (s))ds,
∫ t

t−τ

F (s,X∗(s))ds)

≤ λϕ · ϕ(t) +
∫ t

t−τ

H(F (s, Y (s)), F (s,X∗(s)))ds

≤ λϕ · ϕ(t) +
∫ t

t−τ

k(s)H(Y (s), X∗(s))ds.

By Gronwall Lemma we have:

H(Y (s), X∗(s)) ≤ λϕ · ϕ(t) · e
R t

t−τ
k(s)ds

≤ [λϕ · l
R+∞

t−τ
k(s)ds] · ϕ(t) = cF,ϕ · ϕ(t)

Then, the integral equation (3.3) is generalized Ulam-Hyers-Rassias stable. �
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