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Abstract. It is shown that, for single-valued maps, the condition of occasionally weak compatibility
reduces to weak compatibility in the presence of a unique point of coincidence (and a unique common
fixed point) of the given maps. For hybrid pairs of maps this is not the case.
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1. INTRODUCTION

Investigation of common fixed points of pairs of mappings under certain contractive
conditions began by using mappings that commute. Later on this condition was
weakened in various ways. Omne of the conditions that was used most often was
the weak compatibility, introduced by Jungck in [9]. In the paper [6], published in
2008, Al-Thagafi and Shahzad introduced an even weaker condition which they called
occasionally weak compatibility. These and other authors (see, e.g., [10]-[8]) used this
condition to obtain common fixed point results, sometimes trying to generalize results
that were known to use (formally stronger) condition of weak compatibility. We shall
show in this short note that in the presence of a unique point of coincidence (and a
unique common fixed point) of the given mappings, occasionally weak compatibility
actually reduces to weak compatibility. Thus, no generalization can be obtained in
this way.

The situation is a bit different for so-called hybrid pairs of mappings, i.e., pairs
whose first component is a single-valued selfmap, and the second is a set-valued map.
Here, both of the mentioned kinds of compatibility can be defined (see [11] and [2])
and the connection between points of coincidence and common fixed points remains
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valid (see our Lemma 2.3). However, we shall show that in this case occasionally weak
compatibility is a strictly weaker condition than weak compatibility, so one can hope
to obtain more general results by using this condition (see, e.g., [3]-[5]).

2. RESULTS

2.1. Results for selfmaps. We first recall some definitions.

Let X be a nonempty set and let f and g be two selfmaps on X. A point z € X
is called a coincidence point (CP) of the pair (f,g) if fo = gz (= w). The point w is
then called a point of coincidence (POC) for (f,g). The set of coincidence points of
(f,g) will be denoted as C(f, g).

The pair (f, g) of selfmaps on X is called weakly compatible (WC) if they commute
at each coincidence point, i.e., if fgx = gfx for each x € C(f,g). It is occasionally
weakly compatible (OWC) if they commute at some coincidence point, i.e., if there
exists © € C(f,g) such that fgr = gfz.

Many authors simple state that if the pair (f,g) is WC then “obviously” it is
OWC. Strictly speaking, this is true only if the set C(f, g) is nonempty (if it is empty,
then such pair is always WC but it is not OWC). In particular, if ix is the identity
mapping, then the pair (f,ix) is always WC, but it is OWC if and only if f has a
fixed point.

The use of WC and OWC pairs of mappings is based on the following simple lemma
of Jungck and Rhoades. For the sake of completeness we give also a proof.

Lemma 2.1 [10] If an OWC pair (f,g) of selfmaps on X has a unique POC, then
it has a unique common fized point.
Proof. Since (f,g) is OWC, there exists z € C(f,g) such that fr = gz =: w and
fw = fgx = gfx = gw. Hence, fw = gw is also a POC for (f,g), and since it must
be unique, we have that w = fw = gw, i.e., w is a common fixed point for (f, g).

If z is any common fixed point for (f,g) (i.e., fz = gz = z) then, again by the
uniqueness of POC, it must be z = w.

It is easy to construct simple examples of OWC pairs of mappings that are not
WC. For instance, one can take X = [1,00), fr = 3x — 2, gv = 22 and it is obvious
that C(f,g) = {1,2} and that fgl = gf1, fg2 # gf2. Thus, several authors claim
that assertions on common fixed points that use OWC of a pair of mappings as an
assumption are stronger than respective assertions that use WC as an assumption.
However, if the conclusion of such assertion is that there is a unique fixed point of
the given pair, then it is not actually a generalization, because in that case OWC-
condition reduces to WC-condition. Namely, the following simple proposition holds
true.

Proposition 2.2 Let a pair of mappings (f,g) has a unique POC. Then it is WC
if and only if it is OWC.
Proof. In this case we have only to prove that OWC implies WC. Let wy = fx = gx
is the given POC and let (f,g) be OWC. Let y € C(f,g), y # x. We have to prove

that fgy = gfy.
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Now we = fy = gy is a POC for the pair (f,g), By the assumption, wy = wy, i.e.
fy=g9y = fzr = gx. Since, by Lemma 2.1, w; is a unique common fixed point of the

pair (f,g), it follows that w; = fw; = fgy and w; = gw; = gfy, hence fgy = gfy.
The pair (f, g) is WC.

The example given above shows that the assumption about the uniqueness of POC
cannot be removed.

2.2. Results for hybrid pairs of maps. Let X be a nonempty set and N(X) the
collection of all nonempty subsets of X. We shall say that (f, F') is a hybrid pair of
maps if f: X — X is a selfmap and F' : X — N(X) is a set-valued map on X. A
point x € X is called a coincidence point (CP) of (f, F') (written as x € C(f, F)) if
fx € Fz. In that case, y = fx is called a point of coincidence (POC) of (f, F). The
point z is called a fixed point of F if x € Fx and a strict fixed point (also stationary
point or endpoint) if Fz = {z}.

The pair (f, F) is called weakly compatible (WC) if fFxz = Ffx for each = €
C(f,F) [11] and occasionally weakly compatible (OWC) if there exists © € C(f, F)
such that fFz C Ffzx [2].

Again there are easy examples showing that a pair can be OWC and not WC. For
instance (see [2]), one can take X = [0, c0),

0, 0<z<1, , 0<z <1,
fzx= =% and Fzx = {z} ‘
2z, 1<z<o0 [1,1+4z], 1<x<o0

and it is easy to show that 0,1 € C(f,F), fF0 = Ff0= {0}, but fF1# Ff1.
We could not find the following simple extension of Lemma 2.1 in the literature.

Lemma 2.3 If (f, F) is an OWC hybrid pair of maps on a nonempty set X which

has a unique POC, then (f, F) has a unique common fized point (i.e., there exists a
unique y € X such that y = fy € Fy).
Proof. Since (f, F) is OWC, there exists « € C(f, F), so that y := fz € Fa and
fFx C Ffx = Fy. Then fy € fFx C Fy and fy is also a POC of (f, F). By the
assumption on uniqueness of POC it must be y = fy € Fy. We have proved that y
is a common fixed point for the pair (f, F).

Let z be any common fixed point of (f, F'), i.e., z = fz € Fz. Then fz is a POC of
(f,F), and again by the uniqueness, z = y. Thus, the common fixed point of (f, F)
is unique.

The previous Lemma does not hold without the assumption of OWC as the next
simple example shows.

Example 2.4 Let X = {1,2,3},

I :G i ?> and F:({é} 3 {i’})

Then 1 = f3 € F3 is a unique POC for (f,F), ie., C(f,F) = {3}. However,
fF3 = f({1}) = {3} # Ff3 = F1 = {2} and (f,F) is not WC (neither OWC).
Obviously, f has no fixed point, so the pair (f,F) has no common fixed points.
Hence, OWC-assumption cannot be removed from the previous lemma.
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The analogue of Proposition 2.2 for hybrid pairs does not hold, as the following
simple example shows.

Example 2.5 Let X = {1, 2,3},

/ :G i 3) and FZ({i} w3) {%)'

Now 1 = f1 € F1 is obviously a unique common fixed point of (f, F') and also 1 =
f1 = f2is a unique POC since 1 = f1 € Fl and 1 = f2 € F2, but C(f,F) = {1,2}.
Since fF1 ={1} = Ffl and fF2 = {1,2} # {1} = F f2, the pair (f, F) is OWC but
it is not WC.

Hence, in the case of hybrid pairs, OWC-condition does not reduce to the WC-
condition, even in the presence of a unique POC and a unique common fixed point.

Finally, we note that, unlike to the situation with single-valued maps, a hybrid
pair can have both unique POC and unique common fixed point, without being even
OWC.

Example 2.6 Let X = {1,2,3},

/ :G i 3) and F;<{1}3} (13) {?})

Here again 1 is both a unique common fixed point of (f, F') and a unique POC and
also C(f,F) = {1,2}. But now fF1 = {1,2} # {1,3} = Ff1 and fF2 = {1,2} #
{1} = Ff2, and the pair (f, F') is not OWC (neither WC).
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