Fized Point Theory, 12(2011), No. 2, 355-382
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

STRONG CONVERGENCE THEOREMS BY GENERALIZED
CQ METHOD IN HILBERT SPACES

SONGNIAN HE* AND TIAN SHI*» **

*College of Science, Civil Aviation University of China
Tianjin 300300, China.
E-mails: hesongnian2003@yahoo.com.cn  tshi2392004@yahoo.cn

Abstract. Recently, CQ method has been investigated extensively. However, it is mainly applied
to modify Mann, Ishikawa and Halpern iterations to get strong convergence. In this paper, we
study the properties of CQ method and proposed a framework. Based on that, we obtain a series
of strong convergence theorems. Some of them are the extensions of previous results. On the other
hand, CQ method, monotone Q method, monotone C method and monotone CQ method, used to
be given separately, have the following relations: CQ method TRUE =- monotone Q method TRUE
= monotone C method TRUE < monotone CQ method TRUE.
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1. INTRODUCTION
Let C be a nonempty closed convex subset of a real Hilbert space H and T a
self-mapping of C'. Recall that T is said to be a nonexpansive mapping if
[Tz =Ty < [lz —yl[,Vz,y € C. (1.1)

T is said to be strictly pseudo-contractive if there exists a constant 0 < k < 1 such
that

1Tz —Ty|* < ||z — y|* + &l|(I = T)a — (I = T)y|> (1.2)
for all x,y € C. For such cases, T is also said to be a k-strictly pseudo-contractive
mapping. It is also said to be pseudo-contractive if x = 1 in (1.2). That is,

1Tz = Ty|* < llo = y* + (1 = T)x — (I = Tyl (1.3)

for all z,y € C. Clearly, the class of strict pseudo-contractions falls into the one
between classes of nonexpansive mappings and pseudo-contractions.

It is very clear that, in a real Hilbert space H, (1.3) is equivalent to
2
(Te = Ty,x —y) < [lz -yl (1.4)
*This research is supported by the Fundamental Research Funds for the Central Universities

(ZXH2011C002).
**Corresponding author.

355



356 SONGNIAN HE AND TIAN SHI

Recall that three iteration processes are often used to approximate a fixed point
of a nonexpansive mapping. The first one is Halpern’s iteration process [1] which is
defined as follows: Take an initial guess x¢ € C arbitrarily and define {z,, } recursively
by

Tpy1 = (1 — ap)xo+ ayTrn, n>0 (1.5)
where {a,,} is a sequence in the interval [0, 1].
The second is known as Mann’s iteration process [2] which is defined as

Tpt1 = (1 —ap)zy + apnTa,, n>0 (1.6)

where the initial guess xq is taken in C arbitrarily and the sequence {«,} is in the
interval [0, 1].

The third is referred to as Ishikawa’s iteration process [3] which is defined recur-

sively by

zn =1 —an)zy, + Ty,
where the initial guess x¢ is taken in C arbitrarily and {a,} and {8,} are sequences
in the interval [0, 1].

We know that (1.5) has strong convergence under certain conditions, but both (1.6)
and (1.7) have only weak convergence, in general, even for nonexpansive mappings
(see an example in [4]).

Recently, modifications of algorithm (1.5), (1.6) and (1.7) have been extensively
investigated; see [5, 6, 7, 8, 9, 10] and the references therein. For instance, one of the
most important methods was firstly introduced by Nakajo and Takahashi [6] in 2003.

Theorem 1.1 (see [6]). Let C' be a nonempty closed convex subset of a Hilbert space
H and T a nonexpansive mapping of C into itself such that F(T) # 0. Suppose
xo € C chosen arbitrarily and {x,} is given by
Yn = (1 — an)xn + @ Ty
Cn={2€C:|z—ynll <z —nl}
Qn={2€C:{z—x,,x, —x9) >0}
Tnt1 = PCannfﬂo

(1.8)

where Pc, nq,, 1S the metric projection from C onto C,, N @y, and {ay,} is chosen such
that 0 < o < ay < 1. Then, {x,} converges strongly to Pr(ryxo, where Ppry is the
metric projection from C onto F(T).

Remark 1.1. It is also known as CQ method or CQ method. The purpose of the au-
thors is to modify Mann’s iteration process and obtain a strong convergent sequence.
However, we can learn more from (1.8). In fact, (1.8) is equivalent to

Cpn={2€C:|lz—((1 —an)xn + anTa,)|| < |z —zn|}
Qn={2€C:{(z—xp,xy,—x0) >0} (1.9)
Tp4+1 = PC,LOQ,LxO
From (1.9) we can conclude that in each recursive step, the algorithms can be
divided into two parts: (P;) construct an appropriate set and (P») project the given
fixed point onto the set.
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According to this point view, the crux of CQ method is how to construct an
appropriate set and (1.9) is just a special case:

(A1) construct C,, based on iteration scheme (1.6) and the properties of the map-
ping T

(As) construct @Q,, by the property of the metric projection.

Cp N @y is the appropriate set. Then, together with (P;), we can yield (1.9), i.e.,
Theorem 1.1.

Actually, based on this idea we can accomplish (P1) in many ways and construct
different kinds of appropriate sets based on scheme (1.5), (1.6), (1.7) and their com-
binations. And we name this method as generalized CQ method.

Motivated by Remark 1.1, we propose a CQ algorithm framework, which is the
basic work in this paper. Then, based on this framework, we introduce a series of
strong convergence theorems. Some of them, used to be given separately, have direct
relations between each other.

In section 8, we study the relations among CQ method, monotone Q method,
monotone C method and monotone CQ method.

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space with inner product (-, -) and let C' be a closed convex
subset of H. For every point x € H there exists a unique nearest point in C, denoted
by Pcx such that

|z — Poz| < ||z -yl
for all y € C, where P¢ is called the metric projection of H onto C. We know that
Pc is a nonexpansive mapping.

x, — x means that {z,} converges strongly to x. x,, — x means z,, converges
weakly to z.

We know that a Hilbert space H satisfies Opial’s condition [11], that is, for any
sequence {z,} C H with z,, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y||

n—oo n—oo
holds for every y € H with y # x. We also know that H has the Kadec-Klee
property, that is z,, — x and ||z, || — ||z| imply z,, — x. In fact, from ||z, — z|]? =
|zn]l? — 2(xp, ) + ||z, we get that a Hilbert space has Kadec-Klee property.

For a given sequence {z,} C C, let wy(v,) = {x : J2,, — } denote the weak
limit set of {z,}

Now we collect some lemmas which will be used in the proof of our main theorems.

Lemma 2.1 (see [5]). Let H be a real Hilbert space. There hold the following iden-
tities:

(i) |z =yl = =]* = ly|* = 2(x —y,y), Yo,y € H

(ii) |lax+(1—a)y|* = allz|*+(1-a)[y|* —a(l—-a)llz—y[?, Va € [0,1] and z,y € H.

Lemma 2.2. Let C be a closed convex subset of real Hilbert space H. Given x € H
and z € C. Then z = Pox if and only if there holds the relation

(x —2z,y—2) <0, forally € C.
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Lemma 2.3 (see [8]). Let H be a real Hilbert space. Given a closed convex subset C
and points x,y,z € H. Given also a real number a € R. The set

{veC:lly—vl® <llz—v|?+ (2,0) + a}
18 closed and convex.

Lemma 2.4 (see [8]). Let C be a closed convex subset of real Hilbert space H. Let
{zn} be a sequence in H and v € H. Let ¢ = Pou. If wy(x,) C C and

2n —ul < flu—ql
for all n, then z,, — q.

Lemma 2.5 (see [10]). Let C be a nonempty closed convex subset of a real Hilbert
space H and T : C — C' a demi-continuous pseudo-contractive self-mapping from C
into itself. Then F(T) is a closed convex subset of C and I —T is demiclosed at zero.

Lemma 2.6 (see [5]). Let C be a nonempty closed convex subset of H andT : C — C
a k—strict pseudo-contraction for some 0 < k < 1. Then F(T) is a closed convex
subset of C and I — T is demiclosed at zero.

Lemma 2.7. Let C be a nonempty closed convex subset of a real Hilbert space H
and T an L— Lipschitz mapping from C into itself. Assume F(T) # ( is closed and
conver, L+1 < < oo and 8 > 0. Let

Co={2€C:|z—Tz| < |z —=z||+0}, Vz € C.
Then, F(T) C C,.
Proof. Let p € F(T), we have Vz € C
|z = Tz| < ||z —pl + [lp — T||
< llz = pll + Lllz — p||
=L+ 1z —pl
< pllz —pll +96.
Hence, p € C,, ie.,, F(T) C C,.
(Il

3. MAIN RESULT

In this section, a strong convergence theorem is obtained by generalized CQ
method.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H
and T an L—Lipschitz mapping from C into itself. Assume F(T) # () is closed and
convex, I —T is demiclosed at zero, {u,} is a sequence such that L+1 < p, < pp < 00
and 0,(z) is a nonnegative function on C. Let {x,} be a sequence generated by the
following manner:

xo € C chosen arbitrarily

Co ={2€C:|on —Tan|l < pnllen — 2| + 0n(2)}
Qn={2€C:{z—xn,xy—x0) >0}

Tn41 = Pc;;anJ?m

(3.1)
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where C}; is a closed conver set with F(T) C C}: C Cy,. Assume limy,_,o0 Op(Tnt1) =
0. Then {x,} converges strongly to Ppryxo.

Proof. According to the assumption, we see that Pp )z is well defined. It is
obvious that @, is closed and convex, hence, C} N @, is closed and convex.

Next, we show that F(T') C C} N Q. From the assumption, F'(T) C C}, hence,
it suffices to prove F(T) C Q,. We prove this by induction. For n = 0, we have
F(T) c C = Q. Assume that F(T) C Q,. Since 41 is the projection of zy onto
Cr N Qy, we have

(2 — Tpt1, Tny1 — To) > 0,V2 € Cr NQy,.

As F(T) C Cx N @, by the induction assumption, the last inequality holds, in par-
ticular, for all z € F(T). This together with the definition of @41 implies that
F(T) C Qn+1- Hence, F(T) C @, holds for all n > 0 and {z,} is well defined.

From z,, = Pg, xo, we have

(o — Zn, Tp —y) >0
for all y € CX N Q. So, for p € F(T'), we have
0 <{xo—xn,xn —p)
= (To — Tn, Tn — To + To — D)
= —||wo — | + (z0 — Tn, T0 — P)
< ~llzo = all? + llzo = zall - [l20 — p]-

Hence,
[0 = zn|| < [lzo — pll (3.2)
for all p € F(T). This implies that {z,} is bounded.
From z,, = Pg, 7o and x,,11 = Pcxnq,To € C) N Qn, we have

<.’E0 — Tny Tn — xn+1> > 0.

Hence,
0< <£U0 = Tn, Tn — xn+1>
= (To — Tp,Tn — To + To — Tpy1)
= 7”550 - 1771”2 + <JC0 — Tn,To — an+1>
< —llwo — x| + llzo — 2all - w0 — Tnya ,
therefore

||$C0 - xn” < lwo — $n+1||7
which implies that lim,, o ||z, — 2ol exists.
Besides, by Lemma 2.1 we have
1041 = @nll* = [(@ns1 = 20) = (0 — z0)|1?
= |znt1 = zol® = lzn — zo|* = 2(znt1 — T, T — o)
g | Wl E 7

Let n — oo, we get lim,, o0 ||Zn+1 — 2n|| = 0.
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Noticing 211 = Pc:ng, 2o C Cy, we have

2n — Tan| < poll®n — Taga || + On(@n41).
Combining with the assumption of {u,} and {6, (z,+1)}, we obtain

lim ||z, — Tz,|| = 0.

n—oo

Since I — T is demiclosed, then every weak limit point of {z,} is a fixed point of T.
That is, wy(2,) C F(T). By Lemma 2.4, x,, — Ppryzo. O

4. APPLICATIONS OF THE MAIN RESULT

First, we use Theorem 3.1 to prove Theorem 1.1.
Obviously, the following theorem can be easily verified by Theorem 3.1.

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose xo € C chosen
arbitrarily and {x,} is given by

yn = (1 —ap)zy + @ Ty,

Cp={z€C |z —Tay| < %”zn — 2|1}

Qn=1{2€C:{z—xn,x, —x) >0}

Tn+1 = PC;;*OQnﬂUO
where C* is a closed convex set with F(T) C Cr* C *C,, and {on,} is chosen such
that 0 < a < a, < 1. Then, {x,,} converges strongly to Ppryo.

Let Ci* =C,, = {2z € C: |lyn — 2|| < |lzn — 2||} in Theorem 4.1. Easily, we can
prove C,, is closed and convex with F(T') C C,, C *C,,. So, Theorem 4.2 is valid.

Theorem 4.2. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonezxpansive mapping of C into itself such that F(T) # 0. Suppose x¢ € C' chosen
arbitrarily and {x,} is given by
Yn = (1 — an)xn + @ Ty
Cn={2€C:|yn — 2l < [lan — 2|}
Qn={2€C:{z—x,,x, —x9) >0}
Tnt1 = PC;,*HQW,IEO
where {ay,} is chosen such that 0 < o < o, < 1. Then, {x,} converges strongly to
PF(T).’L‘().
Clearly, Theorem 4.2 is the same as Theorem 1.1.

Moreover, if C? is a closed convex set satisfies F(T) C C C C,, then, F(T) C
Cr C *Cy,. Therefore, we obtain the following theorem.

Theorem 4.3. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose o € C chosen
arbitrarily and {x,} is given by

Yn = (1 — ap)zy + Ty

Cn={2€C:|lyn— 2|l < llzn — 2|}

Qn={2€C:{(z—xn,xn—x0) >0}

Tn+l1 = PC;ﬁano
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where C}; is a closed convez set with F(T) C C}: C Cy, and {ay} is chosen such that
0<a<a,<1. Then, {z,} converges strongly to Ppryx.

Theorem 4.3 is one of the generalized CQ algorithms in this paper. Likewise, we
can yield many other similar algorithms for Mann, Ishikawa and Halpern iterations,
respectively. They will be proposed in the following three sections. Some of them are
the extensions of previous results. However, others are obtained directly based on the
framework.

5. GENERALIZED C(Q ALGORITHMS FOR MANN’S ITERATION PROCESS

In this section, we proposed some algorithms for Mann’s iteration process. To
prove the main theorems, we need the following lemmas.

Lemma 5.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let

T :C — C be a Lipschitz pseudo-contractive mapping with Lipschitz constant L > 1.

VreC, ae (0, L%rl) and 7 € (0,1], let
y=(1—-a)x+ aTx,

Co={z€C:71al —(1+ L)a]||z — Tz|* < (x — 2,y — Ty)}

and

(L+1Da+1
all = (L+1)a] e =211}
Then, there holds Cy is a closed convex set with F(T) C Cp C *C,.

Co={zeC: |z —Tzx| <
pu

Proof. Obviously, C; is closed and convex. From [7], we have
of1 = (L + alllz - Ta|? < (z — p,y — Ty), Vp € F(T). (5.1)
Since 7 € (0, 1], we obtain
ra[l — (L4 1)a]|jz — Tz||* < (x — p,y — Ty). (5.2)
From (5.2), we can conclude that F(T') C C,. Let u € Cy, we have Vo € C
Ta[l = (L + Dallle = Ta|?® < (z — u,y — Ty)
< |lz = ulllly = Tyl
<z = ullllly = =[l + llz = T2 + [Te = Tyll]  (5.3)
<z = wull{(L + Dz = yll + [l — T[]
=L+ Da+1]fz = ulllz — Tz|.
From the assumption of the coefficients we have

(L+1)a+1
Ta[l = (L + 1)a]

which implies u € *Cy. So, F(T) Cc C, C *C,. O

[ —Tz|| < [l —uf (5.4)
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Lemma 5.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T :C — C be a Lipschitz pseudo-contractive mapping with Lipschitz constant L > 1
and F(T)# 0. Vz € C, a € (0, %ﬂ) and 7 € (0,1], let

y=(1-a)z+aTx, (5.5)

Co={2€C:7lla(I -T)y|?* < 2a(x — 2, (I - T)y)}.

and
2

rali = L+ nay” A
Then, there holds Cy is a closed convex set with F(T) C Cp C *Cl.

Cpo={2z€C:||lz—Tz| <

Proof. Obviously, C, is closed and convex. From [9], we have
la(I = T)y|? < 2a(e —p, (I = T)y), ¥p € F(T).
since 7 € (0, 1], we obtain
rlla(l = T)y|* < 2alz —p,(I - T)y).
which implies that p € C,, i.e., F(T) C C,. Let u € Cy, then Vo € C
Tlla(l = T)y|* < 20w —u, (I = T)y)

(5.6)
< 2aflz —u[l|(I = T)y|.
It follows that
2
—Ty|| < —llz—u. 5.7
Iy~ Tyl < -l —ul (57)
On the other hand, we have
o = Tl < l}o =yl + 1y = Tyl + |7y ~ Ta] -
< (L+ Dafz =Tz + [ly = Tyl| '
Substitute (5.7) into (5.8), together with the assumption of coefficients, we get
2
—Tz| < - 5.9
o= T € sl —ul (59)

which implies u € *C,.. So, F(T) c C, C *C,. O

Lemma 5.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T be a k—strict pseudo-contraction of C into itself for some 0 < k < 1 with F(T) # 0.
Vo € C and o € (0,1], let

y=(1—-a)x+ aTlx,
Co={2€C:y—z|” <llz — 2> + alk — (1 - )z — Tz|*}

and
2
o — 2]},

Then, C,, is a closed convex subset of C' with F(T) C C, C *C,.

Cpo={z€C: |z —Tx| <
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Proof. By Lemma 2.3, C, is closed and convex. Let p € F(T), for any = € C we
have

= (1 = a)(z —p) + a(Tz - p)|?

= (1= a)llz = p|? + al|Tz — p||* — a(1 — @) |z — Tz|®

< (1 —a)llz = pl* + a(llz - p|* + &lla — Tz|?) (5.10)
—a(l —a)|jz — Tz

= ||z = p|* + alk — (1 - a))|la — Tz

Hence, F(T) C C,. Let u € C,, then Va € C, we obtain

ly — p||?

ly = ul* <l = ul* + a(s - (1 = a))llz - Tz (5.11)
Besides, we have
ly = ull* = 1 = o)z -l + ol Tz - u|* - a(l - a)llz — Tz, (5.12)
Substitute (5.11) into (5.12) to get
ol Tz — u|)? < af|z — ul|? + akllz — Tz|2. (5.13)

Since a > 0, we have

1T = ull® < llo - ull® + il — o). (5.14)
On the other hand, we compute
Tz —u|? = |Tx — z||* + 2(Tx — z, 2 — u) + ||z — ul|?. (5.15)
Combining (5.14) and (5.15) yields
(1—r)|z—Tz|? <2(x — Tz, z —u) < 2|z —Tz||||z — ul. (5.16)
Since k < 1, then
R e P (5.17)

which implies u € *C,.. So, F(T) c C, Cc *C,. O
Using Lemma 5.1, we obtain the following theorem.

Theorem 5.1. Let C be a nonempty closed convex subset of a real Hilbert space H
and T a Lipschitz pseudo-contraction from C into itself with the Lipschitz constant
L >1 and F(T) # 0. Assume sequence {7,} C [r,1] with T € (0,1] and sequence
{an} C la,b] with a,b € (0 ). Let {x,,} be a sequence generated by the following
manner:

_1
» L+1

xg € C chosen arbitrarily

Yn = (1 - Oén)l"n +a,Tr,

Cn={2€C:mhan][l — (1 + L)a)||lzn — Tan|?> < {xn — 2,90 — Tyn)}
Qn=1{2€C:(z—an,x, —x0) >0}

Tp+1 = PC;;anifo

where C} is a closed convex set with F(T) C C C Cy,. Then {xz,} converges strongly
to PF(T)LEO-
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* L+1D)a,+1
Proof. Let *C,, = {z € C : ||x,, — Tz,| < W

using Lemma 5.1, we obtain F(T) c C} C C, C *C,. From the assumption,
(L+Dantl o (L+1)b+1
Tnon[l1—(L+1)ay,] — 7Ta[l—(L+1)
Ipn — PF(T).’E().
We can prove the following theorem based on Lemma 5.2.

x, — z||}, then

5 < 0. By Lemma 2.5 and Theorem 3.1, we can prove

Theorem 5.2. Let C' be a nonempty closed convexr subset of a real Hilbert space H.
Let T : C — C be a L-Lipschitz pseudo-contractive mapping such that L > 1 and
F(T) # 0. Assume sequence {7,} C [r,1] with 7 € (0,1] and sequence {a,} C [a,b]
with a,b € (0, %H) Suppose xg € C' chosen arbitrarily and {x,} is given by

Yn = (1 — an)zn + Tz,
Cn={2€C:mpllan(I — Tyn|* < 2an(zn — 2,(I — T)yn)}
Qn=1{2€C:{z—xn,xn —x0) >0}
Tn+1 = PC;QQ,LCEO
where C}: is a closed convex set with F(T) C C} C Cy,. Then, {x,} converges strongly
to PF(T)I().

Proof. From the assumption, we have

2 2
T I—(LiDan] = ral—(L7D8 <
Let *Cp, = {z € C : ||wy, — Txy|| < mﬂxn — 2||}, using Lemma 5.2, we
can conclude F(T) c C} c C, C *C,. Hence, by Lemma 2.5 and Theorem 3.1,
Ipn — PF(T).’E(). O
Remark 5.1. In fact, it is easily to prove Theorem 5.2 by Theorem 5.1 directly.
By Lemma 5.3, the following theorem is valid.

Theorem 5.3. Let C' be a nonempty closed convex subset of a Hilbert space H and
T a k—strict pseudo-contraction of C into itself for some 0 < k < 1 with F(T) # 0.
Suppose xo € C' chosen arbitrarily and {x,} is given by

Yn = (1 - an)xn + anTxn

Crn={2€C:llyn — 2l < ln — 2| + an(rs — (1 — )|z — Tzn*}

Qn={2€C:(z—xy,x, —x0) >0}

Tn41 = PC;an,$0
where C is a closed convex set with F(T) C C C C,, and {a,} is chosen such that
0<a<a,<1. Then, {x,} converges strongly to Ppryxo.

Proof. Clearly, 12 < co. Let *C,, = {2z € C': ||,y — Ty < 12-||& — 2|}, then
using Lemma 5.3, F(T) c C c C,, C *Cy,. Hence, using Lemma 2.6 and Theorem
3.1, Ty — PF(T)l‘0~ [

Corollary 5.4. Let C be a nonempty closed convex subset of a Hilbert space H and
T a nonezpansive mapping of C into itself with F(T) # 0. Suppose xo € C chosen
arbitrarily and {x,} is given by

Yn = (]- - an)xn + o, Tay

Co={2€C:|lyn — 2* < lzn — 2% — an(1 — o)z — Twn|*}

Qn=1{2€C:{z—an,x, —x) >0}

Tn+1 = Pc;;anxo
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where C}; is a closed convez set with F(T) C C}: C Cy, and {ay} is chosen such that
0<a<a,<1. Then, {z,} converges strongly to Ppryx.

Remark 5.2. Corollary 5.4 is a deduced result of Theorem 5.3. In these two theo-
rems, set C* = C,,, then we obtain two algorithms which were also proposed in [5].
Corollary 5.4 is also the deduced result of Theorem 4.3.

6. GENERALIZED C() ALGORITHMS FOR [SHIKAWA’S ITERATION PROCESS

In this section, we introduce some algorithms for Ishikawa’s iteration process. To
prove the main theorems, we need the following lemmas.

Lemma 6.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let

T :C — C be a Lipschitz pseudo-contractive mapping with Lipschitz constant L > 1

and F(T) #£ 0. Vz € C and o, 5 € (0,1) such that 0 < f < a < ﬁ, let
v=(1-a)z+aTx
y=(1-pB)z+ pTv,

Co={z€C:|ly—z|” <llz —2” = aB(l - 2a — L?a?) ||z — Tz|*}

and o1 4L

g Pyl =<l

Then, there holds C,, is a closed convez set with F(T) C C, C *C,.

*Cx:{zéC:Hx—TxHSa

Proof.  Obviously, by Lemma 2.3, we can conclude C, is closed and convex.
From [10], we can easily obtain F(T) C C,. Taking u € C,, Vz € C, we get

ly —ull® < llz = ul* = aB(1 - 20 — L*a®) ||z — T|*. (6.1)
On the other hand,
ly = ull® = lly = 2l +2(y — 2,2 — u) + [|lz — ul|*. (6.2)
Combining (6.1) and (6.2), we have
a(l —2a — L?a?)||z — Tz||* < 2(x — Tv,z — u) (6.3)

It follows that,
a(l —2a — L?a?)||z — Tx||* < 2(x — Tv,z — u)
< 2[|z — ulfflz — T
< 2}z — ul(llz - Tal| + | Tz — Tol)
<2(1+ La)||lz — ull||z — Tz|.

Noting that the function f(t) = 1 — 2t — L?t? is strictly decreasing in t € (0,1), we
infer that

(6.4)

1—2a—L%a* > 0.
Then, from (6.4), we have
2(1+ La)

—Tx| <
le =Tl < a(l — 2a — L?a?)

[l — ull (6.5)



366 SONGNIAN HE AND TIAN SHI

which implies v € *C,.. So, F(T) c C, C *C,. O

Lemma 6.2. Let C' be a nonempty closed conver subset of a real Hilbert space H.
Let T : C — C be a k—strict pseudo-contractive mapping for some O < Kk < 1 with
F(T) # 0. Yz € C and a,3 € [0,1] such that 0 < a < and

\/4HL2+(,§+1)2+(H+1)
0<B<ka+(1—k), let

=(1-a)z+aTx
= (1 - ﬂ)i)’] +5TU,
Co=1{2€C:|ly—z> < |z — 2> - aB[l — (k + 1)a — kL*?]||z — Tx|*}

and
2(1+ La)

a[l = (k+ 1)a — kL2a?] Il =211}
Then, there holds Cy is a closed convex set with F(T) C Cp C *Cl.

Proof. Obviously, by Lemma 2.3, we can conclude C,, is closed and convex. Let
p € F(T). We have,

lv —pl”

Cro={ze€C:|lz—-Tz| <

I(1 = a)(z = p) + a(Tz - p)|

(1= a)|lz = pl* + | Tz — p|* = a(l — a)[lz — Tz|?

< (1= a)llz - pl* + a(llz = pl* + &z — Tz||?) (6.6)
—a(l —a)|jz — Tz|?

= ||z —p|* +alx - (1 - )]z — Tz|?

and
o= Tol]? = (1 - )& - Tv) + a(Tz - To)|
= (1—a)|jz —Tv|]? + a||Tz — Tv||* — a(1 — )|z — Tz|?
< (1 —a)llz = Tv|* + L2 ]z — v||* - a(l - a) |z — Tz||? (6.7)
= (1—a)|jz — Tv|]® + L?a®||z — Tz|* — a(l — o)z — Tz|?
=(1—a)|jz —Tv|]® + a(L*a? + a — 1)||z — Tz|?
and also,

ly =l = 11 = B)(x = p) + B(Tv - p)|I?
= (1= Bz - pl* + BITv - pl* = B = B)l|lz — Tw|®

< (1= B)llz = pl* + B(lv = pll* + &llv = To||*) = B(L = B) ||« — Tv|?
(6.8)
Substituting (6.6) and (6.7) in (6.8), we yield

ly = plI* < (@ = B)llz — pl* + Bllz = pll* + falk — (1 — )]l - T=||?
+ Br(1 — )|z — Tv|* + Bra(L*a? + a — 1) ||z — Tz||?
=B =Pz~ Tv|?
= llz = pl* + Bls(1 — o) = (1 = B)] = — Tv||?
+af[kL?a® + (k+ Da — 1|z — Tz|?.
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Since < ka + (1 — k), then,
Iy — I < llz — plP? + aBlKL%a® + (x + Lo — 1]]lz — Ta|?
= |lz —pl® — ap[l — (k + 1)a — s L2?] ||z — Tx|?.
Therefore, p € Cy, i.e., F(T) C C,. Taking u € C,, Vz € C, we get

ly = ull* < llo = ul® = apll = (s + 1a - kL2®]||lx — Tz|. (6.9)
On the other hand,
ly —ull® = lly — 2|* + 2(y — 2,2 — u) + [|lz — ul>. (6.10)
Combining (6.9) and (6.10), we have
a[l — (k4 1)a —rwL??]||z — Tz||* < 2{x — Tv,x — u) (6.11)

It follows that,
a[l — (k4 1)a - wL??]||z — Tz||? < 2(x — Tv, z — u)
< 2f|z — ulllz = T
<2z —ull(llx = Tz|| + || Tz — Tv||)
< 2(1+ La)||lx — ul|||z — Tx||.

Noting that the function f(t) = 1— (k+ 1)t — K L*t? is strictly decreasing in ¢ € (0, 1),
we infer that

(6.12)

1—(k+1a—rL*® > 0.
Then, from (6.12), we have
2(1+ La)
[1—(k+1a—rL?a?
which implies u € *C,,. So, F(T) c C, C *C,. O

o= Tal < e — ] (6.13)

Lemma 6.3. Let C' be a nonempty closed conver subset of a real Hilbert space H.
Let T be a nonexpansive mapping of C into itself with F(T) #0. Vx e C,0< <1

and 0 < a <1 let
v=(1-a)r+aTx

Co={z€C:z—yl* <z —a|* + B(I|v]* - l|z]|* + 2z — v, 2))}
and
Cro={2€C:B8(1-a)|lz—Tz|| <3|z—z|| +a|Tz — ||}
Then, Cy, is a closed convex subset with F(T) C C, C *C,.

Proof. By Lemma 2.3, we see that C, is closed and convex. Let p € F(T), for
any x € C we have,

ly = > = (1 = B)(z = p) + B(Tv - p)||?
<@ =)= —pl*+Bllv—p|?
= [l = plI> + B(llv — plI*> — [l — pl1?)
= [l = plI”> + B(l[oll* = [l=]1* + 2(x — v, p))
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Hence, F(T) C C,. Let u € Cy, then we get
ly —ul? <l —ul® + B(J[ol* — [l«]* + 2(z — v,u))
= ||lz —ul® + B(llv — z]|* + 2z — v,u — x))

(6.14)
<l —ull® + Bllv — ul?
< (lle = ull + v/Bllv — ul]*.
It follows that,
ly = ull < llz = ull + v/Bllv —u|
= [l —ull + VBI(1 = a)(z — u) + a(Tz — u)| (6.15)
< lw = ull + VB = )|z — ul| + /Bal| Tz — u|
<2z — ul| + a||Tz — .
Besides,
|z —Tz| <[lo —Tv[|+ ||[Tv - Tz|
< 2z~ gl + o =]
=l - v—x
=3 y (6.16)
1
< E[Hx —ull + ly — ull] + eflz = Tx]].
Combining (6.15) and (6.16), we obtain
B —a)llz — Tzl < |z — ull + [ly — ull (6.17)

<3|z —ul| + of| Tz — ul|.
From (6.17), we can conclude u € *C,. So, F(T') C C, C *Cy. O

Lemma 6.4. Let C' be a nonempty closed convexr subset of a real Hilbert space H.
Let T be a nonezpansive mapping of C into itself with F(T) #0. Vz € C,0<a <1
and 0 < 7%= < B3 <1, let

v=(1-a)z+aTx
y=(1-p)z+ pTv,
Co={2€C: 2 —yll? < ll2 — 2> + B(Io? = lolf? + 2z — v, 2))}
and

4
O = e — < |z —2[|}.
Co={2€C:|z—Tz| < ﬂ(l_a)_allx z[|}

Then, C,, is a closed convex subset with F(T) C C, C *C,.

Proof. By Lemma 2.3, we see that C, is closed and convex and similarly, we can
prove F(T) C C,. Let u € C,, then we get

ly = wl® < llz = ull* + B(llv)I* = [l2]* + 2(z — v, )

6.18
< e —ull + v/Bllv - ulll®. (019
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It follows that,
ly = ull < lz = ull + v/Bllo —u|
= ||z — ull + VBII(1 = a)(x — w) + Tz — )|
< lz —ull + V/B(1 = @)z — ul| + /Bal| Tz — u|
<2z —ul +af| Tz — ull
<2z —ull + af|Tz — z| + aflz — ull
< 3llz —u|| + ||z — Tz||.

Besides,
|z — Tzl < ||z — Tv| + [|Tv— Tx||
R
< lz—-vy v—1
B
1
< Ll ull + Iyl +alfe — Tel.

Combining (6.19) and (6.20), we obtain
Bl —a)lle =Tzl < |z — ul +[ly — ull
<Az —u|]| + a|lz — Tz|.
Hence,

[ — Tzl < [l = .

4
Bi-a)—a
From (6.22), we can conclude u € *C,. So, F(T) c C, C *C, O

369

(6.19)

(6.20)

(6.21)

(6.22)

Theorem 6.1. Let C' be a nonempty closed convexr subset of a real Hilbert space H.
Let T : C — C be a Lipschitz pseudo-contraction such that L > 1 and F(T) # 0.
Suppose that {a,} and {B,} are two real sequences in (0,1) satisfying the conditions:

(C1) 0 < B < g, Y0 >0;
(C3) liminf,, o ap > o’ > 0;
(Cs) limsup,, . an < a < ﬁﬂn >0.
Let a sequence {x,} be generated by
xo € C chosen arbitrarily
U = (1 = ap)xn + @ Ty
Yn = (1 - ﬁn)mn + BT,

Cn={2€C:|yn —2[* < llzn — 2]|* — anfBn(l — 20m — L2a3})lwn — Tan|*}

Qn={z€C:{(z—xy,z, —x0) >0}
Tn+1 = PC;;an

where C} is a closed convex set with F(T') C C} C C,,. Then, {x,} converges strongly

to a fized point Pp(1yTo.

2(14Lay) < 2(1+La)

Proof. From the assumption, we have — (=20, —17a2) < a(i—3a-I%a7) < OO
Let *Cp, ={z € C: ||z), — Tz,|| < %Hxn — z||}, then using Lemma 6.1,

F(T) c C}; c C, C *C,. Hence, by Lemma 2.5 and Theorem 3.1, 2,, — Pp(p)xo. O
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Remark 6.1. In this theorem, let C}: = C,,, then we yield a theorem which was also
introduced in [10].

Theorem 6.2. Let C' be a nonempty closed convex subset of a real Hilbert space H
and T a Lipschitz pseudo-contraction from C into itself with the Lipschitz constant
L > 1. Assume sequence {7} C [r,1] with T € (0,1], sequence {a,} C [a,b] with
a,b € (O,L%rl) and sequence {B,} C (0,1) satisfies that B, < . Let {x,} be a
sequence generated by the following manner:

zg € C chosen arbitrarily
vp = (1 — ap)z, + @, T,
={z € C :mau[l — (14 L)ay]||zn — Txp||* < (xn — 2,0, — Top)}
Cl = {2€ C llgn = 2112 < lrn — 21 — anf(1 — 200 — L202) 20 - T}
C,=C/ncCl
Qn={z€C:{z—xn,x, —x0) >0}
Tnt1 = Poxng,To

(6.23)
where C is a closed convex set with F(T) C C C C,. Then {x,} converges strongly
to PF(T)xO'

Proof. Obviously, F(T) c C;; C C,, C CJ,. Then, by Theorem 5.1, we can obtain
Tp — PF(T)xO- O

Theorem 6.3. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — C be a k—strict-pseudo-contraction for some 0 < k < 1 such that

F(T) # 0. Suppose that {c,} and {Bn} are two real sequences in [0,1] satisfying
0<d <a, <ac< and 0 < B, < ka, + (1 — k). Suppose

\/4nL2+(n+1)2+( +1)
sequence {x,} be generated by

xo € C chosen arbitrarily

v = (1 — ap)z, + Tz,

Crn={2 € C:|lyn—2[* < 20— 2[* = anBu(l = (k + Dy, — KL?a} )|Jwn — T [ *}
Qn=1{2€C:{z—xn,xy, —xo) >0}

Tnt+1 = Porng,

where C: is a closed convex set with F(T) C C} C C,. Then, {z,} converges strongly
to a fized point Pp(ryTo.

Proof. From the assumption, we have o= (i(_g)ij"_)m I%a2] <
2(14+L .
a’[l—(n(—i-l)a(i)nLZaﬂ < . Let *Cp, = {2z € C : |an — Tayl <

— [k(i&?)iaz)@?aﬂ”xn — z||}, then using Lemma 6.2, F(T) Cc C; C C, C *C,.

Hence, by Lemma 2.6 and Theorem 3.1, z,, — Pr(r)®o. U

Theorem 6.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — C be a k—strict-pseudo-contraction for some 0 < k < 1 such that
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F(T) # 0. Suppose that {a,} and {B,} are two real sequences in [0,1] satisfying
0<a<a,<1and0< B, <ka,+ (1 —k). Let a sequence {x,} be generated by
xg € C chosen arbitrarily

v = (1 — ap)z, + Ty,

C,={2€C: vy —2|I> <z — 2[1> + an(k — (1 — ap)) |20 —Tz,|?}

Cil={26C ¢ [y 21 < ln— 22— an(1 = (5 + D — KL203) |z, ~T, |2}
C,=C/.ncy

Qn={2€C:{(z—x,,x, —x0) >0}

Tn+1l = PC;‘LQQT,,

where C}; is a closed convex set with F(T) C C}: C C,, and {a,} is chosen such that
0<a<a,<1. Then, {x,} converges strongly to Ppryxo.

Proof. It is clear that F(T) ¢ Cf C C, C C!. Hence, by Theorem 5.3,
Tpn — PF(T)'rO- U

Using our method, we can yield at least four different CQ algorithms for Ishikawa’s
iteration process for nonexpansive mappings.

Theorem 6.5. Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a nonezpansive mapping with F(T) # 0. Suppose that {a,} and
{Bn} are two real sequences in [0,1] satisfying 0 < o’ < a, <a<1land0< f, <1.
Let a sequence {x,} be generated by

o € C chosen arbitrarily

v = (1 — ap)zy, + Ty,

Yn = (1 = Bn)xn + BnTvy

Con={2€C: |z =ynll® <z — 20l — anfn(l — an) ||z — Tznl*}

Qn={2€C:{z—xn,xy, —xo) >0}

Tn+1 = Porng,
where C}: is a closed convex set with F(T) C C* C Cy,. Then, {x,} converges strongly
to a fized point Pp(Tyzo.

Proof. By Theorem 6.3, we can prove the conclusion. [J

Theorem 6.6. Let C' be a nonempty closed convex subset of a Hilbert space H and
T a nonezpansive mapping of C into itself such that F(T) # 0. Assume that {a,}
and {B,} are sequences in [0,1] such that 0 < 8 < 3, <1 and a,, — 0. Define a
sequence {x,} in C by algorithm:

xg € C chosen arbitrarily

vp = (1 — ap)z, + Ty,

Yn = (1 - ﬁn)xn + BnTvy,

Crn={2 € C:lz = yul? < Iz = zn|® + Bullvall® = lznl® + 2{zy — vn, 2))}

Qn={2€C:{(z—zp,x,—x0) >0}

LTn+1 = PC;;anfo
where C¥ is a closed convez set with F(T') C C} C C,,. Then, {x,} converges strongly
to PF(T)CL'O.
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Proof. First observing that a,, — 0, we can conclude «,, # 1 since n is sufficient
big. So, without losing generality, we can assume 0 < a,, < a < 1. Combining
with the assumption of 3,,, we have 7 (137%) < ﬁ(fﬁla) < oo. Easily, we can prove
1Tz, — xpt1]| is bounded. Then, lim, W |Tz, — zpi1] = 0. Let *C,, =
{Z eC: Bn(l - an)”xn - Txn” < 3Hxn - Z” + OénHTl‘n - Z”}v then uSing Lemma 63a
F(T) c C;; C Gy, C *C,. Hence, by Lemma 2.6 and Theorem 3.1, ,, — Pp()xo. O

Remark 6.2. In this theorem, let C} = C,,, then we obtain an algorithm which was
also proposed in [8].

Theorem 6.7. Let C' be a nonempty closed convex subset of a Hilbert space H and
T a nonezpansive mapping of C into itself such that F(T) # 0. Assume that {a,}
and {B,} are sequences in [0,1] such that 0 < o, < a <1 and 0 < 15&7@ <15 <
8 < Bn < 1. Define a sequence {x,} in C by algorithm:

xg € C chosen arbitrarily

Up = (1 — apn)n + @ Ty

Con={2€C: |z =ynl? < llz = znl? + Bullloall® = 2nll® + 2(zn — va, 2))}
Qn=1{2€C:{z—xp,x, —x0) >0}

Tny1 = Poxng, o

where C: is a closed convex set with F(T) C C* C Cy,. Then, {x,} converges strongly
to PF(T)JZ().

Proof. From the assumption, we have < o0o. Let

4 < 4
Bn(l—an)—an — B(l-a)—a
*Cp =42 € C: |lzy — Tay| < mﬂxn — z||}, then using Lemma 6.4,

F(T) c C;, c C,, C *C,,. Hence, by Lemma 2.6 and Theorem 3.1, z,, — Pp(pyzo. O

Theorem 6.8. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose xo € C chosen
arbitrarily and {x,} is given by

vp = (1 — ap)zy, + @ Ty,

Yn = (1 = Bn)xn + BnTon

C,={zeC:|z—vnll <z —zn|}

Cr={2€C: |z =yl < llz = @al?® + Balllvall® = llznll? + 2z — vn, 2))}
C,=C/,ncCV

Qn={2z€C:{z—xy,x, —x0) >0}

Tptl1 = PC;;anio

where C} is a closed convex set with F(T) C C! C C,, and {a,} and {B,} are chosen
such that0 < @ < o, <1 and0 < B, < 1. Then, {x,} converges strongly to Pp(ryo.

Proof. It is obvious that F(T) C C¥ C C,, C C}. Hence, by Theorem 4.3,
Ty — PF(T)J:O- O

7. GENERALIZED C() ALGORITHMS FOR HALPERN’ ITERATION PROCESS

In this section, we give some algorithms for Halpern’s iteration process. To prove
the main theorems, we need the following lemmas.
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Lemma 7.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T :C — C be a Lipschitz pseudo-contractive mapping with Lipschitz constant L > 1.
Va,x0 € C and a € [0,1], let

y=(1-a)xg+aTlx
and
Co={z€C:lly—z|* <o~ 2> +2(1 — a)(z — z0,2) + 0}
where 0 = (1 — a)(||zo||? = ||z]|?) + allz — Tx||? — a(1 — @)||wg — Tx||?. Then, there
holds C,, is a closed convex set with F(T) C C,.

Proof. Obviously, by Lemma 2.3, we can conclude C, is closed and convex. Let
p € F(T). We have,
1(1 = a)(zo —p) + a(Tz — p)|*
(1 = a)[lzo = pl* + al|Tz — p||* — a(1 = a)||zo — Tx|?
< (1 =a)|zo = p* +a(llz = p|* + [z — Tz|*) — a(l - )|zo — Tz|?
=z —pl* + (1 = a)(|lzo — | — l|lz — plI*)
+allz —Tz|? — a(l — a)||zo — Tz|?
=z —pl* + (1 = a)(||zol® = |2]* + 2(z — z0,p))
+allz —Tz|? — a(l — a)||zo — Tz|?
= [lz = pl* + 2(1 — a)(z — z0,p) + (1 — @)([|zo[|* — [[=]|?)
+allz —Tz|? — a(l — a)||zo — Tz|?

lly — p|?

Let 0 = (1 — a)(||zol]® = [|1z]|?) + allz — Tz||*> — a(1 — a)||zo — Tz||*>. Then,
ly —plI* < llz = plI*> + 2(1 — @) (z — x0,p) + 0
Therefore, p € Cy, ie., F(T) C C,. O

Lemma 7.2. Let C' be a nonempty closed convexr subset of a real Hilbert space H.
Let T : C — C be a k—strict pseudo-contractive mapping for some 0 < k < 1 with
F(T)# 0. Yz,20 € C and « € [0,1], let

y=(1—-a)zg+aTz,

Co={2€C:|ly—z|*<|z—z)*+2(1 — a){z — z0,2) + 6}
and

2 l-«o
Yz — Ny == -7 _
Sl = 2l 2 (o = Tl + o = 21D}
where 0 = (1 — a)(||xo]|® — ||z||?) + akllz — Tz||* — a(l — a)||lzo — Tz||*>. Then, there
holds C,. is a closed convex set with F(T) C Cp C *C,.

Cyp={z€C:|lz—-Tx| <
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Proof. Obviously, by Lemma 2.3, we can conclude C,, is closed and convex. Let

p € F(T). We have,

ly = pl* = 11 = @) (zo — p) + Tz — p)||?
= (1= a)llzo = plI* + al|T2 — plI* — a1 — )|z — Tz|

< (1= a)llwo = plI* + alz — pl* + sllz = Tz|*) - a(l - a)llzo — Tz|*

= lla = plI* + (1 = a)(lzo — plI* — [l = pII*)
+ akllz — Tz|? — a1 — a)|lzo — Tz|?
= [z = plI* + (1 = a)(lzoll* — |z]|* + 2(z — 0, p))
+ akllz — Tz|? — a1l — a)|lzo — Tz|?
=z —pl* +2(1 — a)(z — o, p) + (1 — a)(Jlzo|* — [|z]*)

+ akllz — Tz|? — ol — a)|lzo — Tz|?

Let 0 = (1 — a)(||zo|* — ||z||*) + akllz — Tz||* — a(1 — a)||zo — Tx||?>. Then,

ly = pllI* < [lz — plI*> + 2(1 — a){x — z0,p) + 6
Therefore, p € Cy, i.e., F(T) C C,. Let u € C,, then Vz € C
ly — ull® <[l —ull? +2(1 — a)(x — zo,u) + (1 — a)([lzo[* — [lz]*)
+ akllz — Tz|* — a(l — a)|lzo — Tx|?
= (1= a)[|zo — ull® + allz — ul® + &llz — Tx|?)
—a(l = a)||ze — Tz|?
< (1= a)lzo — ull* + all|lz — ul® + &llz — Tx||?)
< (1= a)llzo — ul]® + e[z — ul| + V&llz — Tz|)?
< V1 =allzo —ul + Ve(|z —ull + V&lz — Tz|)].
It follows that,
ly —ull < V1-alzo—ull + Valz —ul| + Vas|lz — Tz|.
Besides,
|z —Tz|| < |lz —y| + ly — T|
<z —ull + [y —ull + (1 — a)|[zo — T||
Substitute (7.2) into (7.3) can yield

(1 =vVar)lle =Tzl < 2|z —ull + V1 = a([|zo — Tz[| + [lzo — ul)-

From the assumption of the coefficients, we have

2 V-«
S Tal| < — 2|z — M= (lao —T -
o =Tl < g7zl = ull+ £ = (o = T + llro — ul)

which implies u € *Cy. So, F(T) C C, C *C,. O

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)
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Lemma 7.3. Let C' be a nonempty closed convexr subset of a real Hilbert space H.
Let T be a nonexpansive mapping of C into itself with F(T) # 0. Vxg,z € C and
0<a<l, let

y=(1-a)rg+aTx,
Co={z€C:|z=yl|* <z =2l + (1 = &)(llzo|* + 2(x — 0, 2))}
and
"Co = {2 €Ot ||lo—Ta|| < 2llw—z|+v1 - a[d|zoll+|lzo— Tl + ||z o+ [lzo — 2]}
Then, C,, is a closed convex subset with F(T) C C, C *C,.

Proof. By Lemma 2.3, we see that C, is closed and convex. For any p € F(T),
we have

ly = plI* = [I(1 = a)(zo — p) + a(Tz — p)||?
< (1 =a)|zo - pl* +allz - p|?
= ||z —p? + (1 = a)(|lzo = plI* = |z = p[?)
= [lz = pl* + (1 = @)([|zo[|* + 2{x — w0, p)).
Hence, F(T) C C,. Let u € Cy, then Vo € C
ly = ull2 < llo = ull? + (1 — @) (ol + 2(x — 20, u))
< o —ull® + (1 = @)([lzo]|* + ||z — zo + ul]?)

) ) (7.6)
<l = ull”+ (1 = @) [lzoll + [l — zo + ul]
< [lle = ull + V1= a@llzoll + |z + ul)]*.
From (7.6), we obtain
ly —ull < llz —ull + V1 = al2]zol + ||z + ul]. (7.7)
We also have,
e = Ta| <lz—ul +lly —ul +[ly — Tz (7.8)
=l —ul +lly —ull + (1 = a)[lzo — Tz|. '
Combining (7.7) and (7.8), we get
o = Tl| < llz —ull + (1 = a)llzo — Tzl + [ly — ul|
<lz—ull + (1 = a)lleo = Tl + ||lz — uf
(7.9)

+ V1 =al2|zo| + ||z + ull]
<2)lz —ul + V1= afdflzol + llzo — Tx|| + [l2 — 2ol + [[u — zol]]-
From (7.9), we can conclude u € *C,. So, F(T) Cc C, C *C,. O

Theorem 7.1. Let C be a nonempty closed convex subset of a real Hilbert space H
and T a Lipschitz pseudo-contraction from C' into itself with the Lipschitz constant
L > 1 and F(T) # 0. Assume sequence {r,} C [r,1] with 7 € (0,1], sequence
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{an} C la,b] with a,b € (0, L%H) and sequence {f,} satisfies that 3, € [0,1]. Let

{z,} be a sequence generated by the following manner:

xo € C chosen arbitrarily

v = (1 — an)x, + aTa,

Cl ={z€C:mpan[l — (1 + L)ay]||lzn — Tan|)? < {xn — 2,0, — Tvy)}
Cp={2€C:|lyn —2|I> < ||lzn — 2|* + 2(1 = Ba) (zn — w0, 2) + 00}
C,=C/.ncr

Qn={2€C:{(z—xn,xy,—x0) >0}

Tp4+1 = PC;;FWQ”-TO

(7.10)

where C} is a closed convex set with F(T) C C; C Cp, and 0,, = (1 — B)(||xol]? —
0 l1?) + Brllen — Tanl|?> = Bn(1 = Bu)llzo — Tan||?. Then {x,} converges strongly to
PF(T)-T0~

Proof. It is obvious that F(T) c C; c C, C CJ. Hence, by Theorem 5.1,
Ipn — PF(T).’E(). O

Theorem 7.2. Let C' be a nonempty closed convexr subset of a real Hilbert space
H. LetT : C — C be a k—strict-pseudo-contraction for some 0 < k < 1 such that
F(T) # 0. Suppose that {ca,} is a real sequence in [0, 1] satisfies that lim,, oo tp, = 1.
Let a sequence {x,} be generated by

xg € C chosen arbitrarily

yn = (1 — ap)zo + apnTay,

Con=1{2€C:|lyn—2||? < ||zn — 2||2 + 2(1 — o) (s, — 20, 2) + 0}
Qn=1{2€C:{z—xn,xn —xo) >0}

Tn+1 = PC;;an

where C} is a closed convez set with F(T) C C; C C,, and 0, = (1 — o) (||xol]? —
0 l1?) + ankllzn — Ton||? — an(l — an)||zo — Tapl|?. Then, {x,} converges strongly
to PF(T)-TO-

2 . _2
—Vanr = Tovn
prove |lzo — T2y | + |20 — Zni1|| is bounded. Then, lim,, oo Yr2n (||lzg — T2y || +

T=Vanr
|0 —Zn+1l]) =0. Let *C, = {2z € C : ||z, —Txy]|| < ﬁ\lxn—zﬂ-%- 1‘_1\;%(”%—

Tz, ||+ |zo—2])}, then using Lemma 7.2, F(T) C Ci c C,, C *C,,. Hence, by Lemma
2.6 and Theorem 3.1, z,, — Pp(1)®o. U

Proof. From the assumption, we have

< oo. Easily, we can

Theorem 7.3. Let C be a nonempty closed convex subset of a Hilbert space H and
T a k—strict pseudo-contraction of C into itself for some 0 < k < 1 with F(T) # 0.
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Suppose xg € C chosen arbitrarily and {x,} is given by

v = (1 — ap)xn + @ T,

C,={2€C:|lvp—2|” < llzn — 2| + an(r — (1 — a))llwn — Twpl?}

Ol = {z € C lgn — 22 < lzn — 2P + 20— Bu)wn — 20,2 + 6} (7.11)
C,=C/.ncr

Qn=4{2€C:{z—x,,z, —x0) >0}

Tnt1 = PC:LOQ"«TO

where C is a closed convexr set with F(T) C C: C Cy, {an} is chosen such that
0<a<a, <1, {B8.}is a sequence in [0,1] and 0, = (1 — B,)(||vol|® — ||znl|?) +
Bkl Tn —Tan||? = Brn(1—Bn)|wo—Tzn||*. Then, {x,} converges strongly to Ppryo.

Proof. It is obvious that F(T) c Cy C C, C C}. Hence, by Theorem 5.3,
The following theorem is a deduced result of Theorem 7.3.

Theorem 7.4. Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a nonezpansive mapping with F(T) # 0. Suppose that {a,} is a
real sequence in [0,1] satisfies that lim,, .o o, = 1. Let a sequence {x,,} be generated
by

xg € C chosen arbitrarily

Yn = (]- - Oln)xo + o, Ty

Co={2€C:lyn — 2l” < lzn — 2% + 2(1 — an){@n — @0, 2) + O}

Qn=1{2€C:{z—ax,,x, —x) >0}

Tn+1 = Porng,

where C is a closed convex set with F(T) C C* C C,, and 0,, = (1 — a,)(||lzol|* -
2n)?) — an(1 — an)|lzo — T2y |*. Then, {x,} converges strongly to Ppryxq.

Theorem 7.5. Let C be a nonempty closed convex subset of a Hilbert space H. Let
T be a nonezpansive mapping of C into itself such that F(T) # 0. Assume that {a,}
is a sequences in (0,1) such that lim, . o, = 1. Define a sequence {x,} in C by
algorithm:

xg € C chosen arbitrarily
Yn = (1 — ap)zo + oIy,
Cn={2€C:|z=ynl? < llz = za]? + (1 — ) (ll2oI* + 2{zn — 70, 2))}
Qn={z€C:{(z—xn,xy,—x0) >0}
Tpt+1 = PC;‘LI’WQ,L-TO
where C} is a closed convez set with F(T') C C}; C C,,. Then, {x,} converges strongly
to PF(T)xO,

Proof. Obviously, 4||xo||+||zo—Tzn|| +||2n —zo||+ || 2o —Zn+1] is bounded. Then,
lim, oo VI — ap[d]|zo||+ l|zo — Tzp|| + |n — xo|| + ||To — Tps1|]] = 0. Let *C,, = {z €
Cllon —Tanll < 2)zn — 2l + V1 — an[d]|lzol + [lzo — Twnll + [J2n — ol + (|20 — 2[|]},
then using Lemma 7.3, F(T) C C} C C,, C *C,,. Hence, by Lemma 2.6 and Theorem
3.1, Ty — PF(T)$O~ (I
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Remark 7.1. In this theorem, let C: = C),, then we obtain an algorithm which is
also proposed in [8]. And Theorem 7.4 is also the deduced result of Theorem 7.5.

Remark 7.2. In last three sections, C), itself is closed and convex. So, setting
Cr = (), we can yield normal CQ algorithms.

8. RELATIONS OF DIFFERENT ALGORITHMS

In [12], Takahashi, Takeuchi and Kubota obtained another strong convergence
theorem for nonexpansive mappings, named monotone C method.

Theorem 8.1. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansiwve mapping of C into itself such that F(T) # (. Suppose xy € Cy = C
chosen arbitrarily and {x,} is given by

Yn = (1 - an)mn + OénTxn
Cnii={z€Cn:llz—ynll <z —znll} (8.1)
xn+1 = PC,,L+1:L'O
where {ay} is chosen such that 0 < o < o, < 1. Then, {x,} converges strongly to
PF(T)SC().
In [13], Su and Qin got a new hybrid method, named Monotone CQ iteration
processes.

Theorem 8.2. Let C' be a nonempty closed convex subset of a Hilbert space H and T
a nonezpansive mapping of C into itself such that F(T) # 0. Suppose xg € Co = C
chosen arbitrarily and {x,} is given by

Yn = (1 - O‘n)xn +ap,Tx,
Co={2€C:|z=yoll <llz—zoll}

Qo=C

Crn={2€Crn1NQn-1: ]z —yull < Iz — znl}
Qn = {Z S Cn—l N Qn—l : <Z — Tp, Tp — Z‘0> > 0}
Tn+1 = Pcannl“o

(8.2)

where {ay,} is chosen such that 0 < o < a, < 1. Then, {z,} converges strongly to
PF(T)xo,
Remark 8.1. Theorem 1.1, 8.1 and 8.2 seem different from each other. However, the

steps of their proof are more or less the same. So, they may share some properties or
may have some relations.

In this section, we give the relations of the following four theorems.

Theorem 8.3. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose o € C chosen
arbitrarily and {x,} is given by

Yn = (1 — ap)zy + Ty

Cn={2€C:|yn— 2|l < lzn — 2|}

Qn={2€C:{(z—xn,xn—x0) >0}

Tn+1 = PCn,gﬂQn-TO
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where Cy, 3 is a closed convex set with F(T') C Cp 3 C C, and {a,,} is chosen such
that 0 < a < o, < 1. Then, {x,} converges strongly to Ppryo.

Theorem 8.4. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose o € C chosen
arbitrarily and {x,} is given by

Yn = (1 - an)mn + anT:En
Co={2€C:|yn— 2| < llzn — 2|}
Qo=C

Qn = {Z € Qn-1: <Z*$n7xn7x0> ZO}
Tpyl1 = Pcn,anxo

where Cy, 4 is a closed convex set with F(T) C Cp4 C C,, and {ay} is chosen such
that 0 < a < o, < 1. Then, {x,} converges strongly to Ppryo.

Theorem 8.5. Let C' be a nonempty closed convex subset of a Hilbert space H and T
a nonezpansive mapping of C into itself such that F(T) # (0. Suppose xg € Cy = C
chosen arbitrarily and {x,} is given by

Yn = (1 - O‘n)mn + anTxn
Cnt1={2€ Cns  [lyn — 2l < [|zn — 2]}
Tpt+1 = PCn+1,5$0

where Cpi15 is a closed convex set with F(T) C Cpt15 C Cpy1 and {an} is chosen
such that 0 < o < o, < 1. Then, {x,} converges strongly to Pp)xo.

Theorem 8.6. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose o € C chosen
arbitrarily and {x,} is given by

Yn = (1 - an)xn +apyTay,

Co=12€C" llyo— 2 < o — I}

Qo=0C

Cn = {Z € Cn—l,ﬁ N Qn—l : ||yn - ZH < Hxn - ZH}
Qn = {Z S Cnfl.,G n anl : <Z — Tn, Tpn — (E0> > O}
Tny1 = PCHYGQQH:EO

where Cy,6 is a closed convex set with F(T) C Cp6 C Cy, and {ay,} is chosen such
that 0 < a < o, < 1. Then, {x,} converges strongly to Ppryxo.

Proposition 8.7. Theorem 8.3 TRUE = Theorem 8.4 TRUFE = Theorem 8.5 TRUFE
< Theorem 8.6 TRUE, Where Theorem 8.8 TRUE indicates that Theorem 8.3 is
valid.

Proof. Clearly, Theorem 8.3 is valid.
(1) Theorem 8.3 TRUE = Theorem 8.4 TRUE. Obviously, F(T) C Cnﬂ(ﬂ?:_ol Q:).

So, there exists a closed convex set Cy, g such that F(T') C C,, s C C,, N (ﬂ?;ol Q) C
C.,,. By Theorem 8.3, we obtain the following theorem.
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Theorem 8.8. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonezxpansive mapping of C into itself such that F(T) # 0. Suppose x¢ € C' chosen
arbitrarily and {x,} is given by

Con={2€C:|yn—z| <|l#n— 2|}
Qn:{zec <Z—$n,$n_$0> 20}
Tny1 = Po, sn(nr, ) %o

where Cy, g is a closed convex set with F(T) C Cyp g C C,, and {ay} is chosen such
that 0 < a < ap, < 1. Then, {x,} converges strongly to Ppr)o.

Let C, 8 = Cy 4. Then, Theorem 8.8 is equivalent to Theorem 8.4.
(2) Theorem 8.4 TRUE = Theorem 8.5 TRUE. Actually, Theorem 8.5 can be
rewritten as follows.

Theorem 8.9. Let C be a nonempty closed convex subset of a Hilbert space H and T
a nonexpansive mapping of C into itself such that F(T) # 0. Suppose o € C chosen
arbitrarily and {x,} is given by

Yn = (1 — an)xn + an Ty
Co={2€C:yo—z| < |lzo — 2|}
Cn={2€Cpor9:lyn — 2| < |2 — 2[I}
Tnt1 = Po, 4T0

where Cy, 9 is a closed convex set with F(T) C Cp9 C Cy,, and {a,} is chosen such
that 0 < a < o, < 1. Then, {x,} converges strongly to Ppryxo.

Since x, = Pc,_, 420, then, Cy_19 C Qn = {2z € C : (2 — Tp, 2, — 20) > 0}.
Together with Cy, 9 C Cy—1,9, we claim that Cp 9 C (o Qi) i-e., CroN(Niy Qi) =
Ch.9, where Q; = {z € C: (z — z;,z; — o) > 0}. Hence, Theorem 8.9 is equivalent
to the following result.

Theorem 8.10. Let C be a nonempty closed convex subset of a Hilbert space H and
T a nonexpansive mapping of C into itself such that F(T) # 0. Suppose xg € C
chosen arbitrarily and {x,} is given by

Yn = (1 — an)zy + T,
Co={2€C+ lyo— Il < llzo — =I}
Cn={2€Cn-110: lyn — 2| < [lzn — 2|}
Qn={2€C:{(z—xn,x, —x0) >0}
Tny1 = FPo, jon(nm, @i)%o
where Cy, 10 1s a closed convex set with F(T) C Cp10 C Cy, and {a,} is chosen such
that 0 < a < ap, < 1. Then, {x,} converges strongly to Pp)o.

It is easy to observe that Theorem 8.10 is equivalent to the following result.

Theorem 8.11. Let C' be a nonempty closed convex subset of a Hilbert space H and
T a nonexpansive mapping of C into itself such that F(T) # 0. Suppose zy € C
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chosen arbitrarily and {x,} is given by

yn = (1 — an)xy + anTay,
Co={2€C:|yo—z| <llwo— 2|}
Qo=0C

Cn={2€Chra1:lyn — 2| < llzn —2[]}
Qn=1{2€Qn1:{(2—xn, 2, —x0) > 0}
Tn41 = PC,L,lmQ,,ﬁO

where Cp 11 s a closed convex set with F(T) C Cp,11 C Cyp, and {ay,} is chosen such
that 0 < a < a, < 1. Then, {x,,} converges strongly to Ppryo.

Clearly, Theorem 8.11 can be deduced by Theorem 8.4. So, Theorem 8.4 TRUE
= Theorem 8.5 TRUE.

(3) Theorem 8.5 TRUE < Theorem 8.6 TRUE. Obviously, let C, 11 = Cy 6, Cp, 11N
Q@ in Theorem 8.11 is equal to Cy 6 N @y in Theorem 8.6. Hence, Theorem 8.11 is
equivalent to Theorem 8.6.

O

Moreover, if we take C,, 5 = Cp and C,¢ = C,, then, we can conclude that
Theorem 8.1 is equivalent to Theorem 8.2.

Remark 8.2. From the proof of the Proposition 8.7, we observe that the proposition
is independent of mapping 7. If Theorem 8.3, 8.4, 8.5 and 8.6 represent CQ method,
monotone Q method, monotone C method and monotone CQ method, respectively,
then, we have the following relations:

CQ method TRUE = monotone Q method TRUE = monotone C method TRUE
< monotone CQ method TRUE.
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