Fized Point Theory, 12(2011), No. 2, 341-348
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

JORDAN x—HOMOMORPHISMS BETWEEN UNITAL
C*—ALGEBRAS: A FIXED POINT APPROACH

M. ESHAGHI GORDJI

Department of Mathematics, Semnan University, P. O. Box 35195-363, Semnan, Iran;
Research Group of Nonlinear Analysis and Applications (RGNAA), Semnan , Iran;
Center of Excellence in Nonlinear Analysis and Applications (CENAA), Semnan University, Iran.
E-mail: madjid.eshaghi@gmail.com

Abstract. Let A, B be two unital C* —algebras. By using fixed pint methods, we prove that:

a) Every almost unital almost linear mapping h : A — B which satisfies h(2"uy + 2"yu) =
h(2™u)h(y) + h(y)h(2™u) for all w € U(A), all y € A, and all n = 0,1,2, ..., is a Jordan homomor-
phism.

b) For a unital C*—algebra A of real rank zero, every almost unital almost linear continuous
mapping h : A — B is a Jordan homomorphism when h(2™uy + 2"yu) = h(2"u)h(y) + h(y)h(2™u)
holds for all u € I1(Asa), ally € A, and alln =0,1,2, ... .
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1. INTRODUCTION

B.E. Johnson (Theorem 7.2 of [3]) investigated almost algebra *—homomorphisms
between Banach x—algebras: Suppose that U and B are Banach x—algebras which
satisfy the conditions of (Theorem 3.1 of [3]). Then for each positive e and K there is
a positive ¢ such that if T € L(U, B) with |T|| < K, |[TV|| < § and | T (z*)* =T (z)| <
8||z||(z € U), then there is a x—homomorphism T’ : U — B with ||T — T"|| < e.
Here L(U, B) is the space of bounded linear maps from U into B, and TV (z,y) =
T(zy) — T(x)T (y)(x,y € U). See [3] for details.

We recall a fundamental result in fixed point theory (see [6, 7, 8] for more details).

Theorem 1.1. (The alternative of fized point [2]). Suppose thalt we are given a
complete generalized metric space (§2,d) and a strictly contractive mapping T :  — Q
with Lipschitz constant L. Then for each given x € ), either
d(T™x, T™z) =00 for all m >0,
or other exists a natural number mqg such that
d(T™z, T z) < oo for all m > my;
the sequence {T™x} is convergent to a fized point y* of T;
y*is the unique fized point of T in the set A ={y € Q:d(T™x,y) < oo};
d(y,y*) < 12 d(y, Ty) for all y € A.
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Throughout this paper, let A be a unital C*—algebra with unit e, and B a unital
C*—algebra. Note that a linear mapping h : A — B is a Jordan x—homomorphism if
h is x—preserving and

h(ab + ba) = h(a)h(b) + h(b)h(a)

for all a,b € A. Let U(A) be the set of unitary elements in A, Ay, := {z € Alz = 2*},
and I (As) = {v € Aslllv]] = 1,v € Inv(A)}. Recently, C. Park, D.-H. Boo and
J.-S. An [5] investigated almost homomorphisms between unital C*—algebras. In this
paper, by using the fixed point methods, we prove that every almost unital almost
linear mapping h : A — B is a Jordan homomorphism when h(2"uy + 2"yu) =
h(2™u)h(y) + h(y)h(2™u) holds for all u € U(A), all y € A, and all n = 0,1,2, ...,
and that for a unital C*—algebra A of real rank zero (see [1]), every almost unital
almost linear continuous mapping h : A — B is a Jordan homomorphism when
h(2"uy + 2"yu) = h(2"u)h(y) + h(y)h(2™u) holds for all u € I1(A4,), all y € A, and
alln=0,1,2, ... .

Note that a unital C*—algebra is of real rank zero, if the set of invertible self—
adjoint elements is dense in the set of self-adjoint elements (see [1]). We denote the
algebric center of algebra A by Z(A).

2. MAIN RESULTS

We start our work with the following theorem which investigate almost Jordan
x—homomorphisms between unital C*—algebras.

Theorem 2.1. Let f: A — B be a mapping such that f(0) =0 and that

f2Muy +2"yu) = f(2"u) f(y) + f(y) f(2"u) (2.1)
for allu € U(A),y € A,n € Z,. There exists a function ¢ : A> — [0,00) such that:
(i)
ef ) 4 i f () = Fa) + F ) = )] < O(yw)  (22)
for all p € T and all x,y € A, u € (U(A)U{0}).
(i) There exists an L < 1 such that

é(w,y,u) < 2L9(5. 5.

)

IS

for all x,y,u € A.
If lim,, 127 ¢ U(B) N Z(B) then the mapping f : A — B is a Jordan

27L
x—homomorphism.

Proof. It follows from ¢(z,y,a) < 2Lé(5, 5, 5) that
lim 277 (27 x, 27y, 27a) = 0 (2.3)
J

for all x,y,a € A.
Put p =1,y =u =0 in (2.2) to obtain

12£(5) = @)l < ¢(,0,0) (2.4)
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for all z € A. Hence,

I55(2) ~ F@)] < $6(22,0,0) < Lo(,0,0) (25)

for all z € A.
Consider the set X :={g | g: A — B} and introduce the generalized metric on X:

d(h,g) :=inf{C € RT : ||g(z) — h(z)|| < Cé(x,0,0)Vx € A}.

It is easy to show that (X, d) is complete. Now we define the linear mapping J : X —
X by

T(h)(w) = 3h(2r)
for all x € A. By Theorem 3.1 of [2],
d(J(g),J(h)) < Ld(g,h)

for all g,h € X.
It follows from (2.5) that

d(f,J(f)) < L.
By Theorem 1.1, J has a unique fixed point in the set X7 :={h € X : d(f,h) < oo}.
Let H be the fixed point of J. H is the unique mapping with

H(2z) =2H(x)
for all z € A satisfying there exists C € (0, 00) such that

[1H(z) — f(2)]| < Co(z,0,0)
for all x € A. On the other hand we have lim,, d(J"(f), D) = 0. It follows that

1
lim Q—nf(Q"a:) = H(x) (2.6)
for all x € A. It follows from (2.2), (2.3) and (2.6) that

r+vy r—vy
) HH(—) — H@)|

= tim [ F(2 4 9) + £ - y) — F(2°)]

I1H(

1
=0
for all z,y € A. So

)+ H(=2) = H(x)

for all z,y € A. Put z = %,t = %5 in above equation, we get

H(z)+ H(t)=H(z+1) (2.7)

for all z,¢t € A. Hence, H is Cauchy additive. By putting y = z,u = 0 in (2.2), we
have

T+y
H
( 2

i ) = F()| < 6z, ,0)
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for all z € A. It follows that
1 1
| (2p) — 20 (2)| = lim L f(2272) — 2 (270)]) < lim 5 (2, 2", 0) = 0

for all p € T, and all x € A. One can show that the mapping H : A — B is C—linear.
On the other hand by using (2.2), we have

1 () = (H ()| = Yim || o £(2"u7) = o5 (F(2%w)7|
1 1
< lim —¢(0,0,2"u) < lim —¢(0, 0, 2"u)
n 2" n 2"
=0 (2.8)
for all w € U(A). Now, let z € A. By Theorem 4.1.7 of [4], = is a finite linear
combination of unitary elements, i.e., z = ."'_, cju; (¢; € C,u; € U(A)). Since H is

j=1
C—linear, it follows from (2.8) that

n

H(z*) = H(x)" = H_ cju}) — HO_ cju;)* = 0.

j=1 j=1
Hence, H is x—preserving. Now, we show that H is a Jordan homomorphism. To
this end, let uw € U(A),y € A. Then by linearity of H and (2.1), we have

) = tim TE L2V O gy 4 gy 270
= H(w) () + £ ) H ) (29)

for all w € U(A), all y € A. Since H is additive, then by (2.9), we have
2"H(uy + yu) = H(u(2"y) + (2"y)u) = H(u) f(2"y) + f(2"y) H (u)
for all u € U(A) and all y € A. Hence,
f2hy) (2%
H
2n * 2n
for all w € U(A) and all y € A.

Now, let x € A. Then there are n € N,¢; € C,u; € U(A),1 < j < n, such that
x =37 cjuy , it follows from (2.10) that

H (uy + yu) = lim[H () (w)] = Hw)H(y) + Hy)H(u) (2.10)

H(zy + yx) = H(Z cuy + Z cyuj) = Z ¢; H(ujy + yu;)
j=1 j=1 j=1

n n

= ZCJ(H(“J‘?/) + H(yuy)) = ZCJ(H(UJ)H<:U) + H(y)H (u;))
= H(Z cju;)H(y) + H(Q)H(Z cjug)

= H(2)H(y) + H(y)H ()

for all y € A. This means that H is a Jordan homomorphism.
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On the other hand, we have

H(e) = lim f(2e)

n on
Hence, it follows from (2.9) and (2.10) that
2H(e)H(y) = H(e)H(y) + H(y)H(e) = H(ye + ey)
= H(e)f(y) + f(y)H(e) = 2H(e) f(y)

for all y € A. Since H (e) is invertible, then H(y) = f(y) for all y € A. This completes
the proof of theorem. [J

eU(B)NZ(B).

Corollary 2.2. Let p € (0,1),60 € [1,00) be real numbers. Let f : A — B be a
mapping such that f(0) =0. Let

F@uy +2yw) = F(2"0)fy) + F () F(2"w)
forallue U(A),y € Ain € Z,.

(i)

Iiaf )+ (B2 = o) + £?) = FG) ) < 0P + [l + [al”)

forallw € T and all z,y € A, uwe (U(A)U{0}).
If limn% € U(B) N Z(B) then the mapping f : A — B is a Jordan
x—homomorphism.

Proof. The conclusion follows from Theorem 2.1, by putting ¢(z, y,u) := 0(||x||?+
llyl|P + ||u||P) all z,y,u € A and L =2P~1. [

Theorem 2.3. Let A be a C*—algebra of real rank zero. Let f : A — B be a mapping
such that f(0) =0 and
f(@2uy +2"yu) = f(2"u) f(y) + f(y) f(2"w) (2.11)
for allu € I1(As,),y € A,n € Z. There exists a function ¢ : A> — [0,00) such that
(i)
T+ T — " N
luf (52 + mf (5 = F () + f) = ()] < @l ) (212)
forallw €T and all z,y € A, u € ([1(Asq) U {0}).
(ii) There exists an L < 1 such that ¢(z,y,u) < 2Le(5,%5,5) for all x,y,u € A.
If lim,, 127 ¢ U(B) N Z(B) then the mapping f : A — B is a Jordan

27L
x—homomorphism.

Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique
C—linear mapping H : A — B satisfying (2.6). It follows from (2.11) that

H(uy + yu) = lim f(QHUyQ: vy liy[f(izu) )+ 1 (y)if(gzu)]
= H(u)f(y) + f(y)H(u) (2.13)

for all u € I (Asq), and all y € A. By additivity of H and (2.13), we obtain that
2"H (uy + yu) = H(u(2"y) + (2"y)u) = H(u) f(2"y) + f(2"y)H (u)
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for all u € I (Ag,) and all y € A. Hence,
f2ry) | f2)

H (uy +yu) = im[H (u) == + == H(u)] = H(w)H(y) + H(y)H(u) (2.14)
for all u € I (As,) and all y € A. By the assumption, we have
Hie) = 1im 229 c vy A 2(8).

n on
Similar to the proof of Theorem 2.1, it follows from (2.13) and (2.14) that H = f on
A. So H is continuous.
Putting z = y = 0 in (2.12), we have

1
F () — (FL )| = T g F(2") — o (F2"))°]
< li7rln 2%(;5(0,0, 2"u) < lirlln Zingb(o, 0,2"u)
=0 (2.15)

for all u € I (Asq). Since A is real rank zero, it is easy to show that I (A,,) is dense
in {x € Asq : ||z|| = 1}. Let v € {x € Asqe : ||z|| = 1}. Then there exists a sequence
{#zn} in I;(As,) such that lim,, z, = v. Since H is continuous, it follows from (2.15)
that

H(v") = H(llyrbn(z;kl)) = hernH(z:) = 1iTILI1H<Zn)* = H(liTILn zn)" = H(v)". (2.16)
Also, it follows from (2.14) that
H(vy +yv) = H(liTan(zny +yz,)) = lirrln H(zpy + yzn)

= li7rln H(zn)H (y) + liTILn H(y)H (zn)

= H(liTILn zn ) H (y) + H(y)H(hyILn Zn)

= H(v)H(y) + H(y)H(v) (2.17)
Now, let x € A. Then we have x = x1 + ixs, where x1 := % and xg 1= I;f* are
self-adjoint.

First, consider the case that x1 # 0,22 # 0. Since H is C—linear, then it follows
from (2.16) that

* * . * xy . x5
f(@*) = H(z") = H((z1 + izg)") = H(||z1[|=—=) + H(i]|z2] 7—>1)
(21| [E2|
T3 . z5 T . To
= |l || H (=) = illae | H(=2) = o | H (=) — illz2 | H(—)"
4] [E2Y] (21| [|z2]|
T

€ * - * . *
= H(llxlllm) + H(illz2] i—=)" = [H(z1) + H (iz2)]
— @) = [(2)".
So, it follows from (2.17) that

flzy +yz) = H(zy + yx) = H(x1y + ixey + yo1 + y(izz))

2|
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umm””y+mwm”|p+ umm”|g+Mme|”D
= ol G HH)’””HW H H|P
[||N”|R+Hﬂ|ﬂ”|ﬂ (y) + <mumummﬂp+ MMﬂﬁ%w
= [H(x1) + H(iz2)|H(y) + H(y)[H (1) + H(ix2)]
= H(x)H(y) + H(y)H(z) = f(2)f(y) + f(y)f ()
for all y € A.

Now, consider the case that z1 # 0,22 = 0. Then it follows from (2.16) that
fla*) = H(z") = H((z1)") = H([lz1] 7

)= laa | B () = e ()
HH ||n B
mmmﬁﬁr=Mmf=mm%#uﬁ

Also, we have

= ol (g + ) = nm[<””ﬂﬂw+H<>quﬂ
= H(los |t H ) + H@)H (e ) = Ha) H) + H)H ()

= H(2)H(y) + H(y)H(z) = f(x)f(y) + f(y) f(2)

for all y € A.

Finally, consider the case that x1 = 0,25 # 0. Then it follows from (2.16) that

f(a*) = H(") = H((iz2)") = H(illwall7=25) = —illwal|H (—25) = —illaal|H (=)
2 [z [l
. €Z * . * * *
H(lezHHTzH) = H(izp)" = H(z)" = f(2)".
Similarly we can show that
f(wy +yx) = H(zy + yx) = H(x)H(y) + H(y)H () = f(2)f () + f(y) [ ()
for all y € A. Hence, f is a Jordan x—homomorphism. [
Corollary 2.4. Let p € (0,1),6 € [1,00) be real numbers. Let f : A — B be a
mapping such that f(0) =0 and

f(2Muy +2"yu) = f(2"u) f(y) + f(y) f(2"u)
forallu € I (Asa),y € Ayn € Zy. Let

s f ) + () = fla) + ) = J)*) <

forallw €T and all z,y € A, u € ([1(Asq) U {0}).

Oz )l” + llyll” + llul®)
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If limn% € U(B) N Z(B) then the mapping f : A — B is a Jordan

x—homomorphism.

lly

il
[2

3
4
5

6

Proof. The conclusion follows from Theorem 2.3, by putting ¢(z,y, u) := 0(||z||P+
[P+ [Jul|P) all z,y,u € A and L =2P~1. O
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