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Abstract. In this paper we deal with special types of data dependence, the so-called Ulam stabilities,
regarding the first order iterative functional-differential equation

o (t) = f(t, a1 (1), 2)(t), ..., 2l (1)), t € [a,b], a,b ER, a < b,
with z € C'([a, b, [a,b]). Here z[™ denotes the m?" iterate of the function x, (m > 0) i.e.
2™ =gozo.. . 0x.
~—————
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1. INTRODUCTION

Let a,b € R (a < b), and f : [a,b]™" — R, ¢ : [a,b] — Ry be two continuous
functions. Our aim is to investigate the Ulam-Hyers stability and the generalized
Ulam—-Hyers—Rassias stability of the first order iterative functional-differential equa-
tion

2 (t) = f(t, @), 2P (@), ..., 2"(1), telab], (1.1)
z € C'([a, b, [a,b]).
For this purpose, consider first the following associated differential inequalities:

ly'(8) = f(tyM (0,920, g™ @) <6t € fa,b), (1.2)
ly'(8) = £,y (1), 5P 8,y D) < plt), t € [a,b], (1.3)
ly'(8) = f(t M (@), 5P @),y )] < e(t), ¢ € [a,0]. (1.4)

We make the following remarks.

Remark 1.1. A function y € C'([a,b],[a,b]) is a solution of the inequality (1.2)
(also called an e-solution of the equation (1.1)) if and only if there exists a function
g € C([a,b],R), which depends on y, such that

(1) lg(t)| <e, Vte€[a,b];
(2) y'(t) = f(t,yM (), y2(), ..., ym™(1) + g(t), VYt € [a,b].
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Remark 1.2. A function y € C*([a,b],[a,b]) is a solution of the inequality (1.3) if
and only if there exists a function h € C([a,b],R), which depends on y, such that

(1) [n(t)] < o(t), Vi€ [a,b];

(2) y'(t) = ftyM (@), yP (@), ...,y () + h(t), V€ [a,b].
Remark 1.3. A function y € C*([a,b],[a,b]) is a solution of the inequality (1.4) if
and only if there exists a function k € C([a,b],R), which depends on y, such that

(1) [k(t)] < ep(t), Vi€ [a,b];

(2) ¥'(t) = F(t g @),y (), ylm(8) + k(E), Vi€ [a,b].

Following [5] and [7] we present the following notions (see also [3], [4],[6],[8], [1]):

Definition 1.1. The equation (1.1) is Ulam—Hyers stable if there exists a real number
cg > 0 such that for each e > 0 and for each solution y € C*([a,b],[a,b]) of (1.2)
there exists a solution x € C([a,b],[a,b]) of the equation (1.1) with

ly =zl < ege.

Definition 1.2. The equation (1.1) is generalized Ulam-Hyers stable if there exists
a real valued function 65 € C(R4,Ry), 0;(0) = 0 such that for each solution y €
CY([a,b],[a,b]) of (1.2) there exists a solution x € C*([a,b], [a,b]) of (1.1) with

ly — |l < 65 (e).

Definition 1.3. The equation (1.1) is Ulam-Hyers-Rassias stable with respect to ¢
if there exists a real number cy , > 0 such that for each € > 0 and for each solution
y € CY([a,b], [a,b]) of (1.4) there exists a solution x € C1([a,b], [a,b]) of (1.1) with

ly — ol < crpep(t).
Definition 1.4. The equation (1.1) is generalized Ulam-Hyers-Rassias stable with
respect to ¢ if there exists a real number cy, > 0 such that for each solution y €
C1([a,b],[a,b]) of (1.3) there exists a solution x € C*([a,b],[a,b]) of (1.1) with

ly — x|l < crpp(t).

In the present paper we shall give some results in terms of Ulam—Hyers stability
and generalized Ulam—Hyers—Rassias stability of the equation (1.1). For this we will
need the following result:

Lemma 1.1 (data dependence, [2]). Let (X,d) be a complete metric space and A, B :
X — X be to operators. We suppose that:

i) the operator A is a contraction, i.e. there exists La € [0,1) with
d(A(x), Aly)) < Lad(z,y), Vi,y,€ X;
ii) Fp # 0;
iii) there exists n such that d(A(z), B(x)) <n, forallx € X.
Then, if Fy = {z%} and 2}; € Fp, we have
n
1—Ly

d(x}y, 2p) <
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2. ULAM—HYERS STABILITY

Consider the equation (1.1) and let L > 0 be a real number. Denote by
Cr([a,b],[a,b]) the space of those continuous functions, defined on [a,d] taking val-
ues on [a,b], which have the same Lipschitz constant, L > 0. We endow the set
Cr([a,b],[a,b]) C C([a,b],R) with the Chebyshev metric do(z,y) = ||z — yllc =
maxye(q,p) |2(t) — y(t)], for all z,y € Cr([a,b],[a,b]). In what follows we will work in
this metric space.

We have our first result:

Theorem 2.1. Consider the iterative functional-differential equation (1.1) with the
Cauchy condition
x(a) = xg. (2.1)
Suppose that the following conditions are satisfied:
(i) f € C([a, 0], R);
(ii) there exists Ly > 0, such that

m

|f(t ur,ug, ... Um) — f(E,01,02,...0m)] < LfZ|ui — v,
i=1

for all t,u;,v; € [a,b], i =1, m;
My = t,ug,ug, ..., h
(ili) for My [to—a%i)z]mﬂ |f (¢, w1, us Um)| we have

h— —
Mfgmin{b o 2o a,L};

—a’ b—a

(iv) Lp(b—a) > L™ " < 1.
i=1
Then
(1) the Cauchy problem (1.1) 4+ (2.1) has a unique solution in Cr([a,b], a,b]);
(2) Let My < L and

X1 = {y € Cu(labl [ab]) | My < min{ Y@ vl@ =a ;1
b—a b—a
Then the equation (1.1) is Ulam—Hyers stable in X .

Proof.
(1) In this first part we consider the operator

A: Cr([a,b], [a, b)) — CL([a,b], [a,b]),
given by

Az)(t) := zg +/ f(s, 2 (s), 28(s), ..., 2™ (s)) ds, t € [a,b]. (2.2)

This operator is well-defined, since for all z € C([a,b],[a,b]) we have A(z) €
Cr(la,b],[a,b]). Indeed, let x € C([a,b], [a,b]) with

|$(t1) — $<t2)| < L‘tl — t2|, Vi, ts € [a,b].
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Then, from the definition of the operator A and due to the assumption (iii), for all
t € [a,b] we get A(x)(t) < xo+Myp(b—a) <band A(x)(t) > xo—Ms(b—a) > a. Since
the mapping ¢t — f(t,y!(t), y!2(¢),..., 4™ (1)) is continuous, the latter affirmations
justifies that A(z) € C([a,b],[a,b]). From (iii) we have that My < L and so we can
obtain that

A(x)(t1) — A@) (t2)] = / " F (s, (5), 4 (s), .y (s)) ds

§Mf|t17t2‘ §L|t17t2|, th,tQE [a,b].

<

In this manner we get that A(x) € CL([a,b],[a,b]).
We will prove now that the operator A is a contraction. Indeed, we have:

[A()(t) — Aly)(1)] =

[ [Fss(6), 0P 5) o al5) = 15,060,y ) 5] s

<

<Lglt —al Y |2bl(s) — P (s)].
=1

By induction we can prove that, for all z,y € C.([a, b], [a, b]) the following succes-
sive estimations hold:

20 (s) — y!(s)| < [z =yl
122 (s) — yPP(s)| = |2(x(s)) — 2(y(s)) + 2(y(s)) — y(y(s))| <
< Llz(s) —y(s)| + [z(y(s)) —y(y(s))] <
<A+ Lz —yles
12B(s) — yB¥l(s)| = 2(2P)(s) — 2(yP(s)) + 24P (s)) — y(WP)(5)| <
< LIaPl(s) = yPl(s)| + o — yllc <
<A+ L+ L)z —yles

@™ (s) =y (s)] < L+ L+ L2+ + L") — gl

Summing up the corresponding relations, we receive

m ) ) m )

> 2 (s) = l(s)| < lw —ylle D iLm

i=1 i=1
Therefore, we obtain

m

[A@@)(t) = A) ()] < Ly(b = a)llz = ylle Y iL™ ", Vi€ [a,0],
i=1

and finally,

m

Ly(b—a)y iL™

=1

[A(z) = A(y)llo < = ylle-
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Due to (iv) we have that L(b—a) Z iL™~" < 1 and, therefore, the operator A is
i=1
a contraction. From Banach’s fixed point theorem A has a unique fixed point. Con-
sequently the Cauchy problem (1.1)4(2.1) has a unique solution in Cy,([a, b], [a, b]).
(2) Since y € CL([a,b],[a,b]) is a solution of the differential inequality (1.2), it
satisfies the relation
ly'(8) = f(tyM (0,920, yim@) <6t € fa,b].

Then, y is a solution of the integral inequality

t
y(t) — y(a) —/ Fls,yM (), yP(s), ..yl (s)) ds| < (¢ — a)e, Vit € [a,b)].
Indeed, by Remark 1.1 we have that

Y () = ftyM (@), 9P (@0), . ym@) + g(b),

with
g <&, Ve o]
Accordingly, we obtain

o(0) =v(@)+ [ Fs.) 0 6) ) ds 4 [ glo)ds, et (23)

which implies that

‘y@) 5@ = [ S ). ) ds

< /75 lg(s)|ds < e(t — a).
Moreover, we denote by z € Cp([a,b],[a,b]) the unique solution of the Cauchy
problem
2/ (t) = f(t, 28 (), 2P (t), ..., alm(2)), t € [a,b], (2.4)
z(a) = y(a), (2.5)
which solution is ensured by the previous proven part. We mention that the function

y in the initial value condition (2.5) is the solution of the inequality (1.2).
Then we clearly have,

t
x(t) = y(a) +/ f(s,2M(s), 2(s),. .., zM(s))ds, t € a,b]. (2.6)
We introduce the operators
A:Cr([a,b], [a,b]) — CL([a,b], [a, b]),
A(x)(t) := the right hand side of the equation (2.6),
and
B: CL([CL,b], [a7 b]) - CL([G’7 b}v [avb])7
B(y)(t) := the right hand side of the equation (2.3).
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These are well-defined. Observe that from (2.6) and (2.3) we have

|A(z)(t) = B(x)(8)] = ’y(a) +/ f(s,2M(s),2P(s),..., 2l (s)) ds — 2(a)—

—/ f(s, J:[l](s), 212 (s),... ,zlm (s))ds — / g(s)ds

/a g(s)ds

We mention that the operator A is a contraction with the constant

<e(b—a).

n
La:=L¢(b—a) Zz’Lm—i.
i=1
Denote by z% its unique fixed point and let y7 denote a fixed point of the operator
B. Then due to Lemma 1.1 we have:

. . e(b—a)
2% = yplle < n :
1—Li(b—a)y iL™"
i=1
Now the obtained relation means that the equation (1.1) is Ulam—Hyers stable. Note
b—a
that cy = - .0
1—Lyb—a)) iL™"
i=1

3. EXAMPLE

Consider the first order iterative functional-differential equation
7' (t) = ax(x(t)) + bx(t) + ¢, te[—h,h], h>0, (3.1)
with the initial value condition
z(0) = xo (3.2)
and the inequality
y'(t) — ay(y(t)) — by(t) —c| <&, te€[=h,h]. (3.3)

Theorem 3.1. Let L > 0. Suppose that, concerning the initial value problem (3.1) +
(3.2), the following assumptions hold:

h — xq h—l—aﬁo’L};

i. h(lal + [b]) + |c| < mln{ TR
ii. 2hmax{|al, |b|}(L + 2) < 1.

Then

(1) the Cauchy problem (3.1)+(3.2) has a unique solution in Cr([—h, k], [—h, h]);
(2) ify € CL([—h,h],[—h,h]) is a solution of the inequality (3.3) so that

h—y(0) h+y(0) L}

2h 7 2h
then the equation (3.1) is Ulam—Hyers stable.

plel + 1) + e < min {



ULAM STABILITIES 327

Proof. Notice that in this case we have
flt,u,v) =av+bu + ¢,
Ly = max{|al, b},
My = h(]a] + [b]) + |c[.
Using Theorem 2.1, the proof follows. [J
4. GENERALIZED ULAM-HYERS-RASSIAS STABILITY
We present now another stability result.

Theorem 4.1. Let ¢ : [a,b] — Ry be an increasing continuous operator. Consider the
iterative functional-differential equation (1.1). Suppose that we are in the conditions
of Theorem 1.1 and, additionally, there exists A, > 0, such that

/t w(s)ds < App(t), Vit € [a,b].

Then the equation (1.1) is generalized Ulam-Hyers-Rassias stable on the set

Cr(la,b],[a,b)).

Proof. Let y € CL([a,b],[a,b]) be a solution of the differential inequality (1.3),
i.e. satisfying

' (t) — F(tyM (1), 5B @), . yt™ (@) < p(t),  t € a,0].
Then, y is a solution of the integral inequality
t
o0) = (@)~ [ 76550 6), . (s)) ds

Indeed, we have the following

y' (1) = ftyM(@),yP (), .y (1) + (), with [A(8)] < (1), Vit € [a,b].

Consequently, we obtain

y() = y(a) + / F(s, 9 (), g2 (s), ... g™ () ds + / h(s)ds, t€lab], (41)

implying
\yu)—y(a)— / F(s. (), 92 (s), ...y () ds / h(s)ds

< App(t), VYt € [a,b].

< <

< / Ih(s)|ds < / o(s)ds < Ap(t).

Henceforward we take x € Cp([a,b],[a,b]), denoting the unique solution of the
Cauchy problem (2.4)+(2.5).
Then, the following relation holds:

x(t) = y(a) + / f(s,xm (s), x[Q](s), ... ,ac[m](s)) ds, te€]a,b)]. (4.2)
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Similarly to the proof of Theorem 1.1 we define the operators

A': Op([a,b], [a,b]) — CL([a,b],[a,b]), A*(z)(t) := the right hand side of (4.1),
B! : Cr([a,b],[a,b]) — Cr([a,b],[a,b]), B*(y)(t) := the right hand side of (4.2).

Then, we have

A (2)(t) — B (2)(1)] = ‘y(aH/ F(s,2W(s),2B(s),.... 2 (5)) ds — w(a)~

—/ f(s,x[l](s),m[z](s)7...,m[m](s))ds—/ h(s)ds
[ hoas| < [ holds < a0

Denote by 2%, the unique fixed point of the contraction Al and let Y51 denote a

fixed point of the operator B!. From Lemma 1.1 we obtain

)‘w@(t)

1—Lgb—a)) iL™"

i=1

)

274 —ypillo <

that is, the equation (1.1) is generalized Ulam-Hyers—Rassias stable with

A

1= L(b—a)) iL™"

i=1

Clp =
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