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1. INTRODUCTION

The theory of modular spaces was initiated by Nakano [11] in connection with the
theory of order spaces which was further generalized by Musielak and Orlicz [9] (see
also [10]). The fixed point theory for nonlinear mappings is an important subject
of nonlinear functional analysis and is widely applied to nonlinear integral equations
and differential equations. The study of this theory in the context of modular func-
tion spaces was initiated by Khamsi [5] (see also [1] and [4]). Kumam [7] obtained
some fixed point theorems for nonexpansive mappings in arbitrary modular spaces.
Recently, Kutabi and Latif [8] studied fixed points of multivalued maps in modular
function spaces. The objective of this paper is to prove some fixed point theorems for
expansive type mappings in modular function space. Due to this, some basic facts
and notations about modular spaces are recalled from [6].

Definition 1.1. Let X be an arbitrary vector space. A functional p : X — [0,00] is
called a modular if for any arbitrary z,y in X

(m1) p(z) =0 if and only if x = 0.

(m2) plazx) = p(x) for every scalar o with |af = 1.

(ms) plox + By) < p(z) +ply) f a+B=1a20,4=0.
If (mg3) is replaced by p(azx + By) < ap(z) + Bply) if a+ =1, > 0,58 > 0 then p
is called conver modular.
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The vector space X, given by X, = {x € X; p(Az) — 0as A — 0} is called a modular
space. Generally, the modular p is not sub-additive and therefore does not behave as
a norm or a distance. One can associate to a modular an F—norm.
The modular space X, can be equipped with an F'—norm defined by
. x

], = inf{a > 0;p() < .
When p is convex modular, then [[z][, = inf{a > 0; p(£) < 1} defines a norm on the
modular space X, which is called the Luxemburg norm.
Define the p—ball, B,(x,r), centered at € X, with radius r as

By(z,r) = {h € Xpsplz — h) < 7).
A point x € X, is called a fixed point of T : X, — X, if T'(x) = =.

Definition 1.2. A function modular is said to satisfy the Ao—type condition, if there
exists K > 0 such that for any x € X,, we have p(2z) < Kp(x).

Definition 1.3. Let X, be a modular space. The sequence {x,} C X, is called:

(t1) p—convergent to v € X,, if p(x, —x) — 0 as n — oo.
(t2) p—Cauchy, if p(xn — Tm) — 0 as n and m — oco.

Note that, p—convergence does not imply p-Cauchy since p does not satisfy the
triangle inequality. In fact, this will happen if and only if p satisfies the As—condition.
We know that [1] the norm and modular convergence are also the same when we deal
with the As-type condition. In the sequel, suppose the modular function p is convex
and satisfies the As-type condition. We also state the following definition and results
given in [2] ( see also, [3] ).

Definition 1.4. The growth function w, of a function modular p is defined as:

w,(t) = sup {'(:)((t;)), x € Xp\{O}} for all 0 <t < oo.

Observe that w,(t) <1 for all t € [0,1].

Lemma 1.5. The growth function w has the following properties:
(91) w(t) < oo, for each t € [0, 00).
(g2) w:[0,00) — [0,00) is a convez, strictly increasing function. So, it is contin-
UOUS.
(93) w(af) <w(a)w(B); for all o, B € [0,00).
(92) w Ha)w™H(B) < w™ap); for all aB € [0,00), where w™! is the inverse
function of w.

The following lemma shows that the growth function can be used to give an upper
bound for ||z||, for each x € X,,.

Lemma 1.6. Let p be a convex modular function satisfying the As-type condition.
Then

lz]], < 7 whenever x € X,.
w (=)
plx)
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2. FIXED POINT FOR EXPANSIVE TYPE MAPPINGS

In this section, some fixed point theorems for expansive type mappings are proved
as follows:

Theorem 2.1. Let X, be a modular function space. If a surjective mapping T :
X, — X, satisfies

p(Tz —Ty) > a1p(z — y) + azp(z — Tx) + azp(y — Ty)

for all z,y € X, with x # y, where ai,a2,a3 > 0, ax <1 and a1 +az + a3 > 1. Then
T has a fized point in X,.

Proof. Suppose z¢ is an arbitrary point of X,. Since T is surjective, there is
z1 € X, such that xyp = Tz;. Also,there exists o € Xp such that 1 = Tz,.
Continuing this process, having chosen x,, in X,, we can choose x,,41 in X, such that
Ty = Txpy1. Assume that for any n = 0,1, -, x,_1 # x, . Otherwise, if there is
ng such that z,,-1 = ¥, = T%n,—1, then z,,_1 becomes a fixed point of 7" and the
result is proved. Now

= p(Tzyp —Trni1)
> a1p(Tn — Tng1) + a2p(zn — Txy) + a3p(@ni1 — TTny1)
= ai1p(xy — Tny1) + a2p(@n — Tpo1) + a3p(Trny1 — Tn),

which further implies that (1 — a2)p(@n—1 — 2,) > (a1 + a3)p(zy — Tpy1). Thus

p(Trn-1 —Tp)

p(xn — xpy1) < hp(xp—1 — ), where h = ;QQ < 1. By continuing this process
ai — as
we get that p(x, — xn11) < h"p(xo — z1). Hence
1 1

< .
h*p(zo — 1) = p(Tn — Tpt1)
Since p is a convex function modular satisfying the Ay—type condition we have

1
lzn — mn+1||p < 1
w™(
P(mn — Tpy1)
Since ) )
—1 —1
w <w
oo —a1) = o = wmr)
from (g3) we obtain
1 1 1
-1 ny,, —1 -1
w —)"w <w
G e =Y Gen = amrn)
Therefore 1
||Z‘n - xn-‘rl”p < 1 1 .
w—l “Yn,y—1
() (P(ZEO*Il))
Since w(1) = 1 and A < 1 then 1 < w™'(3). Hence {z,} is a Cauchy sequence

in (X,,||.ll,). Since (X,,||.]|,) is complete so there exists € X, such that ||z, —
z||, — 0. Moreover, As—type condition implies the equivalence of norm and modular
convergence. Therefore p(x, — ) — 0 as n — oo. Since T is surjective on X, there
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exists j in X, such that x = T'(j). Without loss of generality, for any n we assume

that x,, # x. Thus
p(@n — ) p(Txni1 —Tj)

a1p(Tn+1 = J) + a2p(@ni1 — xn) + azp(j — 1)

a1p(Tpt1 = J) + azp(Tny1 — 2n) + asp(j — ).

By taking limit as n — oo, we have 0 > (a1 + a3)p(j — =), which implies that

p(j —x) =0. Hence j =2 =T} and j is a fixed point of T in X,. O

v

Theorem 2.2. Let X, be a modular function space and suppose that mapping T :
X, — X, is surjective and satisfies

p(TPx —T%) > hp(x —y), for allz,y € X,

where p, q are the integers and h is constant with h > 1. Then T has a unique fized
point.

Proof. Suppose z( is an arbitrary point of X,. Since T is surjective, there is
z1 € X, such that zy = Tz;. Also there exists xo € X, such that z; = Tz».
Continuing this process, having chosen z,, in X,,we can choose z,11 in X, such that
Ty =Tx,y1. Take

Yo = o,
Yonr = T(n—1)(p+q)+q = Tp(xn(erQ)) and
You = Tn(ptq) = Tq(xn(erq)Jrq)

Note that, {y,} is a Cauchy sequence in X, because

P(TP(Znptq) — T @n(ptq)+q))
hp(mn(qu) - xn(erq)Jrq)
hp(y2n — Yon+1)

which gives that p(yZn - y2n+1) é %p(y2n71 - y2n) Simﬂarlya p(anfl - an) S
+Wan—2 — Yan—1). Thus p(yni2 — Ynt1) < $0(Yns1 — Yn). Since h > 1 we have
that {y,} is a contractive sequence. Following the similar arguments to those given
in Theorem 2.1, we conclude that {y,} is a Cauchy sequence in X,. Since X, is
complete there, is y € X, such that y,, — y as n — oo. As, T is surjective on X,, one
obtains j € X, such that y = T?j. Moreover

p(y —y2n) = p(TPj — Tq($n(p+q)+q))
> hp(j - xn(p+q)+q)) = hp(j - y2n+1)‘

Letting n — oo, we have 0 > hp(j—y). Therefore j =y = T?(j). Also, j = y = T1(j).
To prove uniqueness, assume that w € X, is a common fixed point of 7% and 7' then
p(y —w) = p(T"y — Tw) = hp(y — w)
which implies that y = w. Finally, from Ty = T(TPy) = TP(Ty), and Ty =

T(T?%y) =T9(Ty), we conclude that y is a unique fixed point of 7. OJ

p(y2n71 - y2n)

vl

Theorem 2.3. Let X, be a modular function space. If a surjective mapping T :
X, — X, satisfies

p(Tx —Ty) > ai[p(z — Tx) + p(y — Ty)] + azp(z — y)) + asp(z — Ty)
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for all z,y € X, with x # y, where a1,a2,a3 > 0, a1 +az + a3 > 1 and 2a; + a2 > 1.
Then T has a fized point in X,.

Proof. Suppose ¢ is an arbitrary point of X,. Since T is surjective, there is
1 € X, such that g = Tx;. Moreover, there exists xo € Xp such that x; = Txs.
Continuing this process, having chosen x,, in X, we can choose z,41 in X, such that
Tp = TTpy1. Assume, x,_1 # Xy, for all n =0,1,---. Otherwise, if there is ng such
that ,,—1 = xn, = TTpn,—1, then z,,_; is a fixed point of T" and the result is proved.
We have

p(@n-1—an) = p(Txy —Tapi1)
> a1[p(@n — Tn-1) + p(Tnt1 — zn)] + a2p(Tn — Tny1)
+azp(xn, — Tp)
Thus
—a

1
p(Tni1 — 2n) < hp(xn_1 — x,), where h = <1

a1 + as

Continuing this process we obtain that p(z,+1 — @) < h"p(zo — x1). Following the
similar arguments to those given in Theorem 2.1, it can be shown that {z,} is a
Cauchy sequence in (X, ||.||,). Since (X, ||.||,) is complete, there exists € X, such
that ||z, —z||, — 0. Also Ay—condition implies the equivalence of norm and modular
convergence. Therefore p(z, —z) — 0 as n — oo. Since T is surjective on X, there
exists j in X, such that = T'(j). Without loss of generality, we assume that z,, # x,
for any n. Thus

p(xn —x) = p(Txny1 —T7)
> a[p(xpt1 — zn) + p(J — )] + a2p(@nt1 — J)
+G3P($n+1 - I)
By taking limit as n — oo, we obtain 0 > (a1 + a2)p(j — «), which implies that
p(j —x) =0. Hence j =2 =T} and j is a fixed point of T in X,. O

Theorem 2.4. Let X, be a modular function space. If a surjective mapping T :
X, — X, satisfies

p(Tx —Ty) > a1p(x — Txz) + as max{p(y — Ty) + p(x — y), p(x — Ty)}
for all x,y € X, with x # y, where a1,a2 > 0 and a; +2a > 1. Then T has a fized
point in X,.

Proof. Suppose z( is an arbitrary point of X,. Since T is surjective, there is
21 € X, such that zo = Tzy. Moreover, there exists xo € X, such that x1 = Txy.
Continuing this process, having chosen z,, in X,, we can choose x,41 in X, such that
Tp = TTpy1. Assume, ,_1 # T, for all n =0,1,---. Otherwise, if there is ng such
that z,,-1 = n, = T'%y,—1, then x,,_1 becomes a fixed point of 7" and the result is
proved.

p(n1—zn) = p(Txn —Trni1)
> a1p(Tn — Tp—1) + a2 max{2p(zp41 — xp), p(Trn — Tn)}.
Thus
P(Tn—1 —xn) > a1p(Ty — Tn_1) + 202p(Tpt1 — Tn),
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which implies that

1—a
P(Tny1 —xn) < 9 lp(xn—l - Zn).
az
Thus
1-— aq
p(xn+1 - xn) < hp(‘rn—l - CL‘n), where h = a <L
2

Continuing this process we obtain that p(z,+1 — @) < h"p(xo — x1). Following the
similar arguments to those given in Theorem 2.1, it can be shown that {z,} is a
Cauchy sequence in (X, ||.||,). Since (X,,|.||,) is complete so there exists z € X,
such that ||z, — x|, — 0. Moreover, Ay—condition implies the equivalence of norm
and modular convergence. Therefore p(x, —x) — 0 as n — oo. Since T is surjective
on X, there exists j in X, such that x = T'(j). Without loss of generality, we assume
that x,, # x, for any n. Thus

p(zn —x) = p(Txns1 — 1)
> a1p(Tnt1 — Txpt1) + azmax{p(j — Tj) + p(zn+1 — ), p(xn1— TJ)}
Za1 (Tpt1 — Tn) + az max{p(j — x) + p(Tnt1 — J), p(Tns1 — @)},
where by taking limit as n — oo, we obtain 0 > 2asp(j — x), which implies that
p(j—x)=0.Hence j =2 =Tj5. 0O
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