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1. INTRODUCTION AND PRELIMINARIES

Let C be a nonempty closed convex subset of a real Hilbert space H and Pg the
metric projection of H onto C. Let A: C — H be a nonlinear mapping. Recall that
the mapping A is said to be monotone if (Az — Ay,x —y) >0, Vaz,ye C.

Recall that the classical variational inequality problem, denoted by VI(C, A), is to
find u € C such that

(Au,v —u) >0, YveC. (1.1)

For given z € H and u € C, we see that
(u—z,v—u)>0, YoeC & u=PFPeoz.

Recall also that A is said to be a-inverse-strongly monotone if there exists a positive
real number a > 0 such that

(Az — Ay, z —y) > of| Az — Ay|]*, Vz,yeC.

One can see that the variational inequality problem (1.1) is equivalent to a fixed
point problem. An element v € C' is a solution of the variational inequality (1.1) if
and only if u € C' is a fixed point of the mapping Po(I — MA), where T is the identity
mapping and A > 0 is a constant. Iterative methods have been considered for the
variational inequality (1.1) recently; see [7-10,13-16,20].

For finding solutions of the variational inequality (1.1) for an inverse-strongly mono-
tone mapping, Iiduka, Takahashi and Toyoda [11] proved the following theorem.
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Theorem ITM. Let C' be a nonempty closed convex subset of a real Hilbert space
H and A an a-inverse strongly monotone operator of C into H with VI(C, A) # (.
Let {x,} be a sequence defined as follows: x1 = x € C and

Tny1 = Polan@y + (1 — o) Po(zn — AnAzy))

for every n =1,2,..., where Po is the metric projection from H onto C, {a,} is a
sequence in [—1,1], and {\,} is a sequence in [0,2a]. If {a,} and {\,} are chosen
so that {aw } € [a,b] for some a,b with —1 < a <b <1 and {\,} € [c,d] for some ¢,d
with 0 < ¢ < d < 2(1+a)a, then {x,} converges weakly to some element of VI(C, A).

Recently, Aoyama, liduka and Takahashi [1] introduced a Banach version of the
variational inequality (1.1). Before we proceed further, we first give some basic con-
cepts in real Banach spaces.

Let C be a nonempty closed convex subset of a Banach space E. Let E* be the dual
space of E and (-, -) the pairing between E and E*. For ¢ > 1, the generalized duality
mapping J, : E — 28 is defined by J,(z) = {f € E* : (z, f) = ||=|% || f|| = ||=]|9"},
for all x € E. In particular, J = J3 is called the normalized duality mapping. It
is known that Jy(x) = ||z||2"2J(z) for all z € E. Further, we have the following
properties of the generalized duality mapping J,:

(a) Jy(z) = ||2||72J2(z) for all z € E with x # 0;
(b) Jy(tx) =t771J,(x) for all z € E and t € [0, 00);
(¢) Jy(—=z) = —Jy(z) for all x € E.

Let U = {x € E : ||z|| = 1}. F is said to uniformly convex if, for any e € (0, 2],
there exists § > 0 such that, for any z,y € U,
lx —y|| > ¢ implies HxT—’—yH <1-4.

It is known that a uniformly convex Banach space is reflexive and strictly convex.
FE is said to be Gateaux differentiable if the limit lim;_,q Ww exists for each
x,y € U. In this case, E is said to be smooth. The norm of E is said to be uniformly
Gateaux differentiable if for each y € U, the limit is attained uniformly for x € U. The
norm of F is said to be Fréchet differentiable, if for each x € U, the limit is attained
uniformly for y € U. The norm of F is said to be uniformly Fréchet differentiable, if
the limit is attained uniformly for z,y € U. It is well-known that (uniform) Fréchet
differentiability of the norm of E implies (uniform) Géateaux differentiability of the
norm of F.
The modulus of smoothness of E is defined by

1
p(t) =sup {5 (e +yll + e = yl) = 1: 2,y € B ol = 1, ] < ¢}.

A Banach space FE is said to be uniformly smooth if lim;_.q @ = 0. Let ¢ > 1.
A Banach space FE is said to be g-uniformly smooth if there exists a fixed constant
¢ > 0 such that p(t) < ct9. It is well-known that E is uniformly smooth if and only
if the norm of F is uniformly Fréchet differentiable. If E is g-uniformly smooth, then
¢ < 2 and F is uniformly smooth, and hence the norm of E is uniformly Fréchet
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differentiable, in particular, the norm of E is Fréchet differentiable. Typical examples
of both uniformly convex and uniformly smooth Banach spaces are LP, where p > 1.
We also remark that

(a) All Hilbert spaces, L? (or I?) spaces (p > 2) and the Sobolev spaces W2,
(p > 2) are 2-uniformly smooth, while L? (or I?) and W2, spaces (1 < p < 2)
are p-uniformly smooth.

(b) LP is min{p, 2}-uniformly smooth for every p > 1.

From now on, we always assume that FE is 2-uniformly smooth and uniformly
convex. We denote by F'(S) the set of fixed points of the nonlinear mapping S. Let
C be a nonempty closed convex subset of E. Recall that the mapping S : C — C
is said to be nonexpansive if ||[Sx — Sy|| < ||z —y||, Va,y € C. Recall also that an
operator A of C into E is said to be accretive if (Ax — Ay, J(x —y)) >0, Va,ye C.
Moreover, A is said to be a-inverse-strongly accretive if there exists a constant o > 0
such that (Az — Ay, J(z — y)) > af Az — Ay||?, Vx,y € C.

Let D be a subset of C' and @ be a mapping of C into D. Then @ is said to be
sunny if Q(Qz + t(z — Qx)) = Qx, whenever Qz + t(x — Qx) € C for x € C and
t > 0. A mapping Q of C into itself is called a retraction if Q% = Q. If a mapping Q
of C into itself is a retraction, then Qz = z for all z € R(Q), where R(Q) is the range
of Q. A subset D of C is called a sunny nonexpansive retract of C' if there exists a
sunny nonexpansive retraction from C onto D.

The following result describes a characterization of sunny nonexpansive retractions
on a smooth Banach space.

Proposition 1.1 ([18]). Let E be a smooth Banach space and C' a nonempty subset
of E. Let Q : E — C be a retraction and let J be the normalized duality mapping on
E. Then the following are equivalent:

(a) Q is sunny and nonerpansive;

(b) 1Qx — QylI* < (z —y, J(Qz — Qy)), Vz,y € E;

Proposition 1.2 ([12]). Let C' be a nonempty closed convex subset of a uniformly
convex and uniformly smooth Banach space E and S a nonerpansive mapping of C
into itself with F(S) # 0. Then the set F(S) is a sunny nonezpansive retract of C.

For the class of nonexpansive mappings, one classical way to study nonexpansive
mappings is to use contractions to approximate a nonexpansive mapping ([2],[18]).
More precisely, take ¢ € (0,1) and define a contraction S; : C — C by

Six=tu+ (1 —1)Sz, VzeC,

where u € C'is a fixed point. Banach’s contraction mapping principle guarantees that
St has a unique fixed point z; in C. That is, s = tu + (1 — ¢)Sxz;. It is unclear, in
general, what the behavior of x; is as t — 0, even if S has a fixed point. However, in
the case of S having a fixed point, Browder [2] proved that if F is a Hilbert space,
then z; converges strongly to a fixed point of S. Reich [18] extended Broweder’s
result to the setting of Banach spaces and proved that if F is a uniformly smooth
Banach space, then x; converges strongly to a fixed point of S and the limit defines the
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(unique) sunny nonexpansive retraction from C' onto F'(S). Reich [18] showed that
if F is uniformly smooth and if D is the fixed point set of a nonexpansive mapping
from C' into itself, then there exists a unique sunny nonexpansive retraction from C
onto D and it can be constructed as follows.

Proposition 1.3. Let E be a uniformly smooth Banach space and S : C — C a
nonezpansive mapping with a fized point. For each fixed uw € C and every t € (0,1),
the unique fized point xy € C of the contraction C 3 z — tu+ (1 — t)Sxz converges
strongly as t — 0 to a fized point of S. Define Q : C' — D by Qu = s — lim;_,g x¢.
Then Q is the unique sunny nonezpansive retract from C onto D; that is, Q) satisfies
the property (u — Qu, J(y — Qu)) <0, Yue€ C, and Vy € D.

In 2006, Aoyama, Iiduka and Takahashi [1] introduced a Banach version of the
variational inequality (1.1). That is, find a point u € C such that

(Au, J(v —u)) >0, YveC, (1.2)

where A is an accretive operator. Next, we use BVI(C, A) to denote the set of solu-
tions of the generalized variational inequality (1.2). In Hilbert spaces, the generalized
variational inequality is reduced to the classical variational inequality (1.1).

For the generalized variational inequality (1.2), Aoyama, liduka and Takahashi [1]
obtained the following weak convergence theorem.

Theorem AIT. Let E be a uniformly convex and 2-uniformly smooth Banach
space and C' a nonempty closed convex subset of E. Let Q¢ be a sunny nonexpansive
retraction from E onto C, a > 0 and A be an a-inverse strongly-accretive operator of
C into E with S(C, A) # 0, where S(C, A) = {z* € C: (Az*, J(x—x*)) >0, z € C}.
If {\n} and {an} are chosen such that A\, € [a, 13| for some a > 0 and o, € [b,c]
for some b,c with 0 < b < ¢ < 1, then the sequence {x,} defined by the following
manners:

1 =z€C, Tn+1 = QnTp + (1 - an)QC(xn - AnAxn)v n=>1,

converges weakly to some element z of S(C, A), where K is the 2-uniformly smoothness
constant of E.

Very recently, Cho, Yao and Zhou [6] further studied the generalized variational
(1.2) by considering the following iterative process

T € 07 Tpt+1 = QpU + ann + fYnQC(xn - )\nAxn)a n > 1a

where u is a fixed element in C, A is an a-inverse-accretive operator and Q¢ is the
sunny nonexpansive retraction from E onto C. They showed that the sequence {z,}
generated by above iterative algorithm converges strongly to Qu, where @ is a sunny
nonexpansive retraction of C onto BVI(C, A).

In this paper, motivated by the research work going on in this direction, we continue
to study the generalized variational inequality (1.2). We introduce and analyze a
composite iterative algorithm for finding a common element in the set of solutions of
the generalized variational inequality (1.2) for an inverse-strongly accretive mapping
and in the set of fixed points of a nonexpansive mapping S. Strong convergence
theorems are established in the framework of Banach spaces.
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In order to prove our main results, we also need the following lemmas.

Lemma 1.1 ([1]). Let C be a nonempty closed conver subset of a smooth Banach
space E. Let Q¢ be a sunny nonexpansive retraction from E onto C and A an
accretive operator of C into E. Then, for all X > 0, we have that BVI(C, A) =
F(Qo(I - AA4)).

Lemma 1.2 ([19]). Let {z,} and {y,} be bounded sequences in a Banach space
E and let {B,} be a sequence in [0,1] with 0 < liminf, . B, < limsup,,_, . Bn < 1.
Suppose that xpi1 = (1 — Bn)yn + Buxn for all integers n > 0 and

lim sup (||yn+1 ~Ynll = [|Tns1 — an) <0.
n—oo

Then limy, o0 ||yn — zn|| = 0.

Lemma 1.3 ([22]). Assume that {a,} is a sequence of nonnegative real numbers
such that a1 < (1 — yn)an + 0y, where {v,} is a sequence in (0,1) and {5,} is a
sequence such that:

(a) Y opiy Yo = 00
(b) limsup,, . 6n/7m <0 or >_07, 18,] < oo.
Then lim,,_, o o, = 0.

Lemma 1.4 ([21]). Let E be a real 2-uniformly smooth Banach space with the best

smooth constant K. Then the following inequality holds:

o +yll* < llzl* + 2{y, Jo) + 2| Ky|)?, Va,y € E.

Lemma 1.5 ([3]). Let E be a uniformly convex Banach space, C a nonempty
closed conver subset of E and S : C' — C a nonezrpansive mapping. Then I — S is
demi-closed at zero.

Lemma 1.6. ([4]). Let C be a nonempty closed convexr subset of a real strictly
convexr Banach space E. Let S1 and So be two nonexpansive mappings such that
F(S1)NF(S2) # 0. Define Sz = §S1x+(1—0)Sax, where § € (0,1). Then S:C — C
is a nonexpansive mapping with F(S) = F(S1) N F(Ss).

2. MAIN RESULTS

Theorem 2.1. Let E be a uniformly convex and 2-uniformly smooth Banach space
with the best smooth constant K, C' a nonempty closed convex subset of E and Q¢
a sunny nonexpansive retraction from E onto C. Let A : C — E be an a-inverse-
strongly accretive mapping and S : C' — C a nonexpansive mapping with a fized point.
Assume that F = BVI(C,A) N F(S) # 0. Let {x,} be a sequence generated in the
following manner:

r1=u€C,
Yn = OnZn + (1 — 6p)Qc(zr — ANAxy,), (2.1)
Tntl = QpU + ﬁnxn + 77L[anxn + (1 - Un)yn]a n > 1,

where u is a fized element in C, X € (0,a/K?] and {an}, {Bn}, {0}, {6n} and {pn,}
are sequences in (0,1). Assume that the above control sequences are chosen such that
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(@) an+Bn+vm=1Yn>1,

(b) limy oo vy =0, D07 |ty = 00;

(¢) 0 <liminf, o By <limsup,_ . On <1;

(d) limy—eo i, = p € (0,1) and lim, o0 6, =6 € [0,1).
Then the sequence {x,} defined by (2.1) converges strongly to ¢ = Qru, where Qx is
a sunny nonexpansive retraction of C' onto F.

Proof. First, we show that the mapping I — AA is nonexpansive. Indeed, from the
assumption A € (0,a/K?] and Lemma 1.4, for all z,y € C, we have

(I = XA)z — (I = XA)yl* = [[(z — y) — M(Az — Ay)|?
< e —yl* = 2M{Az — Ay, J(x — y)) + 2K2N?|| Az — Ay|®
<z —ylI* = 2)al| Az — Ay||* + 2K N?|| Az — Ay
=z =yl + 2A(AK? — a)|| Az — Ay||* < [|lz — y|*.
This shows that I — AA is a nonexpansive mapping. Letting x* € BVI(C, A) N F(S),
we have z* = Sz* = Q¢ (x* — MAzx™). It follows that
lyn = 27|l = [10nzn + (1 = 60) Qo (zn — AAzy) — 27|
< Opllzn — ™| + (1= 0n)||Qc(xn — Azy) — Qe (x™ — XNAz™)||  (2.2)
< Onllzn — || + (1 = 0n)llen — 27| = [Jon — 27
Putting ¢, = unSxy, + (1 — fin)yn, we see that
[tn — 2| = [l Szn + (L = pin)yn — [ Sz + (1 — pa)z”]||
< pnllzn — 27 + (1 = pn)lyn — 27|
= pinllzn — [ + (1 = pn)[|0nzn + (1 — 6n)Qc(zn — AAzy,) — 2| (2.3)
< pnllzn — 2%+ (1 = pn)onllen — 27| '
+ (1= pn)(1 = 60)[|Qc (2 — Aay) — Qo (2™ — AAz™)|
< lon — 27,
from which it follows that
[Zn+1 — 2| < anllu — 2| + Bullzn — %[ + nlltn — 2%
< apllu = 2*|| + Bullzn — 2| + mllzn — 27|
< apllu — 2% + (1 — om)lJon — 27|
< max{|lu — =[], [|z1 — 27|}
= Jlu—2"|.
This implies that the sequence {x,} is bounded, so are {y,} and {t,}. Notice that
[9n+1 = Ynll = [0n1%n41 + (1 = 0ng1)Qc (I — AA)Tnia
—[0nZn + (1 = 6,)Qc (I — AA)x,]||
< §n+1Hxn+1 - an + ||33n - QC(I - >‘A)$n”|5n+1 - 571‘ (2.4)
+ (1 =) 1Qc (I = A)zni1 — Qo(I — A)zy ||
< Hxn+1 - xn” + R1|5n+1 - 67L|a
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where R is an appropriate constant such that Ry > sup,,>{[|zn — Qc(I — AA)x,||}.
On the other hand, we have
[tn+1 = toll = [[pnt15@nt1 + (1 = pnt1)¥n+1 — [n ST + (1 — pn)ynl]||
< g1 [[STgr — Sznl| + (|S2n — Ynll|ng1 — pin]
+ (1= pnt)[Yn41 =yl (2.5)
< Nn+1||xn+1 - an + Han - yn‘llﬂn-i-l - Mn|
+ (= s ) Yns1 = ynll-
Substituting (2.4) into (2.5), we see that

th-‘rl - tn” < ,U/n-i-ln-rn-ﬁ-l - xn” + stn - yn|||,un+1 - ,Un|
£ (0 )t — 2ol Rl — ) (26)
< ||xn+1 - an + R2(|Nn+1 — pn| + |§n+1 —Onl),

where Ry is an appropriate constant such that Ry > max{sup,,>{[Sz, — yul/}, R1}-

Tnt+1—LBnTn

TR Vn > 1, we have

Setting [,, =
Tnt1 = (]- - ﬁn)ln + BnTn, Yn>1. (27)

Next, we estimate ||l,+1 — |- In view of

an—i—l ]- - ﬂn+1 - an—i—l (677 ]- - ﬂn — Oy
l 1 -1, = u + t 1 — u — t
" " 1- ﬁnJrl 1- ﬁnJrl mr 1- ﬁn 1- ﬁn "
Un41 Qn
=" (y—t ty — tns1 — tn,s
1= Gy 7 ) F g (=) F g =
we obtain that
« «
i = Il < == llw = tna |+~ [ltn = ull + [ltnt1 — tall (2.8)
1 _ﬁn+1 1 _671

Substituting (2.6) into (2.8), we arrive at

||ln+1 — lnH - ”xn-‘rl - xn”
Q41 Qn
< 7l =t |+ 7= e — ull + Ba((Bnsr = 6l + lan = i)
1-— ﬁn_t,_l 1- ﬂn

It follows from the conditions (b)-(d) that
lim sup (Ms1 = Ll = %nt1 = znsall) <O.
From Lemma 1.2, we obtain that
'nh~>nolo [l — x| = 0. (2.9)

Thanks to (2.7), we see that 2,41 — zn, = (1 — 8,)(l, — ). Combining the condition
(¢) and (2.9), we obtain that

nlirr;o |€nt1 — xnl = 0. (2.10)
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On other hand, we have z, 11 — z, = a,(u — 2,) + Yo (tn — ), which together with
(2.10) and the conditions (b), (c) implies that

lim (£, — z,|| = 0. (2.11)
Next, we show that
limsup{u — ¢, J(z, — q)) <0, (2.12)

where ¢ = Q ru, Q£ is a sunny nonexpansive retraction of C' onto F. Define a mapping
M :C — C by

Mz =puSx+ (1 —p)[0I +(1-0)Qc(I — A A)]z, VzeC.
From Lemma 1.6, we see that M is a nonexpansive mapping with
FM)=F(S)NFI+(1—-90)Qc(I—)NA))
— F(S) N P(Qo(I - A4))
=F(S)NBVI(C,A)
=F.
Note that ||y, — [0z, + (1 — 0)Qc(I — AA)x,]|| < R1|dn — d]. It follows that
|27 — My
S len = zngall + lzne — Man|
<zn = Tng1 | + anllu — M|l + Bullzn — Mz || + yalltn — Ma,|
= ||2n — g1 || + anllu — My || + Bullzn — Mz,||
+ Yl (pn = 1) (S = [620 + (1 = 0)Qc (I — AA)zn])
+ (L= pn) (Yn = 020 + (1 = 6)Qc (I — AA)zy])|
<|zn — Tng1 || + anllu — My || + Bollzn — Mz, ||
+ Ynlpin = pll|Szn = [02n + (1 = 0)Qc (I — AA)xn]||
+ (1 = pn)lyn — (620 + (1 = 0)Qc (I — AA)zy]|
<lzn = znga |l + anllu — My || + Ballzn — My
+ R(|pn — pl + 160 — 6]).
where Rj3 is an appropriate constant such that

R3 = max{st;li{Han — [0z, + (1 = 0)Qc(I — MNA)z,]||}, R1}-

This implies that
(1= Bu)llzn — May|| < |20 — nsa | + anllu — May||  + Rs(|pn — pf + 16, — 4]).
It follows, from the conditions (b)-(d) and (2.10), that
lim ||, — Mx,|| =0. (2.13)

n—oo

Let z; be the fixed point of the contraction z — tu+(1—t)Mz, where t € (0,1). That
is, z = tu+ (1 — t) M z;. Tt follows that ||z — zp|| = |(1 — ) (M2t — 2p) + t(u — 2,)||.
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On the other hand, for any ¢ € (0, 1), we see that
llze — x> = (1 = ) (M2 — 2, J (20 — ) + t{u — 2, J (26 — 7))
=(1- t)((Mzt — My, (2t — 2p)) + (May — Tpy J(26 — Jcn)>)
+t({u— ze, (2t — Tp)) + {2t — T, (20 — )
< (1 - t)(Hzt - anQ + ||M$n - xn“”'zt - an)
+tlu— 2z, (20 — 2n)) F t]]2e — 20 ||
<z — xn||2 | Mzn — znllllze — 2l + t{u — 2, J (20 — 20))-
It follows that (z; — u, J(2t — ) < Y| Mz, — z,||[|2¢ — zal| ¥t € (0,1). In view of

(2.13), we see that
lim sup(z: — u, J(z: — zp,)) < 0. (2.14)

n—o0

On the other hand, we see that Qp(apyu = lim; ¢ 2; and F(M) = F. It follows that
zt — q = Qru as t — 0. Since the fact that J is strong to weak® uniformly continuous
on bounded subsets of E, we see that

[(w—=q,J(zn —q)) = (2 —u, J (2 — n))]
<u—q,J(@n —q)) = (u—q,J(zn — 2))|
+ [(u—q, J(zn — 2¢)) — (2t — u, J (2t — )|
<Wu=gq,J(@n—q) = J(@n — 20))| + (2t — @, S (2 — 20))]|
< luw—=qllllJ(@n — @) = J(@n = 20l + [l2e = gll[|on — 2| =0 ast —0.
Hence, for any € > 0, there exists 6 > 0 such that for all ¢ € (0,9) the following
inequality holds (u — ¢, J(2zn, — q)) < (2 — u,J(2 — x,)) + €. This implies that

limsup,,_, o (u—q, J(x, —q)) < limsup,,_, .. (zt —u, J (2t — x,)) +€. Since € is arbitrary
and using (2.14), we see that limsup,, (v — ¢, J(x, — ¢)) < 0. That is,

limsup(u — ¢, J(zn41 — q)) < 0. (2.15)

n—oo

Finally, we show that x,, — ¢ as n — 0o. Observe that

%741 — CIHQ = an(u—q,J(@n+1 — q)) + Bnlan — ¢, J(Tn+1 — q))
+ Ynltn — 4, (Tn+1 — @)
< ap(u—q,J(@nt1 — @) + Bullzn — qlllzns1 — 4
+ Tulltn — allllzns1 — 4l
<ap(u—¢,J(@nt1 — @) + (1 — an)l|zn — qlll|znt1 — 4
1—a,
2

< an(u — ¢, J(Tng1 — q)) + (lzn = al* + znt1 — al®),
which implies that
st —al2 < (1= an)lzn — a2 + 200 (u— g, J(@ns1 — ). (2.16)

From the condition (b), (2.15) and applying Lemma 1.3 to (2.16), we obtain that
lim,, 0 ||#n, — ¢|| = 0. This completes the proof. O
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If § = I, the identity mapping, then Theorem 2.1 is reduced to the following result.

Corollary 2.2. Let E be a uniformly convexr and 2-uniformly smooth Banach
space with the best smooth constant K, C a nonempty closed convex subset of E and
Qc a sunny nonexrpansive retraction from E onto C. Let A: C — E be an a-inverse-
strongly accretive mapping with BVI(C, A) # 0. Let {x,} be a sequence generated
by

r1=uc€ C,

Yn = 0nZpn + (1 — 6,)Qc(xn, — AAzy,), (2.17)

Tn+1 = U + (ﬁn + ’Yn/vtn)l'n + ’Yn(l - Mn)yna n > 17
where u is a fived element in C, X\ € (0,a/K?] and {an}, {Bn}, {7}, {6n} and
{pn} are sequences in (0,1). Assume that the above control sequences satisfied the
conditions (a)-(d). Then the sequence {xy,} defined by (2.17) converges strongly to
q = Qpvic,au, where Qpyic,a) i a sunny nonexpansive retraction of C onto

BVI(C, A).

Further, if the sequence {d,,} = 0, then Corollary 2.2 is reduced to the following
which is an analogue of Theorem 3.1 of Cho et al. [6].

Corollary 2.3. Let E be a uniformly convexr and 2-uniformly smooth Banach
space with the best smooth constant K, C a nonempty closed convex subset of E and
Qc a sunny nonexpansive retraction from E onto C. Let A: C — E be an a-inverse-
strongly accretive mapping with BVI(C, A) # (0. Let {x,} be a sequence generated,
for each n > 1, by

r1=u€C, Tp41 = Op U+ BnTn + ’Vn[/fénl‘n + (1 - ,un)QC(xn - )\Axn)}v (2-18)

where u is a fired element in C, X € (0,/K?] and {an}, {Bn}, {yn} and {p,} are se-
quences in (0,1). Assume that the above control sequences satisfied the conditions (a)-
(d). Then the sequence {x,} defined by (2.18) converges strongly to ¢ = Qpvi(c,a)u,
where Qpyi(c,a) 15 a sunny nonexpansive retraction of C onto BVI(C, A).

3. APPLICATIONS

Let F be a smooth Banach space and C' a nonempty closed convex subset of F.
Recall that an operator B with domain D(B) and range R(B) in E is accretive, if for
each z; € D(B) and y; € Bx;(i = 1,2),

(y2 —y1, J (@2 — 1)) > 0,

An accretive operator B is m-accretive if R(I + rB) = E for each r > 0. Next, we
assume that B is m-accretive and has a zero (i.e., the inclusion 0 € B(z) is solvable).
The set of zeros of B is denoted by 2. Hence, Q = {z € D(B) : 0 € B(z)} = B~1(0).

For each r > 0, we denote by JZ the resolvent of B, i.e., J® = (I +rB)~!. Note
that if B is m-accretive, then JZ : E — E is nonexpansive and F(JE) = T for all
r > 0.

For the variational inequality (1.2), In the case when C' = FE, we see that
BVI(E,A) = A~(0) holds, where A=1(0) = {u € E : Au=0}.

From the above, we have the following.



GENERALIZED VARIATIONAL INEQUALITIES 507

Theorem 3.1. Let E be a uniformly convex and 2-uniformly smooth Banach space
with the best smooth constant K. Let A be an a-inverse-strongly accretive mapping
and B an m-accretive mapping. Assume that F = A=1(0)NB~1(0) # 0. Let {x,,} be
a sequence generated by

T1=uc Ea
Yn = Tpn — (1 = 6p) AAxy, (3.1)
Tnt1 = ant+ Bun + Ynltin JP w0 + (1= pn)ynl, n>1,
where X € (0,a/K?] and {an}, {Bn}, {Vn}, {60} and {u,} are sequences in (0,1).
Assume that the above control sequences satisfied the conditions (a)-(d). Then the

sequence {x,} defined by (3.1) converges strongly to ¢ = Qru, where QF is a sunny
nonexpansive retraction of C onto F.

Next, we consider another class of mappings: strict pseudo-contractions.
Recall that T': C' — C'is said to be a A-strict pseudo-contraction [5] if there exists
a constant A € (0,1) such that
(Tz —Ty,J(x —y)) < llz —ylI> = A|(I = T)z — (I - T)y]? (3-3)
for every z,y € C. From (3.3), we see that
(I =T)e— (I =Ty, J(z~y) =z —y|*~ Tz~ Ty, J(z —y))
> lz =yl = (o = ylI> = MU =)z — (I = T)y||*) = M| — Tz — (I = T)yl*.

This implies that (I —T) is A-inverse-strongly accretive. Thus we obtain the following.

Theorem 3.3. Let E be a uniformly convex and 2-uniformly smooth Banach space
with the best smooth constant K, C' a nonempty closed convex subset of E and Q¢ a
sunny nonexpansive retraction from E onto C. LetT : C' — C be an a-strict pseudo-
contraction and S : C'— C a nonexpansive mapping with a fived point. Assume that
F=FT)NF(S)#0D. Let {z,} be a sequence generated by

1 =u € C,
Yn = (L = Nz, + X'z, (3.4)
Tn4+1 = OpU + ﬂnmn + ’Yn[/ffnsxn + (1 - Nn)yn]a n 2 13
where X € (0,/K?] and {an}, {Bn}, {7}, {00} and {u,} are sequences in (0,1).
Assume that the above control sequences satisfied the conditions (a)-(d). Then the

sequence {x,} defined by (3.4) converges strongly to ¢ = Qru, where Qx is a sunny
nonexpansive retraction of C' onto F.
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