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Abstract. We study two algorithms for approximating fixed points of nonexpansive mappings in
Banach spaces. One of them is implicit and the other is explicit. We prove strong convergence
theorems for both of them.

Key Words and Phrases: Banach space, fixed point, iterative algorithm, nonexpansive mapping.

2010 Mathematics Subject Classification: 47H09, 47H10, 47J25.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Banach space (E, || - ||).
Recall that a mapping T : C' — C' is said to be nonexpansive if

Tz — Tyl < ||z —y| for all z,y € C.

Nonlinear fixed point theory continues to be an important and active research area.

In particular, iterative methods for finding fixed points of nonexpansive mappings have
been investigated intensively. In this paper we study two algorithms for approximating
fixed points of nonexpansive mappings in Banach spaces. The first one is implicit and
the second is explicit. In Hilbert space these algorithms have recently been studied
n [11]. Similar algorithms in Banach spaces have been studied in [8]. We establish
strong convergence theorems for both algorithms under weaker assumptions. In the
next section we recall a few preliminary results. Our main results, Theorems 3.1, 3.3
and 3.4 below, are stated and proved in Section 3.

2. PRELIMINARIES

Let C' be a nonempty, closed and convex subset of a Banach space E. We assume
that C is a nonexpansive retract of E. That is, we assume that there exists a retraction
R¢ of E onto C' which is a nonexpansive mapping. See [2] and [3] for information
regarding nonexpanisve retracts in Banach spaces.

Let E* be the dual space of E. The duality mapping J from E into the family of
nonempty, weak*-compact and convex subsets of E* is defined by

J(x) ={2* € B*: (z,2*) = ||z||* and ||z*|| = ||=||} for each = € E.
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The mapping J is single-valued if and only if E is smooth. If F has a uniformly
convex dual (equivalently, if E is uniformly smooth), then we have for all z,y € E,

lz +yl* < ll2]l* + 2y, J () + max{ ||z, 1}yllo(lly]),

where b : (0,00) — [0,00) is an increasing and continuous function, defined by

b(t) = sup{(ll= + ty[l* — =l*)/t = 2(y, J (@) - ||2]| < 1, lyll <1},

which satisfies lim; o+ b(t) = 0. See [4, page 90] for more details.

If E is smooth, the duality mapping J is said to be weakly sequentially continuous
at zero if ¢, — 0 in E implies that {J(z,)} converges weak* to 0 in E*. The duality
mapping of each /P space, 1 < p < oo, has this property.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1. [1] (Demiclosedness Principle) Let C be a nonempty, closed and convex
subset of a uniformly convex Banach space E, and let T : C — E be a nonexpansive
mapping. Then I—T is demiclosed at 0, i. e., if {x,} C C, x, = x and x,,—Tx, — 0,
then x = Tx.

Lemma 2.2. [9] Let {z,} and {z,} be two bounded sequences in a Banach space
E and let {B.} be a sequence in [0,1] which satisfies 0 < lminf, .o B <
limsup,,_, . Bn < 1. Suppose that x,11 = (1 — Bn)xn + Bnzn, for all n > 0 and
that limsup,, o (||zn+1 — 2nll — |Znt1 — znl]) < 0. Then lim, o ||2n — x| = 0.

Lemma 2.3. [10] Assume {a,} is a sequence of nonnegative real numbers such that
ant1 < (1 —yn)an + dn, n > 0, where {y,} is a sequence in (0,1) and {6,} is a
sequence in R such that

(i) Zzozo Tn = OO;

(ii) limsup,, . 0 <0 or > 0% |6nvn| < oo.

Then lim,,_, o a,, = 0.

3. MAIN RESULTS

Let C be a nonempty, closed and convex subset of a real Banach E. Assume that
C' is a nonexpansive retract of F and let R¢ : E — C' be a nonexpansive retraction
of E onto C. Let T : C — C be a nonexpansive mapping. We use Fix(T') to denote
the set of fixed points of T. For each ¢t € [0, 1), consider the mapping Ty : E — C,
defined by Tix := TRe(tx), x € E. It is easy to check that ||Tyz — Tyy|| < tljz — g,
so that T} is a strict contraction. By the Banach contraction principle, there exists a
unique fixed point x; of T; in FE, that is, a point z; such that

Ty = TRC(tlEt) (]_)

Theorem 3.1. Let E be a real uniformly convex Banach space with a uniformly
conver dual and a duality mapping J which is weakly sequentially continuous at zero.
Let C be a nonexpansive retract of E and let T : C — C' be a nonexpansive mapping
with Fiz(T) # 0. Let the net {z;: 0 <t < 1} be generated by (1). Then, ast — 17,
the net {x:} converges strongly to a fized point of T.



TWO ALGORITHMS FOR NONEXPANSIVE MAPPINGS 445

Proof. First, we show that {x;} is bounded. Take v € Fix(T). From (1), we
have |z — ull = |[TRo(tz,) — TRoull < [ty — ull = [tz — u) + (t — Dul] <
t||zy — ul| + (1 — t)[Jul|, that is, ||z; — u|| < ||lu||. Hence {x+} is indeed bounded.

Again from (1), we obtain

lzy — Txy|| = |TRo(txy) — TRoxi|| < (1 —t)||lze]] — 0 as t—17. (2)

Next, let {t,,} C (0,1) be a sequence such that ¢,, — 1~ as n — oo, and put z,, := y,,.
From (1), we have
|z — Txy| — 0. (3)
From (2), we get
lwe = ull® = ITRe(tee) — TReul® < |[twy — ul|?
= lloe —u— (1= t)ae]?
< e = ul® = 2(1 = ) (s, J (2 — )
Fmae{ |z — ull, 11— B)lzellb((1 — &)z
<l —ul|® =200 — )2y —u, J(2p — u)) — 2(1 — t)(u, J(2; — u))
+(1—t)o((1 —t)M)M,
where M = supte(o,l){max{ﬂxt — |, 1}H|ze] }-
Hence

e — wl® < (u, J(u = 24)) + %b((1 — t)M). (4)

In particular,
2 M .
|zn — u|* < {u, J(u—x,)) + 7()((1 —t,)M), wueFix(T). (5)

Since F is reflexive and {x,} is bounded, it has weak subsequential limits. We claim
that each such limit is, in fact, a strong one. To see this we may assume, without any
loss of generality, that {z,} itself converges weakly to a point z* € C. In view of (3),
we can use Lemma 2.1 to get «* € Fix(T'). Therefore we can substitute z* for w in
(5) to get

i — "7 < (@, T — ) + b1~ £a)M).

Hence the weak convergence of {x,} to z* implies that =, — x* strongly, as claimed.
To show that the entire net {x;} converges to z*, assume x5, — & € Fix(T), where
Sp — 17. Put y, := x4, . Substituting ¢t := s,, and v = z* in (4), we get

lyn = 2|1 < @", J(2" = yn)) + %b((l = sn)M).

Therefore

|12 — 2*|* < (2", I (=" — &)). (6)
Interchanging =* and Z, we obtain

lo* = Z|* < (2, J(& - 2")). (7)

Adding up (6) and (7), we see that 2||z* —Z||? < ||z* —Z||?, which implies that & = x*.
This completes the proof of Theorem 3.1. [J
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A similar theorem has recently been proved in [8] under stronger assumptions on
J and b. Another way to achieve the strong convergence of the curve {z; : 0 <t < 1}
defined by (1) to a fixed point of T, without assuming that the duality mapping is
weakly sequentially continuous at zero, is to use the following theorem.

Theorem 3.2. [5]. Let K be a closed and conver subset of a uniformly smooth
Banach space E, and let S : K — K be a nonexpansive mapping. For x € K and
t € [0,1), let Gix be the unique fized point of the strict contraction g, : K — K
defined by g,y := (1 —t)x + tSy fory € K. In other words,

Gix=(1—-t)x+tSGix, v € K.

If S has a fived point, then for each x € K, the strong lim; .- Gyx exists and is a
fixed point of S.

Theorem 3.3. Let E be a real uniformly smooth Banach space, C' a convex nonex-
pansive retract of E, and T : C — C' a nonexpansive mapping with Fix(T) # 0. For
each t € (0,1), let the net {x;} be defined by (1). Then, as t — 17, the net {z;}
converges strongly to a fized point of T .

Proof. We apply Theorem 3.2 with S :=TR¢ : E — C. Pick = 0, and denote
Zt = GtO = tSZt (8)

It is clear that Fix(T') = Fix(S). Therefore we may invoke Theorem 3.2 to conclude
that {z:} converges strongly as t — 1~ to a fixed point z* € C of T. Note that by
setting @, = 12z, we obtain (1) from (8). Since the strong convergence of {2} to z*
also implies the strong convergence of {z;} to 2*, this completes the proof of Theorem
3.3. 0

So far we have considered the implicit continuous scheme defined by (1). Now we

turn to an analogous explicit discrete method.

Theorem 3.4. Let E be a real uniformly smooth Banach space. Let C' be a conver
nonexpansive retract of E, and let T : C — C be a nonexpansive mapping with
Fix(T) # 0. Let {an}5%, and {Bn}32, be two real sequences in (0,1). Given an
arbitrary xog € C, let the sequence {x,} be generated iteratively by

{yn = Re[(1 - an)a), o)

Tnt1 = (1= Bn)xn + BuTyn, n>0.
Suppose the following conditions are satisfied:

(i) limy oo =0 and Y 02,y = 00;
(ii) 0 < liminf, o By < limsup,_,. On < 1.

Then the sequence {x,} generated by (9) converges strongly to a fized point of T.
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Proof. First, we prove that the sequence {z,} is bounded. Take u € Fix(T).
From (9), we have

[#ns1 —ull = [[(1 = Bp)(@n — w) + Bn(Tyn — u)
<A =Bu)llzn — ull + Bullyn — ull
< (1= Bn)lln = ull + Bul(L = an)llon — ull + anlul]
= (1 — anfn)llzn — ull + B llull
< max{||zn, — ull, [[ull}.

Hence {z,} is bounded and so is {Tx,}. Set z, = Ty,, n > 0. It follows that

|zn+1 = 2nll = 1 TYn+1 — Tynl|
< ”yn-i-l - ynH
<1 — apg1)Zpy1 — (1 — o) zn |

< Znt1 = Toll + angr|Tnsa || + anllzn|-

Hence limsup,, . (||zn+1 — 2nl|| = |Zn+1 — zn]|) < 0. This inequality, when combined
with Lemma 2.2, implies that lim,_, ||z, — 25| = 0.
Therefore lim,, oo [|Znt1 — Znl| = limp— o0 BnllZn — 2n]| = 0. Now we observe that

[#n = Tan|| < [|#n = Tnall + 2041 — Tan||
< lzn = zngall + @ = Bo)llzn — Tl + BallTyn — Tanl|
< lzn — zpgall + (1 = Ba)llzn — Taall + Bullyn — nll
< Hxn — Tpy1| + (1 - 571)”3% - Txn” + aonnH
That is, ||z, — Txy| < ﬁ%{Han — || + anllzn|l} — 0. Let the net {x:} be de-
fined by (1). By Theorem 3.3, we know that z; — 2™ as t — 17. We assert that
lim sup,, . (z*, J(z* — 2,,)) < 0. Indeed,
||$t - xn||2 =z — Tan + Txy, — xn||2
<Ny — Tanl|® + 2(Tan — a0, J (21 — Ty))
Amax{L, [lz; — Twn [} Tzn — 2n|[b(|T2n — 2al)
<|lw — Tap||® + M| Tz — 20|
<l(we —an) = (1= t)zl* + M| T2y — 0
<l = zal® = 200 = t){we, J (22 = @)
Fmax{l, [z — znll}(1 = )llze[6((1 = ) [lz]]) + M| Tzn — o0 |
<l = zall® = 200 = t){we, J (20 — @)
+(1 —t)Mb((1 —t)M) + M|| Tz — 24|,
where M = sup,co1)n>0i2lze — Tanl| + max{l,|lz; — Ta,[}b([|Tz, —
) max{1, [|lz; — @[ |2}

It follows that

(T4, J (2 — 25)) <

M M
o [Ty, — x|

b((1—t)M) + m



448 SIMEON REICH AND LITAL SHEMEN

and therefore limsup,_,;- limsup,, . (x¢, J(x¢ — z,,)) < 0. Next, we consider

limsup{z*, J(z* — z,)) < limsup(z, J(x; — x,,))

+limsup(z™ — x4, J (¢ — zp)) + limsup(z™®, J(z* — ) — J (21 — x4)).
Taking limsup,_,;- on both sides, and using the fact that the duality mapping is
uniformly continuous on bounded sets [6], we obtain lim sup,,_, ., (z*, J(z* —x,)) <0,
as asserted.
Finally, we show that x,, — x*. From (9), we have
i1 = @I < (L= Bu)lon = " + Bullgn — 2
< (1 =Bu)llzn — 37*”2 + Bn[(1 — an)lzy — x*”Q =20 (1 — an)(2™, J(zy — 27))
+max{l, (1 — an)llzn — 2" }om||z"(|b(anl2" )]
< (1= anfo)llen — 2*[° + anBa2(1 — an) (@™, I (z* — 2,)) + M'b(a, M")],

where M' := sup,,>o{max{1, (1 — an)[|z, — 2| }[|z*[}.
It is not difficult to check that all the assumptions of Lemma 2.3 are satisfied. There-
fore x,, — z*. This completes the proof of Theorem 3.4. O
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