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Abstract. In this paper we propose a novel double projection recurrent neural network model for
solving pseudomonotone variational inequalities based on a technique of updating the state variable
and fixed point theorem. This model is stable in the sense of Lyapunov and globally convergent
for problems that satisfy Lipschitz continuity and pseudomonotonicity conditions. The global ex-
ponential stability of the model under the assumptions of strong pseudomonotonicity and Lipschitz
continuity is proved. Numerical simulation to various types of variational inequalities is given to
show the applied significance of the results
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1. INTRODUCTION

The variational inequality problem is a general problem formulation that encom-
passes a plethora of mathematical problems, including among others, nonlinear equa-
tions, optimization problems, complementarity problems and fixed point problems
[1]. This problem has had a great impact and influence in the development of many
branches of pure and applied sciences. On the other hand, the fixed-point theory has
played a major role in the development of various numerical algorithms for solving
variational inequalities. Using the projection operator technique, one usually estab-
lishes an equivalence relation between the variational inequalities and the fixed-point
problem, see [1]. This alternative equivalent formulation was used for the first time
by Lions and Stampacchia [2] to study the existence of a solution of the variational
inequalities. A variety of numerical methods, that use the projection for solving vari-
ational inequalities, exist (see, for example, [3-18]). It is well known that in many
engineering applications such as signal processing, image processing, filter design, ro-
bot control, real time solutions are often desired, see [19-20]. Notice that, very often,
these problems may have high dimension and dense structure. Hence, usual numeri-
cal methods may not be efficient in such occasions because of stringent requirements
on computing time. According to this point, in past two decades, applications of
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recurrent neural networks have been widely investigated. Recently, Xia, Wang and
co-authors [21-26] introduced and developed a new type of projection recurrent neural
networks for solving monotone and pseudomonotone variational inequalities.

In this paper we will be concerned with development of a novel efficient algorithm
to approximate the solutions of pseudomonotone variational inequalities. By this
motivation, a technique of updating the state variable is used to suggest the double
projection neural network. This paper is organized as follows. Section 2, provides the
necessary mathematical background, which is used to express the novel neural network
model. The problem formulation and double projection neural network are presented
in Section 3. In Section 4, we discuss the convergence and stability of proposed
neural network for solving pseudomonotone variational inequalities. In Section 5,
we compare the proposed neural network with the existing neural networks that use
for solving pseudomonotone variational inequalities. In Section 6, several examples
are solved numerically to evaluate the effectiveness of this recurrent neural network
model. Section 7, concludes the paper.

2. PRELIMINARIES

This section provides the necessary mathematical background, which is used to
propose the desired neural network and to study its stability and convergence. In
what follows, we assume that € is a closed convex subset of R™, x is a vector in
R™ and for each fixed time ¢, z(¢f) € R™ is the state variable for the corresponding
dynamical system.

Lemma 2.1 ([28]) For each x € R™, there is a unique point'y € ) such that
Ix -yl < |x—zl|, VzeQ

The point y satisfying the above inequality is called the projection of x on Q0 and we
write:

y = Po(x) = argmin || x —z || .
zeQ

There are some well-known results for the projection operator, and we summarize
them in the following Lemma [28].
Lemma 2.2 For any u,v € R" and any z € §)

(’L) <(PQ(U) — U)T, z — PQ('LL)> Z O

(’LZ) <(PQ (u) - PQ (v))T, u — 1)> Z 0.

(iii) [|[Pa(u) = Pa(v)l| < [lu—v]|.

(iv) |lu==z]* > [|u= Pou)[* + ||z = Pa(u) |
Definition 2.1 ([27]) Consider the dynamical system

#(t) = H(z(t)), (to) = zo € B (1)

Z is called an equilibrium point, critical point or steady state of the dynamical system
if H(z) = 0.
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Definition 2.2 ([27]) Let N C R™ be an open neighborhood of Z . A continu-
ously differentiable function w : R™ — R is said to be a Lyapunov function at any
equilibrium point T over the set N if

{ wx) >0, wk)=0< z=7,
delet) = [Vw(a(t)]" H(x(t) <0, Va(t) € N.

Definition 2.3 ([29]) An equilibrium point Z is Lyapunov stable if for any z(tg) =
xo and € > 0 there exists a 6 > 0 such that if ||zg — Z|| < J then ||z(t) — Z|| < € for
t > to.

Lemma 2.3 ([27]) An equilibrium point T is Lyapunov stable if there exists a
Lyapunov function over some neighborhood of T.

Definition 2.4 ([26]) A function F': R™ — R" is called Lipschitz continuous with
constant L > 0 on the set € if for every pair of points x,y €
[F(x) = F) < Llx=yl-

Definition 2.5 ([26]) A function F : R™ — R™ is called pseudomonotone on the

set € if for every pair of distinct points x,y € Q

FE)(y-%)>0=Fy)"(y-x) >0,
F is called strictly pseudomonotone on the set €2 if for every pair of distinct points
X,y € Q

F)(y-%) >0= Fy)"(y-x) >0,
F is called strongly pseudomonotone on the set €2 if there exists a constant v > 0
such that for every pair of distinct points x,y € )

F)T(y-x)>0= F(y)"(y —x) >y —x|".

These different types of pseudomonotonicities are easily seen as listed in order from
weak to strong. Moreover the pseudomonotonicity is a generalization of monotonicity.
Clearly, monotonicity implies pseudomonotonicity, strict monotonicity implies strict
pseudo monotonicity, and strong monotonicity implies strong pseudomonotonicity,
but not vice versa ([30]- [15]).

Definition 2.6 ([15]) A function f: R™ — R is called pseudoconvex on the set €2
if for every pair of distinct points x,y € 2

VI (y—x) > 0= f(y) > f().

3. DOUBLE PROJECTION NEURAL NETWORK MODEL

In this paper, we are concerned with the following variational inequality problem:
Find x* € Q such that

VIF,Q): FEH'(x—x")>0, Vxec. (2)
Problem (2) is called a variational inequality problem.

Remark 3.1 For simplicity, from now on, we use x instead of x(t).
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Lemma 3.1 ([28]) x* € Q is a solution of problem (2) if and only if for any a > 0,
x* satisfies the relation

x* = Po(x* — aF (x*)) (3)
i.e. X* is a fized point of the function Po(I — aF) : Q — Q, where I(x) = x.

Lemma 3.1 implies that problems (2) and (3) have the same solution. In view of
this relation, we propose the following recurrent neural network model, called double
projection neural network for solving (2):

dx

E = —:ZT—I—PQ(I—F(PSl(x—F(x))))- (4)

In this model, a technique of updating state variable is used.

Remark 3.2 ([26]) In general computing the projection of a point onto a
conver set ) is itself a complexr optimization problem.  However, if Q is a
box set or sphere set, the calculation is straightforward. For example, if Q0 =
{xeR"l<x<u, Vi=1,...,n}, then

li, x; < ;
Po(xi) =9 %, Li<xi<w
Uiy, X3 > Uy

IfQ={xeR"|x—c|| <r, r>0} wherece R" and r € R are two scalars. Then

X, [x—cf <r

Pa(x) = { c+r=t lx=c¢| >r

flx—cll?

4. STABILITY AND CONVERGENCE ANALYSIS

In this section, we study some basic properties of the dynamical system (4) and
prove its global convergence, Lyapunov stability and exponentially stability.

Theorem 4.1 Assume that F(x) is a locally Lipschitz continuous function in R™.
Then:
(a) For every initial point x(ty) = xo € R™ there exists a unique solution x(t) for the
model (4).
(b) When xo ¢ Q, the solution z(t) will approach 2 exponentially
(c) When xo € Q, x(t) € Q fort > 1.
Proof. (a): Since is locally Lipschitz continuous, By Lemma 2.2 we can see that
Pqo(x — F(Po(x — F(x)))) — x is also locally Lipschitz continuous. According to
the local existence uniqueness theorem of ODEs [29], there exists a unique solution
x(t), t € [to, ) for the double projection neural network model (4) with every initial
point.
(b): When zg ¢ Q, without loss of generality, we may assume that for every ¢ >
to, x(t) ¢ Q. Let

®(z) = o — Pa()|”.
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Then, ®(z(t)) is a differentiable function with respect to ¢ [22]. Hence by Lemma 2.2,
we have

dP(w(t))/dt = (d(x(t))/dz)(dz/dt) = 2 (x(t) — Po(x(t))" (de/dt)

= 2(2(t) — Pa(x(t)))" (—a(t) + Po(x(t) — F(Pa(z(t) - F(x(1))))))

= (2(t) = Pa(a(t)))" (Pa(x(t) — F(Pa(z(t) — F(x(1))))) — Pa(x(1)))

=2 |l2(t) = Pa(z(t))|I” < 2 ||a(t) - Pa(e@®)|* = —2®(x(1)).
Thus

lz(t) = Po(z(t))[| < llz(to) — Pa(x(to))|| exp(to —1).

Hence, any solution of model (4) will approach exponentially to €2.
(c): We next show that when zg € Q, x(t) € Qfor every t € [to, 7). Otherwise, if there

exist t; > to such that z(t) € Q for ¢ € [to,t1] and x(t) ¢ Q, for t € (¢1,t2] , then
®(z(t1)) = 0 and @(z(t2)) > 0. By mean value theorem [15], we have

(I)(,T(tg)) — (I)(l'(t ) ( /d?f) 2 — tl > 0,

for some £ = Ay + (1 — A)t2, A € (0,1). Therefore, d®(z(£))/dt > 0. On the other
hand, from (b) we know that

4D (2 (1)) /dt = 2 (a(t) — Po(w(t)))" (de/dt) <0
This is a contradiction. Thus, z(t) € Q for every ¢ € [to, T).
Remark 4.1 Note that 7 is extended to infinity if F'(x) satisfies Lipschitz continuity
condition on R™.

Theorem 4.2 If F(x) is pseudomonotone on Q0 and Lipschitz continuous on R"
with constant 0 < L < 1, then the double projection neural network (4) is stable in
the sense of Lyapunov and is globally convergent to a solution of (2). In particular, if
VI(F,Q) has a unique solution, the proposed neural network is globally asymptotically
stable
ProofLet x* € Q be a solution of the problem (2). Since any trajectory z(t) will
exponentially approach Q, when zy ¢ 2, and will remain in  forever (see Theorem
4.1), it suffices to show the stability of the proposed neural network model (4) with
xo € Q .Then z(t) € Q for ¢t > ty. In the fourth inequality of Lemma 2.2, let
u=2x — F(Pqo(x — F(z))) and z = 2*, then we have

X 2 ")
l2* = Pao(x — F(Po(z — F(2)|I” < [l — F(Pa(z — F(2))) — 27|

2
—[lz = F(Pa(z — F(2))) — Pa(z — F(Po(z — F(x))))]|
= |lz —2*|* = |lo = Pa(e - F(Pa(z — F(x))))|
+2((z" = Pa(z = F(Pa(z = F(2)))))", F(Pa(z — F(x)))).
Since F'(z) is pseudomonotone, we have
(F(z*), Po(x — F(x)) —2*) > 0=
(F(Pa(z — F(2))) , Pa(z — F(z)) —2") 20,
and consequently
(F(Po(z — F(x))), 2" — Pa(x — F(Po(z — F(2))))) =
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(F(Pa(z — F(x))),2" — Pa(z — F(x))) +
(F(Pa(z — F(z))), Pa(z — F(z)) — Pa(z — F(Pa(z — F(2)))))

< (F(Pa(z — F(z))), Pa(z — F(x)) — Pa(z — F(Pa(z — F(x)))))
Hence

|z* — Po(z — F(Pa(z — F(2))))|?

< o —2*|* = ||z — Pa(z — F(Po(z — F())))|”
+2(F(Pa(z — F(2))), Pa(z — F(2)) — Pa(z — F(Pa(z — F(2)))))
= |z —a*|* = ||z — Pa(z — F(2))|?
— |Pa(z — F(x)) — Pa(z — F(Pa(z — F(x))))|”
—2(z — Po(z — F(2)), Pa(z — F(2)) — Pa(z — F(Pa(z — F(z)))))
+2(F(Po(x — F(2))), Pa(z — F(z)) — Pa(z — F(Pa(z — F(z)))))
= ||z —2*|* - |z — Pa(z — F(2))|?
— | Pa(z — F(z)) — Pa(z — F(Po(z — F(2))))|?
+2(Pq(z — F(Po(z — F(2)))) — Pa(z — F(z)))".

(x — F(Po(r — F(z))) — Pa(x — F(z)))

By applying Lemma 2.2 and the Cauchy-Schwartz inequality, we observe that
(Po(z — F(Po(z — F(z)))) — Pa(z — F(z)))".

(z — F(Pa(z — F(2))) — Pa(z — F(2)))
— Po(z — F(x)),x — F(x) — Po(x — F(x)))
(z — F(2)), F(z) = F(Pa(z — F(z))))
(z = F(2)), F(z) — F(Pa(z — F(x))))
(@ — F(x)|| [|F(z) = F(Pa(z — F(x)))| -

e
~
—
&

— F(Po(x — F(x
— F(Po(z —

= F(Pa(r — F(x))))
z = F(Po(z - F(z)))) -

IAIA +
ST D
%\@

/\

Thus
le* — Pa(e — F(Pa(x — F@))IP < | — 2*])* = | - Pale - F(2))|?
—||Pa(x = F(x)) — Pa(a — F(Pa(x — F(x))))|

+2L||Po(r — F(Pa(r — F(x)))) — Pa(z — F(x))[| |+ — Po(z — F(z))||

< o — 2" — o — Po(e — F(2))|”
—||Po(x — F(x)) = Pa(z — F(Po(x — F(x))))|”
+L? ||z - Pa(z — F(x))||”

+||Pa(z = F(Po(x — F(x)))) = Pa(z — F(x))||*.
Therefore,

|lz* = Po(z — F(Po(z — F(2))|* < |l — 2*|* - (1

— L?) ||z — Po(z — F(2))|
Since 0 < L <1, it follows that

2" — Po(z — F(Pa(z — F(2))))|| < [l — 27|
Consider the function

V(z(t) = 5 ll=(t) — |, Va(t) € Q.



DOUBLE PROJECTION NEURAL NETWORK 407

Then
G = (a(t) = 2)T9% = (x(t) — 2*)T (Pa(x(t) — F(Pa(x(t) — F(z(t))))) — (1))
= (a(t) — 27 (Pa(a(t) — F(Pa(a(t) — F(x(t))))) —a*) — ||o(t) — a*|
< () — 2*|| | Pa(z(t) — F(Palz(t) — F(x(t)))) — 27| — |2(t) — %[> <0

Hence, the double projection neural network is stable in the sense of Lyapunov. Con-
sider a sequence {x(t,)}22; C 2 such that lim z(¢,) — oo . According to the defi-
n—oo

nition of V(x(t)), we have lim V(x(t,)) — oo. Therefore, any level set of V(z(t)) is

bounded. Thus, for any initial point (tp) €  , there exist a convergent subsequence
{z(tr)} such that

lim z(ty) = .

k—o0

Define the following function

V(z) = |z — Pa(z — F(x))|”.
v (z(t)) / dt = (dV(x(t)) / d:c) (de/dt)

=2(a(t) - Pa(e(t) — F(z(1)))" (da/dt)
= 2(a(t) - Pala(t) — F(z(t)))" .
(=z(t) + Po(z(t) — F(Pa(z(t) - F(2(1))))))
< =2z = Po(a(t) — F(z(1)))|
"

< =2||z — Pa(x(t))|* = -2V ((1))
Thus
[2(t) = Pa(z(t) — F(z(®)I < [[z(to) — Pa((to) — F(2(t0)))]| exp(to — 1)
For, convergent subsequence {z(tx)}, we have
le(te) = Pa(z(ty) — F(x(tk)))|| < [lz(to) — Pa(a(to) — F(x(to))) | exp(to — ti)-
Therefore, when k — 0o we obtain
& — Po(2 — F(2))] = 0.

Hence, Z is a solution of VI(F, ).
Finally, define a new Lyapunov function

_ 1 .

V(z(t)) = 5 [J=(t) - 2%, Va(t) € Q.
It is easy to see that V(x(t)) decreases along the trajectory of VI(F, Q) and satisfies
V(%) = 0 . Therefore for any € > 0, there exists ¢ > 0 such that, for all ¢ > ¢,

V() = 5 lo(t) - 1 < V(alty) < e
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Thus, tlim x(t) = &. It follows that the double projection neural network (4) is

globally convergent to a solution of VI(F, Q). In particular, if VI(F,2) has a unique
solution, the proposed neural network is globally asymptotically stable.

Theorem 4.3 Let F(x) be strongly pseudomonotone on Q with constant v > 0 and

Lipschitz continuous in R™ with constant L > 0, if v > 2L the double projection neural
network (4) is globally exponentially stable and consequently, globally convergent to a
solution of (2)
Proof. Let z* € € be a solution of (2). Similar to the argument stated in the
beginning of the proof of Theorem 4.2, it suffices to show the exponential stability of
the proposed neural network model (4) with g € Q.Then, z(t) € Q for ¢t > to. By
the definition of VI(F, ), we have

(F(z") , Pa(r — F(Pa(z — F(2)))) —2") 20

Since F(x) is strongly pseudomonotone on €2, we obtain
(F(Pa(z — F(Pa(z — F(2))))) , Palz — F(Pa(z — F(x)))) —2%) =

7l|Pa(x = F(Pa(a — F(2)))) —27||*. (5)

In the first inequality of the Lemma 2.2, let v = x — F(Po(z — F(z))) and z = z*,
then we have
(Pa(z — F(Pa(e — F(x)))) — # + F(Pa(z — F())))""

(z" = Po(z — F(Po(z — F(x))))) 2 0
Adding this inequality with (5) implies
(Po(z — F(Po(z — F(2)))) — x + F(Po(z — F(x))) = F(Po(z — F(Po(z — F(x))))"
(z" = Pa(ax = F(Pa(z — F(2))))) > 7||Pa(z = F(Pa(z — F(x)))) — 2|
Therefore,
(¢ — @+ F(Po(x — F(x)))=F(Pa(x — F(Po(z — F(2)))))".
(¢" — Pa(z — F(Pa( — F(x))))) > (1+1) | Pa(z — F(Pa(z — F()))) — 2"

By Cauchy-Schwarz inequality, Lipschitz continuity of the operator and the third
inequality in Lemma 2.1, we have

(IF(Pa(z — F(x)))—F(«")+F(z") = F(Pa(z — F(Po(x — F(x)))))l])
+(la" = z[]). [x* = Pa(z — F(Pa(z — F(2))))||
> (149) [Pa(z — F(Po(z — F(x)))) —*|%,
which implies
(2" = =l + [| F(Pa(z — F(z)))—F(«")|
+ | F(z")=F(Po(r — F(Pa(z — F(x))). X" = Pa(z — F(Pa(x — F(x))))]|
> (149) |Pa(e = F(Po(z — F(2)))) — 2|
and thus
(lz* =zl + L |Po(z — F(z))—2"| + L [|+* - Pa(z — F(Pa(z — F(z))))])
Ix* = Pa(z — F(Po(x = F(2)))| = (14 7) |[Pa(z — F(Pa(z — F(x)))) — 2|
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Now, if we substitute Po(z — F(x)) in (2) and if we let v = ¢ — F(x) and z = z*, in
the first inequality of the Lemma 2.2, by the same process, we obtain,

14+ L
IPafa — Fa)~"| < o= " ~all.
Therefore,
L(1+L
(1o =l + 22 o7 o+ L= Pate = FlPate - F@))).

[x* = Po(z — F(Pa(z — F(x)))|| 2 (147) [ Pa(z = F(Po(x — F(x)))) — 2°||*
So,

((1+7+L2

D) o — ol + Ll Pale — F(Pate - F@))).

" = Pa(z — F(Pa(z — F@)) = (1+ ) |Pa(z — F(Po(z — F(x)))) - 2|
By noting that (1 4+~ — L) > 0, we have

1 L?
(ﬁ) 2% — 2| > [|[a*—Pa(x — F(Pao(z — F(x))))]l-

Consider the function
1 .
V(z(t) = 5 ll2(t) — 2 I, Va(t) € Q.
Then

% = (x(t) - x*)Tcé—f = (a(t) — )" (Pa(a(t) — F(Pa(z(t) — F(2(t)))) — (1))

— (2(t) — 2*)" (Pa(a(t) — F(Pa(a(t) - F((t))))) —a*) — ||e(t) — ="
< Jla(t) - 2| | Pa(a(t) — F(Pa(a(t) - F(@(t)))) — 2] - [l2(t) - 2]

L+y+ L2 2 2 2
S (————) ll=@) = 2"|” = [|l=(t) — 2"|” < =B ||=(t) — ™",
(1+y-1L)
where 3 = (U= L (L) Hence,

(1+~-L1)*
z(t) —a*|| < |lwo —x*|| e P vt > ¢,

The double projection neural network is globally exponentially stable.
Result 1. For Nonlinear Programming With General Constraints
Consider the following optimization problem:

Min f(x) subject to g(x) <0, h(x)=0 (6)

where f(z) is continuously differentiable and pseudoconvex and ¢ : R® — R™ and
h : R — R" be continuously differentiable vector-valued functions. From now on
we make the assumptions: g and h are convex and linear functions respectively. The
following well-known result reveals the relationship between optimization problems
and variational inequalities.
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Lemma 4.1 ([28]) Let S be a closed convex subset of R™ and f : R" — R be
differentiable and pseudoconvex on S. Then x* € S satisfies relation V f(x*)T (x —
x*) >0, Vx €S ifand only if 2* is a minimum of f(x) in S.

According to Lemma 4.1, the optimization problem (6) transfers to the following
variational inequality.

<Vf(X*) ) X — X*> > Oa Vx € Qa

where Q = {x € R"|g(x) < 0, h(x) = 0}. thus this problem can be solve by proposed
double projection neural network with F((x) = Vf(x) .

Result 2. Nonlinear Complementarity Problems (NCP)
Consider the following nonlinear complementarity problem :
find a vector z € R™ such that

xTU(x) =0, U(x)>0, x>0. (7)
where U(z) is a differentiable vector valued function from R™ into R™.
Lemma 4.2 ([26]) z* is a solution for NCP if and only if x* be a solution of
VI(U,RY).
By Lemma 4.2, nonlinear complementarity problem (7) can be solved by proposed
double projection neural network (4) with F(x) = U(x) and Q = R’}.

5. COMPARISON

In this section we will compare the proposed model (4) and the projection neural

network model y

d—f = A2+ Pz — aF(2))}. (8)
That first introduced by Wang and his co-authors [21-27]. The model (8) is developed
by Wang and Hu to solve pseudomonotone variational inequality problems [26]. For
simplicity, we summarize the stability and convergence conditions of two model neural
networks (4) and (8) in the table 1.

When VF(x) is asymmetric, the double projection neural network (4) needs only
pseudomonotonicity of F(z) whiles projection neural network (8) needs strongly pseu-
domonotonicity of F(z). Hence, in this case, model (4) is more suitable in applica-
tion. When VF'(x) is symmetric, the projection neural network (8) is more applicable
since, model (8) needs locally Lipschitz continuous condition rather than Lipschitz
continuous condition in model (4)( See table 1). However double projection has more
computational cost.

6. NUMERICAL EXAMPLES

In order to demonstrate the effectiveness and performance of the double projection
neural network model (4) in solving pseudomonotone variational inequalities we give
several illustrative examples. All the simulations conducted in Matlab 7.1. The 4th
order of Runge-Kutta technique is used.

Example 1. Consider the following linear variational inequality problem
F(z)=Mx+q
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TABLE 1. Comparison between two models (4) and (8) for stability
and convergence conditions.

Neural
Network Projection neural network double Projection neural network
Model
Symmetric Asymmetric Symmetric Asymmetric
of VF of VF of VF of VF
Stability Strongly
and Pseudo- Pseudo- Pseudo- Pseudo-
Convergence | monotonicity monotonicity monotonicity monotonicity
Condition with constant ~y
Locally Lipschitz Lipschitz Lipschitz
Lipschitz continuous continuous continuous
continuous on 2 with with constant with constant
constant L 0<L<1 0<L<1
and v > 2L
where
0.1 01 -0.5 -1
M=1|o01 01 05 |, g=1| 1
05 —05 0 —0.5

and Q = {x € R?} — 10 < x; < 10}. Obviously F(z) is Lipschitz continuous with
constant L = 0.5 and VF(x) is asymmetric.F'(x) is monotone and consequently pseu-
domonotone in R™. It is not strongly pseudomonotone. We solve this problem with
neural network models (4) and (8). All simulation results show that the double pro-
jection neural network (4) is stable and globally convergence to the solution of this
problem, whiles model (8) is not. In Figure 1. and Figure 2. we display the output
trajectories for model (8) with A = o = 1 and model (4)respectively, using the initial
point zg = (0.5, —0.48, —2.5)T. Figure 3. and Figure 4. transient behavior of neural
network models (8) and (4) respectively, with initial point 2o = (—10,10,—10)7 for
A=a=1.

Example 2. Let us consider the nonlinear variational inequality, VI(F,Q), with

Flz) = ( (@3 + (22 — 1)®)(1 + 22) )

—3 — w1 (g — 1)?

and Q = {z € R?| - 10 < x; < 10,i = 1,2}. This problem has unique solution
x* = (0,1)T. Tt is easy to see that F(z) is not a monotone map on Q. However it
is not easy to verify that it is pseudomonotone on 2. In general, it is very difficult
task to check the pseudomonotonicity of a mapping in practice. In such occasions,
researchers use the Monte Carlo approach [26]. By this approach we are confident
that F(x) is pseudomonotone on 2 (one million point is tested). Clearly VF(z)is
asymmetric. We solve this problem with neural network models (4) and (8). All
simulation results show that the double projection neural network (4) is stable and
globally convergence to the solution of this problem, whiles model (8) is not. For
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X0

FIGURE 1. Transient behavior of the neural network models (8) for
the Example 1 with g = (0.5, —0.48, —2.5)

0.5 Ne—— <
ol i
L x2
-0.5
=
1k i
-1.5F R
oL x3
-2.5 L
o 2 a 6 8 10 12 14 16 18 20

time

FIGURE 2. Transient behavior of the neural network models (4) for
the Example 1 with 2o = (0.5, —0.48, —2.5)

instance Figure 5. and Figure 6. display the output trajectories of (a) model (8) with
and (b) model (4) using initial point x¢ = (—1,2)7.

Example 3. ([26]) Consider the following two-dimensional VI where

. 0.55[,'11,'2 — 25[:2 — 107
Flw) = ( —4ay + 0.123 — 107

and Q = {z € R?|(z1 —2)? + (z2 —2)? < 1}. It is easy to see that F(z) is not a
monotone map on . F(z) is strongly pseudomonotone on Q with constant v = 11,
and it is Lipschitz continuous with constant L = 5 [26]. Thus, the condition in theorem
4.3 is satisfied. Then we use the neural network model (4) to solve aforementioned
example. Also, we solve this problem with model (8) for comparison. Figure 7. and
Figure 8. show the trajectories of model (4) and model (8)respectively, with the initial
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FIGURE 3. Transient behavior of the neural network models (8) for
the Example 1 with z¢ = (—10,10, —10)

10

x1

X3

time

FIGURE 4. Transient behavior of the neural network models (4) for
the Example 1 with z¢ = (—10,10, —10)

point xo = (0,4)7 Figure 9. shows the trajectories of the model (4) with six different
initial points p; = (0,0)7,p2 = (4,007, p3 = (4,4)T,ps = (0,4)7,ps = (1,2)T and
ps = (2,1)T among which the last two points are located in  and the others are
not. In this problem both models give the same attitude in converging to the correct
solution.

Example 4. ([26]) We now use the double projection neural network to solve a
pseudoconvex optimization problem. Consider the following fractional programming

. 2TQx + aTx + apx
min f(z) = T

subjectto x € X = {z € R"|b"z + by > 0}

3
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o

A

State
s

x1
x2

FIGURE 5. Transient behavior of the neural network model (8) for
the Example 2, using the initial point x¢g = (—=1,2)T with A\ =a =1

State

x1

x2

Time

FIGURE 6. Transient behavior of the neural network model (4) for
the Example 2, using the initial point x¢g = (—1,2)7 with A\=a =1

where
5 -1 2 0 1 2
-1 5 -1 3 -2 1
Q_ ) -1 3 0 , 4 = _9 ab_ 1 ,(10——2,b0—4.
0 3 0 5 1 0

It is easy to verify that @ is symmetric and positive definite in R* and consequently
f is pseudoconvex on X = {x € R"|bT2 + by > 0}. We minimize f over Q = {z €
R*—-10<z; <10,i=1,...,4} C X by using neural network model (4) with F(z) =
Vf(x). This problem has a unique solution z* = (1,1,1,1)7 € Q. All simulations
show that double projection neural network model (4) is globally convergent to the
unique optimum solution. For instance, Figure 10. shows the trajectories of model (4)

with five random initial points.
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3.5 x2 B

25 h

State
N
T
I

1.5 x1 h

0.5 h

FIGURE 7. Transient behavior of the neural network model (4) for
the Example 3, using the initial point z¢g = (0,4)”7 with A\=a =1

3.5 *

25 *

State
N
T
I

151 -

0.5 *

FIGURE 8. Transient behavior of the neural network model (8) for
the Example 3, using the initial point 2o = (0,4)” with A\ =a =1

Example 5. ([30]) Let us consider the following nonlinear complementarity prob-
lem with
xr1 + $2$L'3£L‘4$5/50
To + $1$3$4$5/50 -3
U(z) = x3 + x1x2w425/50 — 1
x4 + x129w325/50 + 0.5
x5 + T129w324 /50

This problem has a unique solution z* = (0,3,1,0,0)”. All simulations show that
double projection neural network model (4) is globally convergent to the unique opti-
mum solution. For instance, Figure 11. shows the trajectories of model (4) with the
initial pointzg = (1,—1,2,—-2,5).
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p3(4.4)
p4(0.4)
351 B
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FIGURE 9. Transient behavior of the double projection neural net-
work model (4) with six different initial points in Example 3
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NS
)
)
<
®
©
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F1GURE 10. Transient behavior of the double projection neural net-
work model (4) with five random initial points in Example 4.

7. CONCLUSIONS

In this paper, a novel double projection recurrent neural network model for solving
pseudomonotone variational inequalities and related problems is proposed. In the
case of pseudomonotoncity condition, we proved that the proposed neural network is
globally convergent, stable in the sense of Lyapunov and in the case of strongly pseu-
domonotonicity condition and other conditions; we proved that the double projection
neural network is globally exponentially stable. Moreover, the simulation results have
demonstrated the global convergence behavior and characteristics of the proposed
neural network for solving different types of variational inequality problems.
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FIGURE 11. Transient behavior of the double projection neural net-
work model (4) with the initial point o = (1,—1,2,—2,5) in Exam-
ple 5.

REFERENCES

A. Nagurney, Network Economics: A Variational Inequality Approach, Kluwer Acad. Publ.,
Boston, 1999.

J.L. Lions, G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math., 20(1967), 493-
512.

C. Baiocchi and A. Capelo, Variational and Quasi- Variational Inequalities, J. Wiley and Sons,
New York, 1984.

D.P. Bertsekas and J. Tsitsiklis, Parallel and Distributed Computation: Numerical Methods,
Prentice Hall, Englewood Cliffs, 1989.

R.W. Cottle, F. Giannessi, J.L. Lions, Variational Inequalities and Complementarity Problems:
Theory and Applications, J. Wiley and Sons, New York, 1980.

D. Gabay, Applications of the method of multipliers to variational inequalities, in: Augmented
Lagrangian Methods: Applications to the Solution of Boundary Value Problems, (M. Fortin
and R. Glowinski-Eds.), North Holland, Amsterdam, 1983, 299-331.

F. Giannessi and A. Maugeri, Variational Inequalities and Network Equilibrium Problems,
Plenum Press, New York, 1995.

R. Glowinski, J.L. Lions, R. Tremolieres, Numerical Analysis of Variational Inequalities, North
Holland, Amsterdam, 1981.

B. He, A class of projection and contraction methods for monotone wvariational inequalities,
Appl. Math. Optim., 35(1997), 69-76.

M.A. Noor, A modified projection method for monotone variational inequalities, Appl. Math.
Lett., 12(1999), no. 5, 83-87.

M.A. Noor, Some recent advances in variational inequalities, Part I: Basic concepts, New
Zealand J. Math., 26(1997), 53-80.

M.A. Noor,Some recent advances in variational inequalities, Part II: Other concepts, New
Zealand J. Math., 26(1997), 229-255.

M.A. Noor, A modified extragradient method for general monotone variational inequalities,
Computer Math. Appl., 38(1999), no. 3, 19-24.

M.A. Noor, Some algorithms for general monotone mized variational inequalities, Math. Com-
put. Modelling, 19(1999), no. 7, 1-9.

M. Sibony, Methodes iteratives pour les equations et inequations aux derivees partielles nonlin-
easres de type monotone, Calcolo, 7(1970), 65-183.



418

[16]
(17)
(18]
[19]
[20]
(21]

(22]

(23]

[24]
25]

[26]

27)
(28]

[29]
(30]

(31]

A. MALEK, S. EZAZIPOUR, N. HOSSEINIPOUR-MAHANI

M.V. Solodov and P. Tseng, Modified projection-type methods for monotone variational inequal-
ities, STAM J. Control Optim., 34(1996), 1814-1830.

G. Stampacchia, Formes bilineaires coercivities sur les ensembles converes, C.R. Acad. Sci.
Paris, 258(1964), 4413-4416.

P. Tseng, A modified forward-backward splitting method for mazimal monotone mappings, STAM
J. Control Optim., 38(2000), 431-446.

T. Yoshikawa, Foundations of Robotics: Analysis and Control, MIT Press, Cambridge, 1990.
B. Kosko,Neural Networks for Signal Processing Englewood Cliffs, Prentice-Hall, 1992.

Y. Xia and J. Wang, A recurrent neural network for solving linear projection equations, Neural
Netw., 13(2000), no. 3, 337-350.

Y. Xia and J. Wang, On the stability of globally projected dynamical systems, J. Optim. Theory
Appl., 106(2000), no. 1, 129-150.

X. Liang and J. Si, Global exponential stability of neural networks with globally Lipschitz contin-
uous activations and its application tolinear variational inequality problem, IEEE Trans. Neural
Netw., 12(2001), no.2, 349-359.

Y. Xia, H. Leung, J. Wang, A projection neural network and its application to constrained
optimization problem, IEEE Trans. Circuits Syst. I, Reg. Papers, 49(2002), no. 4, 447-458.

Y. Xia, Further results on global convergence and stability of globally projected dynamical sys-
tems, J. Optim. Theory Appl., 122(2004), no. 3, 627-649.

X.Hu and J. Wang, Solving pseudomonotone wvariational inequalities and pseudo-convex opti-
mization problems using the projection neural network, IEEE Trans. Neural Netw., 17(2006),
no. 6, 1487-1499.

M. Yashtini, A. Malek, Solving complementarity and variational inequalities problems using
neural networks, Appl. Math. Comput., 190(2007), 216-230.

D. Kinderlehrer and G. Stampcchia, An Introduction to Variational Inequalities and Their
Applications, Academic Press New York, 1980.

R.K. Miller, A.N. Michel, Ordinary Differential Equations, Academic Press New York, 1982.
Y. Xia, H. Leung, J. Wang, Projection neural network and its application to constrained opti-
mization problems, IEEE Trans. Circuits Syst. I, Reg. Papers, 49(2002), no. 4, 447-458.

M.S. Bazaraa, C.M. Shetty, Nonlinear Programming Theory and Algorithms, John Wiley and
Sons, New York, 1990.

Received: August 1, 2009; Accepted: November 5, 2009.



