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Abstract. Let F : R” x R — R* be a vector-valued polynomial function:
F(Evy):(FlyFQa"':Fk)(fvy)a EERn7 yER

Each component F; of F is a real-valued polynomial function, the degree of y of F; is deg, F; = sy,
and is represented by:

S;
Fi(fay)zzfi,j(i)ij i:1’27'-'7k’
j=0

where f; ;(T) € R[Z].
In this paper, for each F;, we give an irreducible polynomial p;ni (Z) of m;-power and consider a
real-valued quasi-fixed point problem as the form:

Fi(T,y) = aip;] (T), i=1,2,--- k.

We aim to find a polynomial function y = y(Z), T € R" to satisfy the following vector-valued
polynomial equation:

(%) F@ y@) = (a1p]" (7), 0293 (@), anpy * (7)),

where (a1,az,...,a;) € RF is a constant vector depending on the solution y(Z). We will investigate
the solution sets of (%) and containing either (i) of finitely many or (i%) of infinitely many quasi-fixed
(point) solutions. In case of (i), the number of solutions do not exceed

i+ 2L,
(e {si + 2}

While the case (i%), all solutions are represented as the form
{~For1(@)/50fs, (@) + ' (@) : for all A € B}

where t < m;/s; for any i, 1 <i < k.
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1. INTRODUCTION

This paper is a continuous work of Lai and Chen [3] from real-valued polynomial
function extends to vector one. Part of the results are anounced in Chen and Lai
[4]. The concept and sprit are based on Lenstra [1] and Tung [2]. In [1], Lenstra
considered a real-valued polynomial function F(z,y) : F : R x R — R to intend
to find a polynomial function y = y(x) so that it turn to reduce to a fixed point for
F(z,y) as the form:

F(z,y(z)) = . (1.1)

Recently, Tung [2] extended this fixed point concept to search a polynomial function
y = y(z) such that

F(z,y) = cx™ for given m € N, (1.2)

where N is the set of all natural numbers, and c¢ is a constant depending on the solution

y = y(x). Based on the concept of (1.1) and (1.2), Lai and Chen [3] investigated the

real-valued polynomial function y = y(Z) with an irreducible polynomial p(Z) to
satisfy the equation:

F(z,y) = cp™(7) (1.3)
where z € Rin (1.1) is replaced by T € R™ and 2™ in (1.2) is replaced by a polynomial

p™(Z). In the present paper, we consider a quasi-fixed point problem for the vector-
valued polynomial function (c.f. Lai and Chen [3]) as the form:

F(fay):(FlyFZa”'7Fk)(f7y) and
7=0

where the degree of y in F; is denoted by
deg, F; =5, 2>1, 1<i<k
Thus we consider the vector-valued quasi-fixed point problem as the form:
F@,y) = (ap{" (T), a2p3™ (), .. ., axpy " (T)), (1.4)

where p;(Z), 1 <i < k are given irreducible polynomials.

The main purpose of this paper is to establish some conditions so that the equation
(1.4) is solvable. Moreover, as the equation (1.4) is solvable, we will establish the
solution set S of (1.4). It may be either (i) finitely many solutions in which the
number of solutions is bounded, and is actually not exceed the number depending on
the degrees of y in each component Fj:

(= lrgzagxk{si + 2},

or (ii) if the number of all solutions is infinitely many, then the solutions must be of
the types as the form:

{~fsim1(@)/s:f5,(T) + A" (T) : A € R},
where t < m;/s; for any i, 1 <1i < k.
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2. PRELIMINARY AND SOME LEMMAS

For convenience, let S be the solution set of equation (1.4), and S; the solution
set of i-th component:
Fy(@,y(7)) = aipi™ (T),
where the irreducible polynomials p;(Z) and m; are given, 1 <14 < k.

Let S = {y(T) : y(T) satisfies equation (1.4)} and S; = {y(T) : Fi(T,y(@T)) =
a;p™ (Z)}. Then it is clear that S =, ., <. Si-

In this paper, the cardinal number | TS'T may be either infinitely many or finitely
many, or not solvable. If | S | is infinite, then all solutions in S are represented by a
fixed form. If | S | is finite, we would find the upper bound of cardinal number | S |.
For convenience, we explain some interesting properties of quasi-fixed point solutions
as the following lemmas. At first we describe the relationship of any two quasi-fixed
solutions corresponding to distinct quasi-fixed vectors.

Lemma 2.1. The expression of the difference for two quasi-fized solutions corre-
sponding to different quasi-fized vectors is a power of p;(T) up to a constant for some
ie{1,2,...,k}.

Proof. Let y1(T) and y2(Z) be two quasi-fixed solutions of F(Z,y) with two distinct
quasi-fixed vectors (a1, as, ...,ax) and (by,bs, ..., b;) in R, respectively. Thus, there
exist a; # b; for some i, 1 < i < k. Without lose of generality, we may assume a1 # by,
and consider the first component as

Fi(T,y1(T) = a1p)” ()
F1 (f, Y2 (f)) = blp;nl (f)

Subtracting the above two equations, it yields

Fy(Z,51(7)) — F1(7,52(7)) = (a1 — b1)py™ (T). (2.1)
The left hand side of the above equality
= 15 @ @) = v @)+ frs 1@ (@) — 95T @]+ f1a@) (@) - y2(2)]
= [11(z) — y2(D)][ 1, S1(T)GSI(y1( ), y2(T)] + -+ [p1(F) — y2()][f1.1(T)]
= [y1(@) — y2(@)][f1,5: (T)Gs; (V1(T), y2(T)) + fr.5-1(T)Gs, -1 (y1(F), y2(T)) + -+ - + f1,1(T)]
= 11 (7) — v2(D)QE, 11 (), y2(7)), (22)

where G (y1(%), 2(F)) = 4] (@) + 4yl (@)p2(@) + -+ (@) for j=1,2,...,5

and %e(f’(yl)(@’ ¥2(T)) = f1.6,(@)Gs, (11(T), 42(T)) + f1,6,-1(T) G5, -1 (11(T), 12(T)) +
+ fa(@).

By (2;)1 and (2.2), we see that y;(T) — y2(T) is divisible the term (a; — by)p™ ().

Since a; # b1, we get

y1(T) — y2(T) = cp!(T) for some c € R and t < my in N.

Note that pi"* (%) can be p;* (%), and each p;(T), i = 2,...,k, can be replaced by
p1(T). So each component in equation (1.4) reduced to irreducible polynomial p;(T)
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are of the same type up to a constant vector. [J Let a real-valued polynomial function
S
i=0

be regarded as a component in the vector-valued quasi-fixed problem. If there exists
a polynomial function y(%) € R[Z] with a constant a € R such that

G(7,y(T)) = ap™ (@), (2.3)
then y(T) is a quasi-fixed solution corresponding to a quasi-fixed value a. By Lai and
Chen [3 Theorem 3.2], we have

Theorem 2.2. The following three conditions are equivalent:

(i) The equality (2.3) has at least s + 3 quasi-fixed solutions,
(i) the polynomial function G(T,y) is expressed by the series

G(@y) = ci(y—v(@) @)™, for some y(z) € Rla], t €N
i=0
andc; € R, 1 =0,1,--- s.
(iii) the polynomial function G(Z,y) in (2.3) has infinitely many quasi-fized solu-
tions.
Remark. It is remarkable that from Theorem 2.2 (ii), any quasi-fixed solution h(T)
in equation (2.3) is represented by:

h(z) = y(z) + dp'(Z), for some d € R and t € N.

3. CHARACTERIZATION FOR VECTOR POLYNOMIAL FUNCTION
Let a vector-valued polynomial function be
F(fa y) = (Fl(fa y),FQ(Ea y)v e ;Fk(Tv y))
with Fz(f, y) = Z;;O fiJ'(T)yj, degy Fz = 8; > 1 for i = 1, 2, ey k.

Lemma 3.1. If some component F;(T,y) of F(T,y) is represented as the form:

i

Fi(z,y) = Z Cij (y - yz(f)>

J=0

’ (pi()yme it

for a real-valued polynomial functions y;(T) with a irreducible polynomial p;(T) and
mi, t; € N for some i = 1,2,....k, then a quasi-fivred solution y(T) of problem (1.4)
is represented by

y(@) = yi(T) + di(pi(T))" for some d; € R.

Proof. Let y(T) be a quasi-fixed solution of F(Z,y) in (1.4). Then y(T) is a quasi-
fixed solution of F;(Z,y), for each i = 1,2,--- ,k. By assumption, there exists an
integer i € {1,2,...,k} such that

> J o
Fi(Zy) =Y ci (y - yi(f)) (pi ()™ 7",

=0
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It follows from the Remark in last section, we get y(T) = v;(T) + d;(p;(Z))" for some
d; e R. O

Note that form of F;(Z,y) in Lemma 3.1 is not seldom. For example, it will be
happened in Theorem 2.2.

By definition of the solution sets S and S;, we have S = (), ., S; provided the
cardinal number | S [> Vo, thus S = S; for any i = 1,2,...,k. If all quasi-fixed
solutions have infinitely many, we will show this result as follows.

Theorem 3.2. Suppose that the cardinal number | S |> Ro, then S = S; for any
1=1,2,...,k.

Proof. We claim that S; C S, for any i # j € {1,2,...,k}.

Since S = ();<;<; Si and the cardinal number | S | is infinite, then the cardinal
number | S; | is also infinite for any ¢ = 1,2,...,k. By Theorem 2.2, we know that
the polynomial function F(Z,y) can be expanded to the power series of the form:

Fi@) = Y (v = (@) )™

Jj=0

for some y;(Z) € R[z] and ¢;; € R, j =0,1,--- ,s;.
Let y(Z) and h(Z) be two distinct solutions in S. Then by Lemma 3.1, y(Z) and h(T)
can be represented by

y(@) = yi(@) + dyp;’ (T) and  A(T) = yi(T) + dj,p;’ (T)
for some d;, di €R,i=1,2,--- k. Hence
y(T) — h(T) = (dy — d},)p} (T)
= ﬁlpfl () where ; = d; —di eR.

Since pli (F) for i = 1,2, ...,k have no common factor, it follows that
Bipy' (T) = Bopy (T) = -+ = By (T).
Since p;(T) is irreducible for each ¢ = 1,2, ...k, the above identities reduce
p1(T) =p2(T) = = pp(T) = p(T), say and 1 =ty =-- =ty =1, say. (3.1)

Ifi#j5€{1,2,...,k} and y(T) € S implies that y(Z) € S;()S;, by Lemma 3.1,
y(@) = yi(@) + dipl (@) and y(T) =y;(T) + dp; ()

for some df,, dJ € R. Hence

(
= (dp; (@) — dyp (@)
(

=dijp"(T) where d;; = dJ, — di,. (3.2)
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If any i # j in {1,2,...,k}, and any h;(Z) € S;, by Theorem 2.2, we get

hi(T) = yi(T) + dyp;' (T)
by 3.1) =wu((®)+ d;pt(f)
by (3.2) = (y;(@) + diyp' (@) + dyp' (@)
by (3.1) =uy; (@) + (dij + d;)p’ (%) € S; (by Remark).

This proves S; C 5. It is the same for S; C 5;, thus S; = S; = S. Hence the proof
is completed. I
This theorem shows that if the quasi-fixed solutions have infinitely many, then
S =.S;fori=1,2,...,k and by the result of Theorem 2.2, we have
J it
Fi(@y) =Y e (y— (@) (@)™t
j=0
It follows that p;(Z) and t; are independent to the index “ ¢ ” and F;(T,y) can be
written as the form :
i j L
Fi(@y) =Y (v — @) (@)™
§j=0
But a question rises that if | S |> maxi<;<k{s; + 3}, we will show that F;(%,y) has
the expression:

Fy(z,y) = Z Cij (y - y(f))j(p(f))’”/"’jt'
j=0

“

Here y(Z), p(Z) and t are independent to the index “ i ”. Precisely, we state it as the

following theorem.

Theorem 3.3. Suppose that the number of all quasi-fized solutions in F(T,y) is at
least maxi<;<p{s; + 3}, then for any i =1,2,... k, we have

> j ,
Fi(z,y) = Zcij (y - y(f)) (p(x))™ 7" for some c;j €R, 0 < j < s

Jj=0

in the above expression, the polynomial functions y(T), p(T) € R[Z] and t € N are
independent of “1 7.

Proof. If F(z,y) has maxj <;<x{s;+3} quasi-fixed solutions, then each F;(Z, y) has
maxi<;<k{s; + 3} quasi-fixed solutions, i = 1,2,..., k. By the equivalent relation in
Theorem 2.2, F;(Z,y) has infinitely many quasi-fixed solutions for any i = 1,2, ..., k,
and by (3.1), we have

p1(ZT) =p2(T) = =pp(T) =p(T) and t; =ty =-- =1t =1

Moreover from Theorem 2.2, we have

Fi(@y) =S ey — (@) p™ (@),
§=0
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for some y;(7) € R[7], ¢;j € R, j=0,1,...,s; and t € N.
By Lemma 3.1, any quasi-fixed solution y(Z) of F(Z,y) can be represented by

y(Z) = vi(T) + dip'(z) for some d; € R
whence y(Z) = v;(T) + d;p'(ZT) = y1(T) + d1p*(T). Tt follows that

yi(z) = y1(z) + (dy — di)p' (T)
= y1(z) + pip'(T)  where p; = dy — d;.

Substituting y;(Z) by y1(z) + pip!(Z) in Fi(Z,y), for i =1,2,--- , k, we then obtain

ch y—yi(@)Y " (@)

=§jcij<y—y1< — pip (@)™ (@)
_ch(z (= n @) (o ()77 )p™ (@)

—chwerm (v~ (@) ' @)™ (@)

jOT‘O

_Z 201]67/)1 (y =y ()" p™ ™ Tt(x)

r=0 4j=0
= Zd" (y —y1(2))"p™ " (T) where d; = > =0 cijerpl ",

with r =1,2,...,s;, and the proof is completed. (]

4. MAIN THEOREMS

If the cardinal number | S |> g, then any quasi-fixed solution will be formated
as the following theorem.

Theorem 4.1. Suppose that | S |> g, then for any quasi-fixed point solution y(T)
in S must be of the form

fz Jisi—1\) (SL‘)
Szfz,s, (1')

for any A€ R and i € {1,2,...,k}.

+ \p'(T)  where t = (m; — k;) /s,

Proof. Since F(Z,y) has infinitely many quasi-fixed solutions, each F;(Z,y) has
infinitely many quasi-fixed solutions for ¢ = 1,2, ..., k. By Theorem 2.2 and Theorem
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3.2, the polynomial function F;(T,y) can be represented by

Fi(T,y) = fis, @YY + fisim1@y5 "+ + fi0(T)

=3 ey —wi@) @)t
j=0

for some ¢; ; € R, and ¢ < m;/s;. Comparing both sides of the coefficient of y* and
y*~! in the above expression for F;(%,y), we get

fis:(T) = cis,p""(T) where r; = m; — s;t €N,

and  fio,—1(T) = —sici,e,p™ (@i () + Cie,m1p™ T IN(T).

It follows that

- fisim1(T) — ¢i g1 p™i~ 57 DY(T)

yz(l‘) —Sici,sipmiist(f)
_ fisiz1(@) Cisy—1p™ ST DY(T)
8iCi,s, PN T)  —8icis,p™ ()

_ _fi#i—l(f) _ Gisi—1 t(j)
Sifi,si (x) SiCi,s;
fi S'—l(f) t/—
= ——"r——2" = \p'(T) where \; = ¢;5,—1/SiCis,;- 4.1
i fin (@) (@) / (4.1)
By Theorem 3.1, any quasi-fixed solution y(Z) in S can be represented by

y(T) = yi(T) + d;p'(z), for some d; € R

by (4.1) = ﬁfl((;”)) — d;ip"(Z) + \ip'(T)
m +Ap'(Z) where A = —d; + \;.

This completes the proof. [J
Next we are curious if the cardinal number | S |# oo, then how about the upper
bound of the number | S |? The result will be given in the following theorem.

Theorem 4.2. Suppose that the number of all quasi-fized solutions for F(Z,y) is
finite. Then the number of all quasi-fized solutions is at most maxi<;<k{s; + 2}.

Proof. Suppose on the contrary that the number of all quasi-fixed solutions were
at least maxi<;<x{s; + 3}. By Theorem 3.3, for each i, 1 < i < k, the component
function F;(Z,y) can be represented by

En
Fi(@,y) =Y _ cij(y — y(@)p™ (@)
§=0
for some y(7) € R[Z], ¢;; € R, j=0,1,...,s; and t € N.
Now consider y = y(T) + A\p'(Z) for A € R, we want to show that for any A € R, y is
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also a quasi-fixed solution of F(Z,y). Thus for each 7, 1 < i <k,

F(z,y(Z) + (T ZC,J M (T))p™i I (T)

= (Z ciiN)p
=0

That is to say, y(Z) + A\p'(T) is a quasi-fixed solution of F;(7,y), 1 < ¢ < k. For
arbitrary A € R, it follows that y(Z) + Ap'(Z) is also a quasi-fixed solution of F(z,y).
This means that the number of all quasi-fixed solutions for F(Z,y) is infinitely many
(in fact, §(R)). This is a contradiction, and the theorem is proved. O
The following example shows that not any vector polynomial function is solvable !
Example 1. Let T = (21, z2) and
F(f7 y) = ((xl + $2)y2, (371 + .Z‘Q)(y + 1))

Suppose that p1(T) = x1, p2(T) = 22, m1 =1, my = 1. Then
F(@,y) = (a1p" (T), az2py”* (7))

is not solvable for y = y(Z).
Proof. If there exists an quasi-fixed solution y(Z) of F(Z,y), then
(21 +22)y*(@) = a1z
(21 + 22) (y(T) + 1) = agws.
From the last equation, we have as = 0 and y(Z) + 1 = 0, this implies y(T) = —1.

Substituting y(Z) = —1 to (z1 +x2)y?(T) = a1x1, we have z1 +x3 = a;x1, this means
9 depends on 1, but it is impossible. This shows that

F(z,y) = (a1p)" (%), azpy™ (7))

is not solvable for y = y(T).

The following example will be shown that if | S |> Ng, then any y(Z) € S can be
obtained by the formula in Theorem 4.1.
Example 2. Let T = (21, 22), and

F(z,y) = (F(Z,y), F2(T,y))
where
Fi(Z,y) = fi2@)y° + f1.a(@)y + fro(T)
=y? — (2mix0 — 21 — x2)y + (2703 — afwy — m1af + ot + 22120 + 23)
Fy(@,y) = f1a@)y + f10(7)

=y —21T2 +T1 + X2

and assume that pi(Z) = p2(T) = 21 + z2, my = 2 and my = 1. Prove that the
number of all quasi-fixed solutions of

F(z,y) = (alp1 (), a2p2 (= ))
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is infinitely many and how to represent all quasi-fixed solutions.
Proof. Assume that there exist infinitely many quasi-fixed solutions in F(Z,y), by
Theorem 4.1, f1,2(%) = copy* (%) = 1, we have r1 = 0 and ¢ = "L-"1 = 220 = 1.
Then by Theorem 4.1, any quasi-fixed solution y(Z) must be the form
y(@) = —f1.2(T)/s1f1.1(F) + A" (Z) for any A € R
= (21129 — 71 — T2)/2 + \p'(T)
= (2z122 — 1 — 22)/2 + A\p(T)
172 + (A — 1/2)p(7)
= 2129 + Ap(T), A=A— 1/2 is arbitrary

=122 + X(l’l + 1’2).
Substituting y = y(F) = z122 + A(z1 + 22) in F(Z,y), we obtain
F(@,y(@) = (0 = X+ 1)p*(@), (1 = \p())

and each X € R yields a quasi-fixed solution, y(Z). So the number of all quasi-fixed
solutions of F(Z,y) = (a1p" (%), azps'*(T)) has the cardinal §(R) > Ro.
For examples of finitely many quasi-fixed solutions we refer [3].
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