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1. INTRODUCTION
The following theorem was given by Maia in 1968 (see [4]):

Theorem 1.1. Let X be a nonempty subset, d and p be two metrics on X and
f: X — X be a mapping. Suppose that:

(i) p(.y) < d(z,y), for all 2,y € X;

(i) (X, p) is a complete metric space;
(#it) f:(X,p) — (X,p) is continuous;
(i) f:(X,d) — (X,d) is an a-contraction, i.e., there exists a € [0, 1] such that
d(f(z), f(v) < a-d(z,y), for all z,y € X.
Then

(1) Fy={z"};

(2) (f™(x0))nen converges in (X, p) to x*, for all zg € X.

In applications we usually consider a variant of Maia’s Theorem given by I.A. Rus
in [10] (see also [11]). More precisely, we have:

Remark 1.1. Theorem 1.1 remains true if condition (i) is replaced by
(i) there exists ¢ > 0 such that p(f(z), f(y)) < c-d(z,y), for all z,y € X;

For other Maia type results see [11], [10], [6], [7], [8]. Fixed point theorems in
Kasahara spaces are natural generalizations of Maia type theorems.
We recall first the notion of L-space, introduced by M. Fréchet, see [1].
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Definition 1.1. Let X be a nonempty set. Let
s(X) = {(xn)neN |z, € X, ne N}.
Let ¢(X) be a subset of s(x) and Lim : ¢(X) — X be an operator. By definition
the triple (X, c(X), Lim) is called an L-space (denoted by (X,—)) if the following
conditions are satisfied:
(1) if xp =z, for alln € N, then (zn)nen € ¢(X) and Lim(x,)nen = .
(il) if (Zn)nen € c(X) and Lim(z,)neny = x, then for all subsequences (Tn,)ieN
of (Tn)nen we have that (X, )ien € ¢(X) and
Lim(zy,)ieny = .
By following S. Kasahara (see [3]) and M.G. Maia (see [4]), the notion of Kasahara
space was introduced by I.A. Rus in [13] as follows:
Definition 1.2. Let (X, —) be an L-space and d : X x X — R be a functional. The
triple (X, —,d) is a Kasahara space if and only if the following compatibility condition
between — and d holds:
Ty € X, Zd(xmxn+1) <400 = (Tp)nen converges in (X, —).
neN
The purpose of this paper is to introduce the concept of Kasahara space with

respect to an operator and to prove in this setting some fixed point theorems. As
applications, integral and differential equations are considered.

2. FIXED POINT THEOREMS IN KASAHARA SPACES WITH RESPECT TO AN
OPERATOR

Let (X, —) be an L-space. Let f : X — X be an operator. Then we denote by
fOri=1x, f' = f, f*tt = fo f for all n € N, the iterates of f.

Let z € X. The sequence (z,)neny C X, defined by z,, := f*(z) for all n € N is
called the sequence of successive approximations for f starting from z. In the sequel,
we shall denote this sequence by (f"(x))nen-

The notion of Kasahara space with respect to an operator is introduced as follows.

Definition 2.1. Let (X,—) be an L-space, d : X x X — Ry be a functional and
f: X — X be an operator. The triple (X, —,d) is a Kasahara space with respect to
the operator f if and only if

Z d(f™(x), " () < o0, for allz € X

neN
implies that

(f™(@))nen is convergent in (X, —), for allx € X.

Recall first a very useful tool for proving the uniqueness of a fixed point in a
Kasahara space (see S. Kasahara [3], I.A. Rus [13]).

Lemma 2.1. (Kasahara’s lemma) Let (X, —,d) be a Kasahara space. Then:

v,y € X, dx,y) =d(y,z) =0 = z=y.
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Notice that, in a Kasahara space with respect to an operator the above implication
need not to be satisfied. Notice also that a Kasahara space is a Kasahara space with
respect to an operator, but the reverse implication is false.

Example 2.1. Let X be a nonempty set, f : X — X be an operator and d,p :
X x X — Ry be two functionals. We suppose:

(i) (X, p) is a complete metric space;

(i) there exists ¢ > 0 such that p(f(x), f(y)) < cd(x,y), for all x,y € X.

Then (X, 2 d) is a Kasahara space with respect to f.

Indeed, let € X be such that Z d(f™(x), f**(z)) < +oo. Then, for n € N and

neN
p € N* we can write
n+p—2 n+p—2
p(f™(x), frP(x) < D p(fF @), @) < e Y d(ff (@), () — 0
k=n—1 k=n—1

as n — 4o00. Thus, since (X, p) is a complete metric space, we get that the sequence
(f™(x))nen is convergent in (X, p). This completes the proof.

Example 2.2. Let X = C(Q) := {x : Q — R | = is a continuous function }, where
Q CR™ s a bounded domain.
Let 5 be the convergence structure induced by p : C(Q) x C(Q) — R, where

p(x,y) = ||z = ylloo = sup|z(t) — y(t)|, for all z,y € C(Q).
teQ

Let d: C(Q) x C(Q) — Ry be the functional defined by

1
2 _
Az, y) = 12—yl = ( JECRT] dt)  for all 2,y € C(),
We consider the operator f: C(Q) — C(Q), defined by
f@)(@) := | K(t s, 2(s))ds
Q
where K € C(2 x Q x R).
We assume that there exists L € C(Q x Q) such that
|K(t,s,u) — K(t,s,v)| < L(t, s)|u—vl,
for allt,s € Q and u,v € R.
Then the triple (X, 2, d), i.e., (@), == Illog Nllzz2) is a Kasahara space with

respect to the operator f.

Indeed, since

I, (0) < s ([ 2tas) ity

we are in the conditions of Example 2.1 and the conclusion follows.
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Now we will present some remarks concerning operators on Kasahara spaces or
Kasahara spaces with respect to an operator.

Definition 2.2. Let (X, —,d) be a Kasahara space and f : X — X be an operator.
Then, by definition:
(1) f is a Picard operator if and only if f is Picard in (X, —), t.e., Fy = {z*}
and f*(z) — a* asn — oo, for allx € X;
(ii) f is a weakly Picard operator if and only if f is weakly Picard in (X, —), i.e.,
[M(x) = 2*(x) € Fy asn — oo, for allx € X;
(iii) if f is a weakly Picard operator, then we define the operator

fZ X = X by f2(x) := Lim(f™ (2))nen;
(iv) f is with closed graph if and only if f has closed graph in (X, —), i.e.,
Tn — x" and f(zn) —y" = f(z") =y
(v) f is continuous if and only if f is continuous in (X, —);

(vi) f is k-Lipschitz if and only if f is k-Lipschitz in (X, d);
(vil) f is k-contraction if and only if f is k-contraction in (X, d).

For other considerations on Picard operators and weakly Picard operators see I.A.
Rus [12], [11], I.A. Rus, A. Petrugel and M.A. Serban [14].

Theorem 2.1. Let X be a nonempty set and f : X — X be an operator. Suppose
that (X,—,d) is a Kasahara space with respect to f. We assume that:
(i) f:(X,—=) — (X,—) has closed graph;
(ii) (i7) f: (X,d) — (X,d) is an a-contraction, i.e., there exists a € [0,1] such
that d(f(z), f(y)) < ad(z,y), for all x,y € X;
(iii) d(z,y) =d(y,z) =0 = z=y.
Then
(1) Fy = Fpn = {a*} for alln € N* and d(z*,z*) = 0.
(2) f*(x) = x* asn — o0, for allx € X, i.e., f is a Picard operator.
(3) We have:
(3a) d(f™(x),z*) 50 asn— oo, forallz € X;
(3p) d(x*, f™(x)) 20, asn — oo, for allz € X.
(4) If d is a quasimetric (i.e., d(z,y) = d(y,z) =0 x =y for all x,y € X and
d satisfies the triangle inequality), then:
(4) d(z,2*) < 2-d(z, f(z)), for all x € X;

— l—«a

(4) d(z*,2) < 2=d(f(z),z), for allz € X;

(4e) d(f™(z),2*) < 2=d(z, f(x)), for allx € X and all n € N;

(4q) d(z*, f™(x)) < %d(f(x),x), for allz € X and allm € N;

(4e) if (zn)neny C X is such that d(zn, f(2n)) £ 0asn— oo then d(zn, ") R

0 as n — o0, i.e., the fized point problem for the operator f is well-posed
with respect to d;
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(4y) if (zn)nen C X is such that d(zn+1, f(2zn)) % 0asn — oo then
d(zni1, f7(2)) Eo0asn— 00, for all z € X, i.e., the operator f

has the limit shadowing property with respect to d;
(4g) If g: X — X is an operator such that

d(f(x), g(x)) <n, for allz € X,

then
d(z*,y*) < %, for all y* € Fy.
Proof. (1) & (2). Let z € X and (f™(x))nen be the sequence of successive approxi-
mations of f starting from .
By (ii) and by induction after n € N* we have that

A (@), (@) < @ (@) (21)
It follows that
S (), S @) < 3 o, f ) = T, f(@)) < oo,
neN neN

Since (X, —, d) is a Kasahara space with respect to the operator f, we get that the
sequence (f™(x))nen is convergent in (X, —). Hence, there exists an element z* € X
such that f™(z) — 2* as n — 0.

By (i) we obtain that z* € Fy. Since z* = f(z*) = f(f(z*)) = ... = f"(z*) we
also conclude that 2* € Fin.

Next, we show the uniqueness of the fixed point z*.

Let y* € X be another fixed point for the operator f such that x* # y*. Then

d(z*,y") = d(f" ("), f"(y")) < ad(f"(27), [ (")
<... ga"d(x*,y*)EOasneoo. (2.2)

Similarly, we get that d(y*,2*) = 0. By (iii), we conclude that 2* = y*. Hence f is a
Picard operator.

Finally, if #* € Fy then we can show that d(z*,z*) = 0.

Indeed, by (2.2), we have

d(z*,z*) < oa"d(x*,z™) Eoasn— oo
(34)- Let z € X. Then by (ii) we have
d(f"(x),2") = d(f"(x), f" (")) < ad(f"~ (2), "1 ("))
<. .. <ad(x,z") E>Oasn—>oo,

so (34) holds. By a similar approach we obtain (3;).
(4,). Let z € X. Since the functional d satisfies the triangle inequality, we have
d(z,2°) < d(z, () + d(f(z), (")) < d(z, f(x)) + ad(z,2*) and hence

d(z,z*) < %d(m,f(m)), for all z € X,
-

0 (4,) holds. Similarly we get that (4;) holds.
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(4.). Using the property (4,), we have for each n € N the following estimation
1
A" (@), ") < ———d(f"(z), [ (@), for all z € X (2.3)
—«
By (2.3) and (2.1) we obtain

A (a),a%) < -
0 (4.) holds. By a similar procedure we obtain (44).

We prove next (4¢). Let (zn)nen C X such that d(z,, f(zn)) Z0asn— . By
(4,) we have

(ac f(z)), for all z € X,

1

T OZd(zn,f(zn)) Eoasn— oo

d(zp,x*) <

0 (4.) holds.

(4f). Let z € X and (zn)nen C X such that d(zn41, f(2n)) £ 0 as n — co. Since
x* € Fy, by (ii) and (3;) we have that

d(a*, fH(2) = d(f(2"), 1 (2)) < ad(a®, f"(2)) = 0 as n — oo, (2.4)
We need to prove that d(zy41, %) £ 0asn— oco.
We have
d(znt1,27) < d(zny1, f(z0) + d(f(20), 27) < d(znt1, f(2n)) + ad(zn, 27)
< d(zpi1, f(20)) + ad(zn, f(2n-1)) + @2d(zp-1,2%)
< d(zni1, f(20)) + @d(zn, f(2n_1)) + ... + a" T d(z0, ).
[

From a Cauchy lemma (see the references in [11], [1 ] or [15]) we have that

d(zny1,27) Eoasn— oo (2.5)
By (2.4) and (2.5), we obtain

d(zn11, /" (2)) < d(znsr,27) +d(@”, f77(2)) 0 s n — oo
Finally, we show (4,4). Let y* € F,. By (4;) we have that
1 1 n

d(z*,y") < T2,y = d(f(y™),9(y™)) <

1-—a 1—a

O

Theorem 2.2. Let X be a nonempty set and f : X — X be an operator. Suppose
that (X, —,d) is a Kasahara space with respect to f. We assume that:
(i) f:(X,—) — (X,—) has closed graph;
(i7) f: (X,d) — (X,d) is an a-graphic contraction, i.e., there exists o € [0,1]
such that d(f(z), f?(x)) < ad(x, f(z)), for allz € X.
Then the following statements hold:
(1) Fy #0.
(2) fM(z) = f>®(x) € Ff asn — oo, forallz € X, te., f:(X,—) = (X,—) is
a weakly Picard operator.
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(3) d(z*,z*) =0, for all z* € Fy.

(4) if d satisfies the triangle inequality and d is continuous with respect to —,
then
(4a) d(z, [ (@) < tisd(z, f(2)), for allz € X,

— l—«

(4p) Let g : X — X be an operator. If there exists ¢ > 0 such that
d(z, g™ (z)) < c-d(z,g(x)), foralzeX (2.6)
and for each x € X, there exists n > 0 such that

max{d(g(z), f(2)),d(f(z),g(z))} < n, (2.7)
then

1
Hy(Fy,F,) <max {104’6}77’
where Hy stands for the Pompeiu-Hausdorff functional generated by d
(see [2]).

Proof. (1) & (2). Let x € X and consider the sequence (f™(x))n,en of successive
approximations for f starting from z. Since f is an a-graphic contraction, we deduce
that

d(f™(z), [P () < ad(f"Yzx), fM(z) <... < a"d(z, f(z)), for all n € N.
By the proof of Theorem 2.1 we get that (f™(x)),en is convergent in (X, —). By (4)
it follows that its limit is a fixed point of f. So Fy # 0.
(3). Let «* € Fy. Then by (i) we have
d(z*,z*) = d(f" ("), f*H(2")) < ad(f" 7 (2"), f*(2"))
<A2d(fm 2 (x), ) < .. < afd(2t, f(zY)) B 0asn— co.
(4). Let z € X. Then
d(z, f*(x)) < d(z, f"(z)) + d(f" (2), < (2))
< d(z, f(2)) +d(f(x), f (@) + ... +d(f" (@), [ (2))
+d(f"(x), ()
S A+at...+a" Hd, f(z) +d(f"(x), f())
< ﬁd(m,f(m)) +d(f"(x), f°(x)), for all n € N.
By letting n — oo and by using (3), we obtain

oo 1
(o, (@) < 7

d(z, f(x)), for each z € X,

so (4,) holds.
We show next (4p).
Let z € Fy and y € Fy,. Since g satisfies (2.6) and (2.7), we have

d(z, 9% (x)) < ¢-d(z,g(x)) = ¢- d(f(x), g(x)) < en.
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Since ¢*°(z) € F, we have

inf d(z,y) < d(z, g% (z)) <cn
yng

and by taking the supremum over x € Iy, we obtain

sup inf d(z,y) < en. (2.8)
zely yEF,

On the other hand, since f satisfies (4,), we have

L ity fy) = ——d(gw). () <

11—«

d(y, < (y)) <

T 11—«

1—a’

Since f>(y) € Fy we have

. o0 TI
< <
Anf d(y,2) <d(y, * W) < 7

and by taking the supremum over y € F,;, we obtain

sup inf d(y,z) < I (2.9)

yEqueFf 11—«

By (2.8) and (2.9) we get

1
Hy(Fy, Fy) = max { xs;lgf ylénlgq d(z,y), ;élg miéllgf d(yw)} < max { . a,c}n.

3. EXISTENCE AND UNIQUENESS FOR INTEGRAL EQUATIONS AND BOUNDARY
VALUE PROBLEMS

We will present now some applications of the abstract results given in Section 2.

Theorem 3.1. Let Q C R" be a bounded domain, K € C(Qx Q xR) and g € C(Q).
We suppose that:
(i) K(t,s,-) : R — R is increasing, for allt,s € Q.
(ii) there exists L € C'(2 x Q) such that
|K(t,s,u) — K(t,s,v)| < L(t,s)|u — v,
for allt,s € Q and u,v € R.

(iii) / L(t,s)*dsdt < 1.
QxQ

Then the integral equation
z(t) = / K(t,s,xz(s))ds + g(t), t € Q (3.1)
Q

has a unique solution z* € C(£2).
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Proof. Let X = C(2) and =l pe the convergence induced by ||-||ec on X, where

[|#]|0o = supla(t)|, for all z € C(Q). Let d: X x X — Ry be defined by
teQ

1
2
o) = e = ey = ([ o) = s0)%at) " foral € X
Q
We consider the operator A : X — X, z — Ax, defined by

Ax(t) = 5 K(t,s,z(s))ds + g(t), for all t € Q.

Then the integral equation (3.1) is equivalent with the fixed point problem = = Ax.

Notice that, since A is a continuous operator on (X, l&?L we get that A has closed

graph in (X, ‘%)

On the other hand, A is a contraction in (X, d). Indeed, by the definition of d we
have

d(Az, Ay) = ( /Q A(t) — Ay(t)|2dt>;

B </Q /Q (K (t,5,2(5)) — K (1, 5,(s)) | ds

2 \}
dt> |
Using Holder’s inequality, we get

’/Q [K(t,s,2(s)) — K(t,s,y(s))]ds S/ |K(t,s,2(s)) — K(t,s,y(s))|ds

< [ mt9lete) - wioias " ([ e ) ([l wto) d)

Hence, for all z,y € X we have

d(Az, Ay) < (/Q (/QL(L‘, S)st)d(x,y)th>é = (/Q/QL(t,s)stdt>éd(m7y)

and by (iii), we get that A is a contraction in (X, d).

Thus, the triple (C(), g ,d) is a Kasahara space with respect to the operator A
(see also Example 2.2). Applying Theorem 2.1 the conclusion follows. O

We consider next the following boundary value problem

y'(t) = f(t,y(t)), for all t € [a,b]
ary(a) + azy(b) + asy’(a) + asy’(b) = 0 (3.2)
bry(a) + bay(b) + bsy'(a) + bay' (b) = 0

where a;,b; € R, i =1,4 and f : [a,b] x R — R is a continuous function.
We consider also the following linear mappings:
(1) L:C*([a,b)) — C([a,b]), L(y) = y"(1);
(2) Iy : C*([a,b]) = R, Li(y) = ary(a) + azy(b) + asy'(a) + asy’

(b)
(3) L2 : C*([a,0]) — R, Iz(y) = bry(a) + bay(b) + bsy'(a) + bay'(b)
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Then the boundary value problem (3.2) can be written as follows:

L(y) = f(-9), Lily) =0, Ix(y) = 0. (3-3)
We recall that the Green’s function associated to the boundary value problem (3.3)
is the mapping
G :la,b] x [a,b] = R; (t,s) — G(t,s)
which satisfies the following conditions:
(1) G € C([a,b] x [a,b]);
(ii) For any s € [a,b], G(-,s) € C?*([a, s[U]s,b]) and
0 0 1
&G(S + O,S) — EG(S — O,S) = _@,

where p € C([a,b]) and p(s) # 0 for any s € [a, ];
(#91) G(-,s) is a solution for L(y) = 0 on [a,b] \ {s} and satisfies the boundary
conditions 1 (y) = la(y) = 0.

We have the following result.

Theorem 3.2. Let f : [a,b] Xx R — R be a continuous function and consider the
boundary value problem (3.3). We assume that:

(1) there exists Ly > 0 such that
|f(s,u) - f(s,v)\ < Lf|u - ’U|,
for all s € [a,b] and u,v € R;
b b
(ii) / / G(t,s)?dsdt < 1, where G is the Green’s function associated to the
a a

boundary value problem (3.3).
If the homogeneous boundary value problem

L(y) =0
{h(y) =1lx(y) =0 (34

admits only the trivial solution y = 0, then the boundary value problem (3.3) has a
unique solution in C([a,b]).

Proof. Since the problem (3.4) admits only the trivial solution y = 0, there exists a
unique Green function G, associated to the problem (3.3). Moreover, (see for example
P. Pavel and I.A. Rus [5], p.160) the boundary value problem (3.3) is equivalent with
the Fredholm type integral equation

b
y(t) = — / G(t, 5)f(s,y(s))ds, for all £ € [a, ] (3.5)

ll-llo

Let X = C([a,b]), —:=— be the convergence structure on X, where ||z||c =

sup |z(t)|, for all z € C([a,b]). Let d : X x X — R, be defined by
t€la,b]

1
d(z,y) = |z = yllL2((a,b)) </ | (t) (t)] dt) for all z,y € X.
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We consider the operator A : X — X, x — Az, defined by

b
Az(t) = 7/ G(t,s)f(s,z(s))ds, for all t € [a, b].

Then the integral equation (3.5) is equivalent with the fixed point problem y = Ay.

Notice that, since A is a continuous operator on (X, I-llos ), we have that A has

closed graph in (X, l&?)

On the other hand, A is a contraction in (X, d). Indeed, by the definition of d we

have
d(Ax, Ay) = (/ |Ax(t) )|2dt>

-([ / Gt,9) [ F(5.2(5)) — £ 5,3(5))] s

Using Holder’s inequality, we get

1

2 \z
).

b
] [ 69165 9) = (o))

/Gts|fsx f(s,y(s ’ds</ G(t,s)Ly|lxz(s) —y(s)|ds

"2 fowara) ([ vors)

Hence, for all z,y € X we have

d(Az, Ay) < (/ LQ(/ G(t,s QdS)d(x Y) dt)l
Lf(/ / (t, s) dsdt) d(z,y). (3.6)

and by (ii), we get that A is a contraction in (X, d).

The triple (C([a,b]), I-log ,d) is a Kasahara space with respect to the operator A

(see Example 2.2 and take Q = [a,b]). By Theorem 2.1 the conclusion follows. ]

Let us consider now the following particular form of a boundary value problem.
y'(t) = f(t,y(t), for allt € a,b]
y(a) =y(b) =0

In this case, the boundary value problem (3.7) is equivalent with the Fredholm type
integral equation (3.5) where the Green’s function G : [a, b] X [a,b] — R is defined by

(b—t)(s—a) <t
G(t,s):{ a0 53

(3.7)

(b—s)(t—a) s>t

b—a ’
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Notice that the Green function G is symmetric, continuous, positive on [a, b]? and
b—
G(t,s) < Ta, for all ¢, s € [a,b]. (3.8)
By Theorem 3.2 we get the following result.

Theorem 3.3. Let f:[a,b] Xx R — R be a continuous function. We assume that:
(i) there exists Ly > 0 such that

|f(s,u) — f(s,v)| < Lylu—n|, for all s € [a,b], and u,v € R.

(i) L= <1,
Then, the boundary value problem (3.7) has a unique solution in C([a,b]).
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