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Abstract. In this paper, we introduce a system of general generalized equilibrium problems and pro-
pose an iterative scheme for finding the approximate solutions of a generalized equilibrium problem,

a system of general generalized equilibrium problems and a fixed point problem of a nonexpansive

mapping in a Hilbert space. We establish a strong convergence theorem for a sequence generated by
our proposed iterative scheme to a common solution of these three problems. Utilizing this result, we

prove three new strong convergence theorems for sequences generated by iterative schemes for fixed

point problems, variational inequalities, equilibrium problems and systems of general generalized
equilibrium problems.
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1. Introduction

Let H be a real Hilbert space whose inner product and norm are denoted by 〈., .〉
and ‖·‖, respectively. Let C be a nonempty closed convex subset of H and S : C → C
be a mapping. We denote by F (S) the set of all fixed points of S.
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Very recently, Takahashi and Takahashi [15] introduced and considered the follow-
ing generalized equilibrium problem: Find x̄ ∈ C such that

F (x̄, y) + 〈Ax̄, y − x̄〉 ≥ 0, ∀y ∈ C, (1.1)

where F : C × C → R is a bifunction and A : C → H is a nonlinear mapping. The
set of solutions of generalized equilibrium problem is denoted by EP , that is,

EP = {z ∈ C : F (z, y) + 〈Az, y − z〉 ≥ 0, ∀y ∈ C}.
Whenever A ≡ 0, generalized equilibrium problem reduces to the equilibrium prob-

lem of finding x̄ ∈ C such that

F (x̄, y) ≥ 0, ∀y ∈ C. (1.1a)

In this case, EP is denoted by EP (F ).
Whenever F ≡ 0, problem (1.1) reduces to the classical variational inequality,

denoted by VI(A,C), which is to find an x̄ ∈ C such that

〈Ax̄, y − x̄〉 ≥ 0, ∀y ∈ C. (1.1b)

In this case, EP is denoted by V I(C,A), that is, the set of all solutions of
VI(A,C). The solution methods for computing the approximate solutions of vari-
ational inequalities have been widely studied in the literature; See, for example,
[4, 3, 10, 11, 12, 13, 14, 16, 24] and the references therein. The problem (1.1) is
an unified frame of several problems, namely, optimization problems, saddle point
problems, complementarity problems, fixed point problems, variational inequalities,
minimax problems, Nash equilibrium problem in noncooperative games, etc; See, for
example, [20, 21].

In the recent past, much attention has been paid by several researchers to study
the iterative methods for finding an element of EP (F ) ∩ F (S); See, for example,
[7, 8, 18, 19, 23, 26] and references therein. Moudafi [22] introduced an iterative
method for finding an element of EP ∩F (S), where A : C → H is an inverse-strongly
monotone mapping and proved a weak convergence theorem. Motivated by Moudafi
[22], Takahashi and Takahashi [15] introduced another iterative method for finding
an element of EP ∩ F (S), where A : C → H is also an inverse-strongly monotone
mapping and then obtained a strong convergence theorem.

On the other hand, let C be a nonempty closed convex subset of a real Hilbert
space H. Let G1, G2 : C × C → R be two bifunctions and B1, B2 : C → H be two
nonlinear mappings. Consider the following problem of finding (x̄, ȳ) ∈ C × C such
that {

G1(x̄, x) + 〈B1ȳ, x− x̄〉+ 1
µ1
〈x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,

G2(ȳ, y) + 〈B2x̄, y − ȳ〉+ 1
µ2
〈ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C.

(1.2)

It is called general system of generalized equilibrium problems where µ1 > 0 and µ2 > 0
are two constants.

Special Cases. (1) If G1 ≡ G2 ≡ F and B1 ≡ B2 ≡ A, then problem (1.2) reduces
to the following problem of finding (x̄, ȳ) ∈ C × C such that{

F (x̄, x) + 〈Aȳ, x− x̄〉+ 1
µ1
〈x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,

F (ȳ, y) + 〈Ax̄, y − ȳ〉+ 1
µ2
〈ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C.

(1.3)
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It is called a new system of generalized equilibrium problems where µ1 > 0 and µ2 > 0
are two constants.

(2) If G1 ≡ G2 ≡ F , B1 ≡ B2 ≡ A, and x̄ ≡ ȳ, then problem (1.2) reduces to
problem (1.1).

(3) If G1 ≡ G2 ≡ 0, then problem (1.2) reduces to the following general system of
variational inequalities: Find (x̄, ȳ) ∈ C × C such that{

〈µ1B1ȳ + x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,
〈µ2B2x̄ + ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C,

(1.4)

where µ1 > 0 and µ2 > 0 are two constants. This problem is introduced and con-
sidered by Ceng et. al. [16]. They proposed a relaxed extragradient method for
finding the solutions of problem (1.4), and derived a strong convergence theorem for
problem (1.4). The problem (1.4) was introduced and studied by Ansari and Yao
[25] for an infinite number of inequalities. They proved the existence of a solution of
such problem. They also considered a more general system of generalized variational
inequalities and proved the existence of its solution. By using such existence result
for a solution, they provided the existence of a solution of Nash equilibrium problem
for nondifferentiable and nonconvex functions.

(4) If B1 = B2 = A in (1.4), then problem (1.4) reduces to the following new
system of variational inequalities:{

〈µ1Aȳ + x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,
〈µ2Ax̄ + ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C,

(1.5)

which is considered and studied by Verma [3].
(5) If x̄ = ȳ in (1.5), then problem (1.5) reduces to the classical variational in-

equality (1.1b).
Inspired by the work of Takahashi and Takahashi [15] and Ceng et. al. [16], we

introduce a modified iterative method for problem (1.1), problem (1.2) and fixed point
problem for S, where A,B1, B2 : C → H are inverse-strongly monotone mappings. We
establish a strong convergence theorem for a sequence generated by proposed iterative
scheme to a solution of problem (1.2). Utilizing this theorem, we derived three new
strong convergence results for (i) problem (1.1a), problem (1.2) and the fixed point
problem of S; (ii) problem (1.1b), problem (1.2) and the fixed point problem of S; and
(iii) problem (1.1), problem (1.2) and the fixed point problem of S, where A ≡ I − T
and T : C → C is a strictly pseudocontractive mapping and I is the identity mapping
on C.

2. Preliminaries

Throughout the paper, unless otherwise specified, C is a nonempty closed convex
subset of a real Hilbert space H. We write xn ⇀ x to indicate that the sequence {xn}
converges weakly to x. If {xn} converges strongly to x, we denote it by xn → x. For
every point x ∈ H, there exists a unique nearest point of C, denoted by PCx, such
that ‖x−PCx‖ ≤ ‖x−y‖ for all y ∈ C. The operator PC : H → C is called the metric
projection of H onto C. It is well known that PC is a firmly nonexpansive mapping
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of H onto C, that is, 〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2, ∀x, y ∈ H. Recall that,
PCx is characterized, for all x ∈ H and y ∈ C, by the following properties:

PCx ∈ C, 〈x−PCx, y−PCx〉 ≤ 0 and ‖x− y‖2 ≥ ‖x−PCx‖2 + ‖PCx− y‖2, (2.1)

For further detail, we refer to Goebel and Kirk [2].
A mapping S : C → C is called nonexpansive if ‖Sx− Sy‖ ≤ ‖x− y‖, ∀x, y ∈ C.

It is well known that the set F (S) of fixed points of S is closed and convex if the
mapping S is nonexpansive. Further, if C is bounded, closed and convex, then F (S) is
nonempty. A mapping A : C → H is called inverse-strongly monotone if there exists
α > 0 such that 〈x− y, Ax−Ay〉 ≥ α‖Ax−Ay‖2, ∀x, y ∈ C. It is well known that
A ≡ I−S is inverse-strongly monotone with constant 1

2 if S : C → C is nonexpansive
and I is the identity mapping on C; See, for example, [9] for further details.

We need the following propositions and lemmas for the proof of our main result.
Lemma 2.1. Let T : C → H be a firmly nonexpansive mapping. Then,

‖(x− y)− (Tx− Ty)‖2 ≤ ‖x− y‖2 − ‖Tx− Ty‖2, ∀x, y ∈ C.

Let F : C × C → R be a bifunction.
Condition A.
(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, that is, F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) lim

t→0+
F (tz + (1− t)x, y) ≤ F (x, y) for all x, y, z ∈ C;

(A4) For each fixed x ∈ C, y 7→ F (x, y) is a convex and lower semicontinuous
function.

Lemma 2.2. [Lemma 2.2 in [15]] Let F : C × C → R be a bifunction such that
Condition A holds. Then, for any r > 0 and x ∈ H, there exists z ∈ C such that

F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Furthermore, if TF
r x = {z ∈ C : F (z, y) + 1

r 〈y − z, z − x〉 ≥ 0, ∀y ∈ C}, then,
(1) TF

r is a single-valued map;
(2) TF

r is firmly nonexpansive, that is,∥∥TF
r x− TF

r y
∥∥2 ≤ 〈TF

r x− TF
r y, x− y〉, ∀x, y ∈ H;

(3) F (TF
r ) = EP (F );

(4) EP (F ) is closed and convex.
Lemma 2.3. [Lemma 2.3 in [15]] Let F and TF

r x be the same as in Lemma 2.2.
Then,∥∥TF

s x− TF
t x

∥∥2 ≤ s− t

s

〈
TF

s x− TF
t x, TF

s x− x
〉
, ∀s, t > 0 and ∀x ∈ H.

Proposition 2.1. Let G1, G2 : C ×C → R be two bifunctions such that Condition
A holds. Then (x̄, ȳ) ∈ C ×C is a solution of problem (1.2) if and only if x̄ is a fixed
point of the mapping Γ : C → C defined by

Γ(x) = TG1
µ1

[
TG2

µ2
(x− µ2B2x)− µ1B1T

G2
µ2

(x− µ2B2x)
]

and ȳ = TG2
µ2

(x̄− µ2B2x̄).
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Corollary 2.1. [Lemma 2.1 in [16]] The point (x̄, ȳ) ∈ C × C is a solution of
problem (1.4) if and only if x̄ is a fixed point of the mapping G : C → C defined by

G(x) = PC [PC(x− µ2B2x)− µ1B1PC(x− µ2B2x)] and ȳ = PC(x̄− µ2B2x̄).

Proposition 2.2. [6] Let {xn} and {yn} be two bounded sequences in a Banach
space X and let {βn} be a sequence in [0, 1] such that 0 < lim inf

n→∞
βn ≤ lim sup

n→∞
βn < 1.

Suppose that xn+1 = (1− βn)yn + βnxn for all integers n ≥ 0 and
lim sup

n→∞
(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. Then, lim

n→∞
‖yn − xn‖ = 0.

Lemma 2.4. [Lemma 2.1 in [10]] Let {γn} ⊆ (0, 1) and {δn} be sequences such
that the following conditions hold:

(i)
∞∑

n=1

γn = ∞;

(ii) lim sup
n→∞

δn

γn
≤ 0 or

∞∑
n=1

|δn| < ∞.

Assume that {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− γn)an + δn, ∀n ≥ 1.

Then lim
n→∞

an = 0.

Lemma 2.5. (Demi-closedness Principle, see [2]) Let T : C → C be a nonexpansive
mapping. If T has a fixed point, then I − T is demi-closed, that is, whenever {xn}
is a sequence in C converging weakly to some x ∈ C, and the sequence {(I − T )xn}
converges strongly to some y, it follows that (I − T )x = y, where I is the identity
mapping on H.

Lemma 2.6. In a real Hilbert space H, the following inequality holds:

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, ∀x, y ∈ H.

3. Main Results

We present an iterative scheme to find the approximate solutions of (1.2). We
prove the strong convergence of a sequence generated by our iterative scheme to a
solution of (1.2).

Theorem 3.1. Let F,G1, G2 : C×C → R be three bifunctions such that Condition
A holds. Let the mappings A,B1, B2 : C → H be inverse-strongly monotone with
constants α, β1, β2, respectively, and let S : C → C be a nonexpansive mapping
such that F (S) ∩ EP ∩ f 6= ∅, where f is the set of all fixed points of the mapping
Γ : C → C defined as Γ(x) = TG1

µ1
[TG2

µ2
(x − µ2B2x) − µ1B1T

G2
µ2

(x − µ2B2x)]. Let
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u ∈ C, x1 ∈ C and let {xn} ⊂ C be a sequence generated by the following iterative
scheme: 

zn = TF
λn

(xn − λnAxn),
yn = TG1

µ1

[
TG2

µ2
(zn − µ2B2zn)− µ1B1T

G2
µ2

(zn − µ2B2zn)
]
,

xn+1 = βnxn + (1− βn)S [αnu + (1− αn)yn] , ∀n ∈ N,
(3.1)

where µ1 ∈ (0, 2β1), µ2 ∈ (0, 2β2), and {αn} ⊂ [0, 1], {βn} ⊂ [0, 1], {λn} ⊂ [0, 2α]
satisfy the following conditions 0 < c ≤ βn ≤ d < 1, 0 < a ≤ λn ≤ b < 2α,

lim
n→∞

(λn − λn+1) = 0, lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞.

Then, {xn} converges strongly to x̄ = PF (S)∩EP∩fu and (x̄, ȳ) is a solution of
problem (1.2), where ȳ = TG2

µ2
(x̄− µ2B2x̄).

Proof. Let z ∈ F (S) ∩ EP ∩ f be an arbitrary point. Since z = TF
λn

(z − λnAz),
A is α-inverse-strongly monotone and 0 ≤ λn ≤ 2α, we have, for any n ∈ N,

‖zn−z‖2 =
∥∥TF

λn
(xn − λnAxn)− TF

λn
(z − λnAz)

∥∥2 ≤ ‖(xn − λnAxn)− (z − λnAz)‖2

= ‖(xn − z)− λn(Axn −Az)‖2 = ‖xn−z‖2−2λn〈xn−z,Axn−Az〉+λ2
n‖Axn−Az‖2

≤ ‖xn−z‖2−2λnα‖Axn−Az‖2+λ2
n‖Axn−Az‖2 = ‖xn−z‖2+λn(λn−2α)‖Axn−Az‖2

≤ ‖xn − z‖2. (3.2)

Also, since z = TG1
µ1

[
TG2

µ2
(z − µ2B2z)− µ1B1T

G2
µ2

(z − µ2B2z)
]
, B1 and B2 are

inverse-strongly monotone with constant β1 and β2, respectively, 0 ≤ µ1 ≤ 2β1 and
0 ≤ µ2 ≤ 2β2, we have, for any n ∈ N,

‖yn − z‖2 =
∥∥TG1

µ1

[
TG2

µ2
(zn − µ2B2zn)− µ1B1T

G2
µ2

(zn − µ2B2zn)
]

−TG1
µ1

[
TG2

µ2
(z − µ2B2z)− µ1B1T

G2
µ2

(z − µ2B2z)
] ∥∥2

≤
∥∥ [

TG2
µ2

(zn − µ2B2zn)− µ1B1T
G2
µ2

(zn − µ2B2zn)
]

−
[
TG2

µ2
(z − µ2B2z)− µ1B1T

G2
µ2

(z − µ2B2z)
] ∥∥2

=
∥∥ [

TG2
µ2

(zn − µ2B2zn)− TG2
µ2

(z − µ2B2z)
]

−µ1

[
B1T

G2
µ2

(zn − µ2B2zn)−B1T
G2
µ2

(z − µ2B2z)
] ∥∥2

≤
∥∥TG2

µ2
(zn − µ2B2zn)− TG2

µ2
(z − µ2B2z)

∥∥2

+µ1(µ1 − 2β1)
∥∥B1T

G2
µ2

(zn − µ2B2zn)−B1T
G2
µ2

(z − µ2B2z)
∥∥2

≤
∥∥TG2

µ2
(zn − µ2B2zn)− TG2

µ2
(z − µ2B2z)

∥∥2

Thus,

‖yn − z‖2 ≤ ‖(zn − µ2B2zn)− (z − µ2B2z)‖2 = ‖(zn − z)− µ2(B2zn −B2z)‖2

≤ ‖zn − z‖2 + µ2(µ2 − 2β2) ‖B2zn −B2z‖2 ≤ ‖zn − z‖2.
(3.3)

Let tn = αnu + (1− αn)yn, then by using (3.2) and (3.3), we obtain

‖tn − z‖ = ‖αn(u− z) + (1− αn)(yn − z)‖ ≤ αn‖u− z‖+ (1− αn)‖yn − z‖

≤ αn‖u− z‖+ (1− αn)‖zn − z‖ ≤ αn‖u− z‖+ (1− αn)‖xn − z‖.
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So, we have

‖xn+1 − z‖ = ‖βn(xn − z) + (1− βn)(Stn − z)‖
≤ βn‖xn − z‖+ (1− βn)‖tn − z‖
≤ βn‖xn − z‖+ (1− βn) (αn‖u− z‖+ (1− αn)‖xn − z‖)
= (1− αn(1− βn))‖xn − z‖+ αn(1− βn)‖u− z‖.

Letting K = max{‖x1 − z‖, ‖u− z‖}, we have ‖xn − z‖ ≤ K for all n ∈ N.
Indeed, it is obvious that ‖x1 − z‖ ≤ K. Suppose that ‖xk − z‖ ≤ K for some

k ∈ N. Then, we have

‖xk+1 − z‖ ≤ (1− αk(1− βk))‖xk − z‖+ αk(1− βk)‖u− z‖
≤ (1− αk(1− βk))K + αk(1− βk)K = K.

By induction, we obtain ‖xn − z‖ ≤ K for all n ∈ N. So, {xn} is bounded. Hence,
{Axn}, {yn}, {zn}, {tn} and {Stn} are also bounded. Let un = TG2

µ2
(zn − µ2B2zn).

Then, we obtain

tn+1 − tn = αn+1u + (1− αn+1)yn+1 − (αnu + (1− αn)yn)

= (αn+1 − αn)u + (1− αn+1)TG1
µ1

(un+1 − µ1B1un+1)− (1− αn)TG1
µ1

(un − µ1B1un)

= (αn+1 − αn)u + (1− αn+1)
[
TG1

µ1
(un+1 − µ1B1un+1)− TG1

µ1
(un − µ1B1un)

]
+(αn − αn+1)TG1

µ1
(un − µ1B1un). (3.4)

∥∥TG1
µ1

(un+1 − µ1B1un+1)− TG1
µ1

(un − µ1B1un)
∥∥2

≤ ‖(un+1 − µ1B1un+1)− (un − µ1B1un)‖2

= ‖(un+1 − un)− µ1(B1un+1 −B1un)‖2

≤ ‖un+1 − un‖2 + µ1(µ1 − 2β1) ‖B1un+1 −B1un‖2

≤ ‖un+1 − un‖2

=
∥∥TG2

µ2
(zn+1 − µ2B2zn+1)− TG2

µ2
(zn − µ2B2zn)

∥∥2

≤ ‖(zn+1 − µ2B2zn+1)− (zn − µ2B2zn)‖2

= ‖(zn+1 − zn)− µ2(B2zn+1 −B2zn)‖2

≤ ‖zn+1 − zn‖2 + µ2(µ2 − 2β2) ‖B2zn+1 −B2zn‖2

≤ ‖zn+1 − zn‖2,

(3.5)

‖(xn+1 − λn+1Axn+1)− (xn − λnAxn)‖
= ‖xn+1 − xn − λn+1(Axn+1 −Axn) + (λn − λn+1)Axn‖
≤ ‖xn+1 − xn − λn+1(Axn+1 −Axn)‖+ |λn+1 − λn|‖Axn‖
≤ ‖xn+1 − xn‖+ |λn+1 − λn|‖Axn‖,

(3.6)
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and

‖zn+1 − zn‖ =
∥∥∥TF

λn+1
(xn+1 − λn+1Axn+1)− TF

λn
(xn − λnAxn)

∥∥∥
=

∥∥TF
λn+1

(xn+1 − λn+1Axn+1)− TF
λn+1

(xn − λnAxn)
+TF

λn+1
(xn − λnAxn)− TF

λn
(xn − λnAxn)

∥∥
≤

∥∥∥TF
λn+1

(xn+1 − λn+1Axn+1)− TF
λn+1

(xn − λnAxn)
∥∥∥

+
∥∥∥TF

λn+1
(xn − λnAxn)− TF

λn
(xn − λnAxn)

∥∥∥
≤ ‖(xn+1 − λn+1Axn+1)− (xn − λnAxn)‖
+

∥∥∥TF
λn+1

(xn − λnAxn)− TF
λn

(xn − λnAxn)
∥∥∥

≤ ‖xn+1 − xn‖+ |λn+1 − λn|‖Axn‖
+

∥∥∥TF
λn+1

(xn − λnAxn)− TF
λn

(xn − λnAxn)
∥∥∥ .

(3.7)

From (3.4)–(3.7), it follows that

‖tn+1 − tn‖ ≤ |αn+1 − αn| ‖u‖+
∥∥TG1

µ1
(un+1 − µ1B1un+1)− TG1

µ1
(un − µ1B1un)

∥∥
+ |αn − αn+1|

∥∥TG1
µ1

(un − µ1B1un)
∥∥

≤ |αn+1 − αn| ‖u‖+ ‖zn+1 − zn‖+ |αn − αn+1|
∥∥TG1

µ1
(un − µ1B1un)

∥∥
≤ |αn+1 − αn| ‖u‖+ ‖xn+1 − xn‖+ |λn+1 − λn|‖Axn‖
+|αn+1 − αn|‖TG1

µ1
(un − µ1B1un)‖

+
∥∥∥TF

λn+1
(xn − λnAxn)− TF

λn
(xn − λnAxn)

∥∥∥ .

Therefore, we have:
‖Stn+1 −Stn‖ ≤ ‖tn+1 − tn‖ ≤ |αn+1 −αn|‖u‖+ ‖xn+1 − xn‖+ |λn+1 − λn|‖Axn‖+
|αn+1 − αn|‖TG1

µ1
(un − µ1B1un)‖+

∥∥∥TF
λn+1

(xn − λnAxn)− TF
λn

(xn − λnAxn)
∥∥∥.

Since {zn} is bounded, B1 and B2 are Lipschitz continuous, and TG1
µ1

and TG2
µ2

are
firmly nonexpansive, we conclude that {un} is bounded and so is {TG1

µ1
(un−µ1B1un)}.

It follows from Lemma 2.3 that lim supn→∞ (‖Stn+1 − Stn‖ − ‖xn+1 − xn‖) ≤ 0.
From Lemma 2.1, we get

‖Stn − xn‖ → 0. (3.8)

Consequently, we obtain limn→∞ ‖xn+1 − xn‖ = limn→∞(1 − βn)‖Stn − xn‖ = 0.
Using (3.2) and (3.3), we get

‖xn+1 − z‖2 = ‖βn(xn − z) + (1− βn)(Stn − z)‖2

≤ βn‖xn − z‖2 + (1− βn)‖Stn − z‖2

≤ βn‖xn − z‖2 + (1− βn)‖tn − z‖2

= βn‖xn − z‖2 + (1− βn)‖αn(u− z) + (1− αn)(yn − z)‖2

≤ βn‖xn − z‖2 + (1− βn)(αn‖u− z‖2 + (1− αn)‖yn − z‖2)
≤ βn‖xn − z‖2 + (1− βn)(αn‖u− z‖2 + (1− αn)‖zn − z‖2)
≤ βn‖xn − z‖2 + (1− βn)[αn‖u− z‖2 + (1− αn)(‖xn − z‖2

+λn(λn − 2α)‖Axn −Az‖2)]
≤ ‖xn − z‖2 + (1− βn)αn‖u− z‖2

+(1− βn)(1− αn)λn(λn − 2α)‖Axn −Az‖2

(3.9)



ITERATIVE METHODS FOR NONEXPANSIVE MAPPINGS 301

and hence

(1− d)(1− αn)a(2α− b)‖Axn −Az‖2

≤ (1− βn)(1− αn)λn(2α− λn)‖Axn −Az‖2

≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + (1− βn)αn‖u− z‖2

= (‖xn − z‖ − ‖xn+1 − z‖)(‖xn − z‖+ ‖xn+1 − z‖) + (1− βn)αn‖u− z‖2

≤ ‖xn − xn+1‖(‖xn − z‖+ ‖xn+1 − z‖) + (1− βn)αn‖u− z‖2.

Since 0 < c ≤ βn ≤ d < 1, αn → 0 and ‖xn − xn+1‖ → 0, we have

‖Axn −Az‖ → 0. (3.10)

Using Lemma 2.2 and (3.3), we obtain

‖zn − z‖2 =
∥∥TF

λn
(xn − λnAxn)− TF

λn
(z − λnAz)

∥∥2

≤ 〈(xn − λnAxn)− (z − λnAz), zn − z〉
= 1

2 (‖(xn − λnAxn)− (z − λnAz)‖2 + ‖zn − z‖2

−‖(xn − λnAxn)− (z − λnAz)− (zn − z)‖2)
≤ 1

2 (‖xn − z‖2 + ‖zn − z‖2 − ‖(xn − zn)− λn(Axn −Az)‖2)
= 1

2 (‖xn − z‖2 + ‖zn − z‖2 − ‖xn − zn‖2 + 2λn〈xn − zn, Axn −Az〉
−λ2

n‖Axn −Az‖2).

So, we have

‖zn−z‖2 ≤ ‖xn−z‖2−‖xn−zn‖2+2λn〈xn−zn, Axn−Az〉−λ2
n‖Axn−Az‖2. (3.11)

From (3.3), (3.9) and (3.11), we have

‖xn+1 − z‖2 = ‖βn(xn − z) + (1− βn)(Stn − z)‖2

≤ βn‖xn − z‖2 + (1− βn)(αn‖u− z‖2 + (1− αn)‖yn − z‖2)
≤ βn‖xn − z‖2 + (1− βn)(αn‖u− z‖2 + (1− αn)‖zn − z‖2)
≤ βn‖xn − z‖2 + αn‖u− z‖2 + (1− βn)‖zn − z‖2

≤ βn‖xn − z‖2 + αn‖u− z‖2 + (1− βn)(‖xn − z‖2 − ‖xn − zn‖2

+2λn〈xn − zn, Axn −Az〉 − λ2
n‖Axn −Az‖2)

≤ ‖xn − z‖2 + αn‖u− z‖2 − (1− βn)‖xn − zn‖2

+2(1− βn)λn‖xn − zn‖‖Axn −Az‖

and hence

(1− d)‖xn − zn‖2 ≤ (1− βn)‖xn − zn‖2

≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + αn‖u− z‖2

+2(1− βn)λn‖xn − zn‖‖Axn −Az‖
≤ ‖xn − xn+1‖(‖xn − z‖+ ‖xn+1 − z‖) + αn‖u− z‖2

+2(1− βn)λn‖xn − zn‖‖Axn −Az‖.

Since ‖xn − xn+1‖ → 0 and αn → 0, by using (3.10), we obtain

‖xn − zn‖ → 0. (3.12)

Since tn = αnu + (1− αn)yn, we have tn − yn = αn(u− yn) and hence

‖tn − yn‖ = αn‖u− yn‖ → 0. (3.13)
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On the other hand, by putting u∗ = TG2
µ2

(z − µ2B2z), we observe that

‖xn+1 − z‖2 = ‖βn(xn − z) + (1− βn)(Stn − z)‖2

≤ βn‖xn − z‖2 + (1− βn)‖tn − z‖2

≤ βn‖xn − z‖2 + (1− βn)[αn‖u− z‖2 + (1− αn)‖yn − z‖2]
≤ βn‖xn − z‖2 + (1− βn)‖TG1

µ1
(un − µ1B1un)− TG1

µ1
(u∗− µ1B1u

∗)‖2

+αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)‖(un − µ1B1un)− (u∗ − µ1B1u
∗)‖2

+αn‖u− z‖2

≤ βn‖xn − z‖2+ (1− βn)[‖un− u∗‖2+ µ1(µ1 − 2β1)‖B1un−B1u
∗‖2]

+αn‖u− z‖2

= βn‖xn − z‖2 + (1− βn)[‖TG2
µ2

(zn − µ2B2zn)− TG2
µ2

(z − µ2B2z)‖2

+µ1(µ1 − 2β1)‖B1un −B1u
∗‖2] + αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)[‖(zn − µ2B2zn)− (z − µ2B2z)‖2

+µ1(µ1 − 2β1)‖B1un −B1u
∗‖2] + αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)[‖zn − z‖2 + µ2(µ2 − 2β2)‖B2zn −B2z‖2

+µ1(µ1 − 2β1)‖B1un −B1u
∗‖2] + αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)[‖xn − z‖2 + µ2(µ2 − 2β2)‖B2zn −B2z‖2

+µ1(µ1 − 2β1)‖B1un −B1u
∗‖2] + αn‖u− z‖2

= ‖xn − z‖2 + (1− βn)[µ2(µ2 − 2β2)‖B2zn −B2z‖2

+µ1(µ1 − 2β1)‖B1un −B1u
∗‖2] + αn‖u− z‖2,

(3.14)
and hence

(1− d)
[
µ1(2β1 − µ1)‖B1un −B1u

∗‖2 + µ2(2β2 − µ2)‖B2zn −B2z‖2
]

≤ (1− βn)
[
µ1(2β1 − µ1)‖B1un −B1u

∗‖2 + µ2(µ2 − 2β2)‖B2zn −B2z‖2
]

≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + αn‖u− z‖2

≤ ‖xn − xn+1‖(‖xn − z‖+ ‖xn+1 − z‖) + αn‖u− z‖2.
(3.15)

Since ‖xn − xn+1‖ → 0, αn → 0, µ1 ∈ (0, 2β1) and µ2 ∈ (0, 2β2), we obtain from
(3.15) that ‖B1un −B1u

∗‖ → 0 and ‖B2zn −B2z‖ → 0.
By using Lemma 2.2, we obtain

‖un − u∗‖2 = ‖TG2
µ2

(zn − µ2B2zn)− TG2
µ2

(z − µ2B2z)‖2

≤ 〈(zn − µ2B2zn)− (z − µ2B2z), un − u∗〉
= 1

2 [‖(zn − µ2B2zn)− (z − µ2B2z)‖2 + ‖un − u∗‖2

−‖(zn − µ2B2zn)− (z − µ2B2z)− (un − u∗)‖2]
≤ 1

2 [‖zn − z‖2 + ‖un − u∗‖2

−‖(zn − un)− µ2(B2zn −B2z)− (z − u∗)‖2]
= 1

2 [‖zn − z‖2 + ‖un − u∗‖2 − ‖(zn − un)− (z − u∗)‖2

+2µ2〈(zn − un)− (z − u∗), B2zn −B2z〉 − µ2
2‖B2zn −B2z‖2].

So, we get that
‖un − u∗‖2 ≤

‖zn−z‖2−‖(zn−un)−(z−u∗)‖2+2µ2〈(zn−un)−(z−u∗), B2zn−B2z〉−µ2
2‖B2zn−B2z‖2

≤ ‖zn−z‖2−‖(zn−un)− (z−u∗)‖2 +2µ2〈(zn−un)− (z−u∗), B2zn−B2z〉. (3.16)
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Hence, from (3.14) and (3.16) it follows that

‖xn+1 − z‖2 ≤ βn‖xn − z‖2 + (1− βn)[‖un − u∗‖2+µ1(µ1 − 2β1)‖B1un−B1u
∗‖2]

+αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)‖un − u∗‖2 + αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)[‖zn − z‖2 − ‖(zn − un)− (z − u∗)‖2

+2µ2〈(zn − un)− (z − u∗), B2zn −B2z〉] + αn‖u− z‖2

≤ βn‖xn − z‖2 + (1− βn)[‖xn − z‖2 − ‖(zn − un)− (z − u∗)‖2

+2µ2‖(zn − un)− (z − u∗)‖‖B2zn −B2z‖] + αn‖u− z‖2

= ‖xn − z‖2 − (1− βn)‖(zn − un)− (z − u∗)‖2

+2(1− βn)µ2‖(zn − un)− (z − u∗)‖‖B2zn −B2z‖+ αn‖u− z‖2,

which implies that

(1− d)‖(zn − un)− (z − u∗)‖2 ≤ (1− βn)‖(zn − un)− (z − u∗)‖2

≤ ‖xn − z‖2 − ‖xn+1 − z‖2 + αn‖u− z‖2

+ 2(1− βn)µ2‖(zn − un)− (z − u∗)‖‖B2zn −B2z‖
≤ ‖xn − xn+1‖(‖xn − z‖+ ‖xn+1 − z‖) + αn‖u− z‖2

+ 2µ2‖(zn − un)− (z − u∗)‖‖B2zn −B2z‖.

Since ‖xn − xn+1‖ → 0, αn → 0 and ‖B2zn −B2z‖ → 0, we have

‖(zn − un)− (z − u∗)‖ → 0. (3.17)

Now, utilizing Lemma 2.6 and the firm nonexpansivity of TG1
µ1

we have

‖(un − yn) + (z − u∗)‖2

= ‖un − µ1B1un − (u∗ − µ1B1u
∗)− [TG1

µ1
(un − µ1B1un)

−TG1
µ1

(u∗ − µ1B1u
∗)] + µ1(B1un −B1u

∗)‖2

≤
∥∥un − µ1B1un − (u∗ − µ1B1u

∗)−
[
TG1

µ1
(un − µ1B1un)− TG1

µ1
(u∗ − µ1B1u

∗)
] ∥∥2

+2µ1〈B1un −B1u
∗, (un − yn) + (z − u∗)〉

≤ ‖un − µ1B1un − (u∗ − µ1B1u
∗)‖2 −

∥∥TG1
µ1

(un − µ1B1un)− TG1
µ1

(u∗ − µ1B1u
∗)

∥∥2

+2µ1‖B1un −B1u
∗‖‖(un − yn) + (z − u∗)‖

= ‖un − µ1B1un − (u∗ − µ1B1u
∗)‖2 − ‖yn − z‖2

+2µ1‖B1un −B1u
∗‖‖(un − yn) + (z − u∗)‖

≤ ‖un − µ1B1un − (u∗ − µ1B1u
∗)‖2 − ‖Syn − z‖2

+2µ1‖B1un −B1u
∗‖‖(un − yn) + (z − u∗)‖

= ‖un − µ1B1un − (u∗ − µ1B1u
∗)‖2 − ‖Stn − z‖2 + ‖Stn − z‖2 − ‖Syn − z‖2

+2µ1‖B1un −B1u
∗‖‖(un − yn) + (z − u∗)‖

≤ ‖un − µ1B1un − (u∗ − µ1B1u
∗)− (Stn − z)‖

×(‖un − µ1B1un − (u∗ − µ1B1u
∗)‖+ ‖Stn − z‖)

+‖Stn − Syn‖(‖Stn − z‖+ ‖Syn − z‖) + 2µ1‖B1un −B1u
∗‖‖(un − yn)+(z − u∗)‖

= ‖zn − xn + xn − Stn + z − u∗ − (zn − un)− µ1(B1un −B1u
∗)‖

×(‖un − µ1B1un − (u∗ − µ1B1u
∗)‖+ ‖Stn − z‖)

+‖Stn − Syn‖(‖Stn − z‖+‖Syn − z‖) + 2µ1‖B1un −B1u
∗‖‖(un − yn)+(z − u∗)‖.

(3.18)
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Since ‖zn−xn‖ → 0, ‖xn−Stn‖ → 0, ‖(zn−un)−(z−u∗)‖ → 0, ‖B1un−B1u
∗‖ → 0

and ‖Stn − Syn‖ → 0, it follows from (3.18) that ‖(un − yn) + (z − u∗)‖ → 0.
We also observe that

‖Stn−tn‖≤‖Stn−xn‖+‖xn−zn‖+‖(zn−un)−(z−u∗)‖+‖(un−yn)+(z−u∗)‖+‖yn−tn‖.

Thus, we get
‖Stn − tn‖ → 0. (3.19)

Next, putting x̄ = PF (S)∩EP∩fu, we claim that

lim sup
n→∞

〈u− x̄, tn − x̄〉 ≤ 0. (3.20)

To show inequality (3.20) holds, we consider a subsequence {tni
} of {tn} such that

lim sup
n→∞

〈u− x̄, tn − x̄〉 = lim
i→∞

〈u− x̄, tni
− x̄〉. (3.21)

Without loss of generality, we may assume that tni
⇀ w. Since C is closed and

convex, C is weakly closed. So, we have w ∈ C. Let us show w ∈ F (S)∩EP ∩f. We
first show w ∈ EP . Note that ‖Stn − tn‖ → 0, ‖Stn − xn‖ → 0 and ‖xn − zn‖ → 0.
Hence it follows that ‖tn − zn‖ ≤ ‖tn − Stn‖+ ‖Stn − xn‖+ ‖xn − zn‖ → 0, and so
‖tn − zn‖ → 0. Consequently, we have zni

⇀ w. Since zn = TF
λn

(xn − λnAxn), for
any y ∈ C we have

F (zn, y) + 〈Axn, y − zn〉+
1
λn
〈y − zn, zn − xn〉 ≥ 0.

From (A2), we obtain 〈Axn, y− zn〉+ 1
λn
〈y− zn, zn − xn〉 ≥ F (y, zn). Replacing n by

ni, we get

〈Axni
, y − zni

〉+
〈

y − zni
,
zni

− xni

λni

〉
≥ F (y, zni

). (3.22)

Let zt = ty + (1− t)w for all t ∈ (0, 1] and y ∈ C, we have zt ∈ C. So, from (3.22) we
obtain
〈zt − zni

, Azt〉 ≥
〈zt − zni , Azt〉 − 〈zt − zni , Axni〉 −

〈
zt − zni ,

zni
−xni

λni

〉
+ F (zt, zni) =

〈zt − zni
, Azt −Azni

〉+ 〈zt − zni
, Azni

−Axni
〉 −

〈
zt − zni

,
zni
−xni

λni

〉
+ F (zt, zni

).

Since ‖zni
− xni

‖ → 0, we have ‖Azni
−Axni

‖ → 0. Further, from the monotonicity
of A, we have 〈zt − zni

, Azt −Azni
〉 ≥ 0. So, from (A4), as i →∞, we have

〈zt − w,Azt〉 ≥ F (zt, w), (3.23)

From (A1), (A4) and (3.23), we have

0 = F (zt, zt) ≤ tF (zt, y) + (1− t)F (zt, w) ≤ tF (zt, y) + (1− t)〈zt − w,Azt〉
= tF (zt, y) + (1− t)t〈y − w,Azt〉

and hence 0 ≤ F (zt, y) + (1− t)〈y −w,Azt〉. Letting t → 0, we have, for each y ∈ C,
0 ≤ F (w, y) + 〈y − w,Aw〉. This implies that w ∈ EP .

Now, we show that w ∈ F (S). Indeed, since tni ⇀ w and ‖Stn − tn‖ → 0 due to
(3.19), utilizing Lemma 2.5 we have (I − S)w = 0 and hence w ∈ F (S).
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Next, we show that w ∈ f. Indeed, utilizing Lemma 2.2 we have for all x, y ∈ C

‖Γ(x)− Γ(y)‖2 = ‖TG1
µ1

[TG2
µ2

(x− µ2B2x)− µ1B1T
G2
µ2

(x− µ2B2x)]
−TG1

µ1
[TG2

µ2
(y − µ2B2y)− µ1B1T

G2
µ2

(y − µ2B2y)]‖2

≤ ‖TG2
µ2

(x− µ2B2x)− µ1B1T
G2
µ2

(x− µ2B2x)
−[TG2

µ2
(y − µ2B2y)− µ1B1T

G2
µ2

(y − µ2B2y)]‖2

= ‖TG2
µ2

(x− µ2B2x)− TG2
µ2

(y − µ2B2y)
−µ1(B1T

G2
µ2

(x− µ2B2x)−B1T
G2
µ2

(y − µ2B2y))‖2

≤ ‖TG2
µ2

(x− µ2B2x)− TG2
µ2

(y − µ2B2y)‖2

+µ1(µ1 − 2β1)‖B1T
G2
µ2

(x− µ2B2x)−B1T
G2
µ2

(y − µ2B2y)‖2

≤ ‖TG2
µ2

(x− µ2B2x)− TG2
µ2

(y − µ2B2y)‖2

≤ ‖(x− µ2B2x)− (y − µ2B2y)‖2

≤ ‖x− y‖2 + µ2(µ2 − 2β2)‖B2x−B2y‖2

≤ ‖x− y‖2.

It shows that Γ : C → C is nonexpansive. Since ‖Stn− tn‖ → 0, ‖Stn−xn‖ → 0 and

‖tn − xn‖ ≤ ‖Stn − tn‖+ ‖Stn − xn‖,
we conclude that ‖tn − xn‖ → 0 as n →∞. Furthermore,

‖tn − Γ(tn)‖ = ‖tn − yn‖+ ‖yn − Γ(tn)‖

= αn‖u− yn‖+ ‖TG1
µ1

[TG2
µ2

(zn − µ2B2zn)− µ1B1T
G2
µ2

(zn − µ2B2zn)]− Γ(tn)‖
= αn‖u− yn‖+ ‖Γ(zn)− Γ(tn)‖ ≤ αn‖u− yn‖+ ‖zn − tn‖.

Since αn → 0 and ‖tn − zn‖ → 0, we obtain ‖tn − Γ(tn)‖ → 0. In terms of Lemma
2.5 we have (I − Γ)w = 0 and so w ∈ f. Therefore, w ∈ F (S) ∩ EP ∩ f.

This together with (3.21) and the property of metric projection, implies that

lim sup
n→∞

〈u− x̄, tn − x̄〉 = lim
i→∞

〈u− x̄, tni
− x̄〉 = 〈u− x̄, w − x̄〉 ≤ 0.

Finally, we prove xn → x̄. Indeed, since tn− x̄ = αnu+(1−αn)yn− x̄ = αn(u− x̄)+
(1− αn)(yn − x̄), by utilizing Lemma 2.6, we derive from (3.2) and (3.3) that

‖xn+1 − x̄‖2 ≤ βn‖xn − x̄‖2 + (1− βn)‖Stn − x̄‖2

≤ βn‖xn − x̄‖2 + (1− βn)‖tn − x̄‖2

≤ βn‖xn − x̄‖2 + (1− βn)[(1− αn)2‖yn − x̄‖2 + 2αn〈u− x̄, tn − x̄〉]
≤ βn‖xn − x̄‖2 + (1− βn)[(1− αn)‖zn − x̄‖2 + 2αn〈u− x̄, tn − x̄〉]
≤ βn‖xn − x̄‖2 + (1− βn)[(1− αn)‖xn − x̄‖2 + 2αn〈u− x̄, tn − x̄〉]
= (1− (1− βn)αn)‖xn − x̄‖2 + 2(1− βn)αn〈u− x̄, tn − x̄〉.

(3.24)
Now, put γn = (1 − βn)αn and δn = 2(1− βn)αn〈u − x̄, tn − x̄〉 for all n ∈ N. Then
(3.24) can be rewritten as

‖xn+1 − x̄‖2 ≤ (1− γn)‖xn − x̄‖2 + δn, ∀n ∈ N. (3.25)

Since 0 < c ≤ βn ≤ d < 1 and
∞∑

n=1

αn = ∞, we have
∞∑

n=1

(1 − βn)αn = ∞ and

so
∞∑

n=1

γn = ∞. Note that lim supn→∞
δn

γn
= lim supn→∞ 2〈u − x̄, tn − x̄〉 ≤ 0, due
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to (3.20). Consequently, by applying Lemma 2.4 to (3.25), we deduce that {xn}
converges strongly to x̄. This completes the proof. �

By using Theorem 3.1, we obtain the following strong convergence results in a
Hilbert space.

Corollary 3.1. Let F,G1, G2 : C×C → R be three bifunctions such that Condition
A holds. Let the mappings B1, B2 : C → H be inverse-strongly monotone mappings
with constants β1 and β2, respectively, and let S : C → C be a nonexpansive mapping
such that F (S)∩EP (F )∩f 6= ∅, where f is the same as in Theorem 3.1. Let u ∈ C,
x1 ∈ C and {xn} ⊂ C be a sequence generated by the following scheme

F (zn, y) + 1
λn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

yn = TG1
µ1

[TG2
µ2

(zn − µ2B2zn)− µ1B1T
G2
µ2

(zn − µ2B2zn)],
xn+1 = βnxn + (1− βn)S[αnu + (1− αn)yn], ∀n ∈ N,

where µ1 ∈ (0, 2β1), µ2 ∈ (0, 2β2), and {αn} ⊂ [0, 1], {βn} ⊂ [0, 1], {λn} ⊂ (0,∞)
satisfy the following conditions 0 < c ≤ βn ≤ d < 1, 0 < a ≤ λn ≤ b < ∞,

lim
n→∞

(λn − λn+1) = 0, lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞.

Then, {xn} converges strongly to x̄ = PF (S)∩EP (F )∩fu and (x̄, ȳ) is a solution of
problem (1.2), where ȳ = TG2

µ2
(x̄− µ2B2x̄).

Proof. In Theorem 3.1, for all n ∈ N, zn = TF
λn

(xn − λnAxn) is equivalent to

F (zn, y) + 〈Axn, y − zn〉+
1
λn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C.

By putting A ≡ 0, we obtain F (zn, y) + 1
λn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C. Observe

that for all α ∈ (0,∞) 〈x − y, Ax − Ay〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C. So, taking
a, b ∈ (0,∞) with 0 < a ≤ b < ∞ and choosing a sequence {λn} of real numbers with
a ≤ λn ≤ b, we obtain the desired result from Theorem 3.1. �

Corollary 3.2. Let G1, G2 : C ×C → R be two bifunctions such that Condition A
holds. Let the mappings A,B1, B2 : C → H be inverse-strongly monotone mappings
with constants α, β1, β2, respectively, and let S : C → C be a nonexpansive mapping
such that V I(C,A)∩F (S)∩f 6= ∅, where f is the same as in Theorem 3.1. Let u ∈ C,
x1 ∈ C and {xn} ⊂ C be a sequence generated by the following iterative scheme

zn = PC(xn − λnAxn),
yn = TG1

µ1

[
TG2

µ2
(zn − µ2B2zn)− µ1B1T

G2
µ2

(zn − µ2B2zn)
]
,

xn+1 = βnxn + (1− βn)S [αnu + (1− αn)yn] , ∀n ∈ N,

where µ1 ∈ (0, 2β1), µ2 ∈ (0, 2β2), {αn} ⊂ [0, 1], {βn} ⊂ [0, 1], and {λn} ⊂ [0, 2α]
satisfy the following conditions 0 < c ≤ βn ≤ d < 1, 0 < a ≤ λn ≤ b < 2α,

lim
n→∞

(λn − λn+1) = 0, lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞.

Then, {xn} converges strongly to x̄ = PV I(C,A)∩F (S)∩fu and (x̄, ȳ) is a solution of
problem (1.2), where ȳ = TG2

µ2
(x̄− µ2B2x̄).



ITERATIVE METHODS FOR NONEXPANSIVE MAPPINGS 307

Proof. In Theorem 3.1, for all n ∈ N, zn = TF
λn

(xn − λnAxn) is equivalent to

F (zn, y) + 〈Axn, y − zn〉+
1
λn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C.

By taking F ≡ 0, we obtain 〈Axn, y−zn〉+ 1
λn
〈y−zn, zn−xn〉 ≥ 0, ∀y ∈ C,∀n ∈ N,

which implies that 〈y − zn, xn − λnAxn − zn〉 ≤ 0, ∀y ∈ C. So, it follows that
PC(xn − λnAxn) = zn for all n ∈ N and we obtain the desired result from Theorem
3.1. �

A mapping T : C → C is called strictly pseudocontractive if there exists k with
0 ≤ k < 1 such that ‖Tx−Ty‖2 ≤ ‖x−y‖2 +k‖(I−T )x−(I−T )y‖2, for all x, y ∈ C.
Notice that, if T : C → C is a strictly pseudocontractive mapping with constant k,
then the mapping A ≡ I − T is inverse-strongly monotone with constant (1− k)/2.

Theorem 3.2. Let F,G1, G2 : C×C → R be three bifunctions such that Condition
A holds. Let T : C → C be a strictly pseudocontractive mapping with constant
k and let B1, B2 : C → H be inverse-strongly monotone mappings with constants
β1, and β2, respectively, and let S : C → C be a nonexpansive mapping such that
F (S) ∩ EP ∩ f 6= ∅, where A ≡ I − T and f is the same as in Theorem 3.1. Let
u ∈ C, x1 ∈ C and {xn} ⊂ C be a sequence generated by the following iterative
scheme 

zn = TF
λn

((1− λn)xn + λnTxn) ,
yn = TG1

µ1

[
TG2

µ2
(zn − µ2B2zn)− µ1B1T

G2
µ2

(zn − µ2B2zn)
]
,

xn+1 = βnxn + (1− βn)S[αnu + (1− αn)yn], ∀n ∈ N,

where µ1 ∈ (0, 2β1), µ2 ∈ (0, 2β2), and {αn} ⊂ [0, 1], {βn} ⊂ [0, 1], {λn} ⊂ [0, 1− k]
satisfy

0 < c ≤ βn ≤ d < 1, 0 < a ≤ λn ≤ b < 1− k,

lim
n→∞

(λn − λn+1) = 0, lim
n→∞

αn = 0 and
∞∑

n=1

αn = ∞.

Then, {xn} converges strongly to x̄ = PF (S)∩EP∩fu and (x̄, ȳ) is a solution of problem
(1.2), where ȳ = TG2

µ2
(x̄− µ2B2x̄).

Proof. Since T is a strictly pseudocontractive mapping with contant k, the map-
ping A ≡ I − T is inverse-strongly monotone with constant (1 − k)/2. Consider
α = (1 − k)/2. Then zn = TF

λn
(xn − λnAxn) = TF

λn
(xn − λn(I − T )xn) =

TF
λn

((1− λn)xn + λnTxn). By Theorem 3.1, we get the conclusion. �

References

[1] F.E. Browder, W.V. Petryshyn, Construction of fixed points of nonlinear mappings in Hilbert
spaces, J. Math. Anal. Appl., 201967, 197-228.

[2] K. Goebel, W.A. Kirk, Topics on Metric Fixed-Point Theory, Cambridge University Press,
Cambridge, 1990.

[3] R.U. Verma, Iterative algorithms and a new system of nonlinear quasivariational inequalities,

Advan. Nonlinear Var. Ineq., 4(2001), 117-124.
[4] N. Nadezhkina, W. Takahashi, Weak convergence theorem by an extragradient method for

nonexpansive mappings and monotone mappings, J. Optim. Th. Appl., 128(2006), 191-201.



308 L.-C. CENG, Q.H. ANSARI, S. SCHAIBLE AND J.-C. YAO

[5] P.L. Combettes, A. Hirstoaga, Equilibrium Programming in Hilbert spaces, J. Nonlinear Con-
vex Anal., 6(2005), 117-136.

[6] T. Suzuki, Strong convergence of Krasnoselskii and Mann’s type sequences for one-parameter

nonexpansive semigroups without Bochner integrals, J. Math. Anal. and Appl., 305(2005),227-
239.

[7] A. Tada, W. Takahashi, Strong convergence theorem for an equilibrium problem and a non-

expansive mapping, J. Optim. Th. Appl., 133(2007), 359-370.
[8] S. Takahashi, W. Takahashi, Viscosity approximation methods for equilibrium problems and

fixed point problems in Hilbert spaces, J. Math. Anal. Appl., 331(2007), 506-515.
[9] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, Japan, 2000.

[10] H.K. Xu, Viscosity approximation methods for nonexpansive mappings, J. Math. Anal. Appl.,

298(2004), 279-292.
[11] L.C. Zeng, Iterative algorithms for finding approximate solutions for general strongly nonlinear

variational inequalities, J. Math. Anal. Appl., 187(1994), 352-360.

[12] W. Takahashi, M. Toyoda, Weak convergence theorems for nonexpansive mappings and mono-
tone mappings, J. Optim. Th. Appl., 118(2003), 417-428.

[13] Y. Yao, J.C. Yao, On modified iterative method for nonexpansive mappings and monotone

mappings, Appl. Math. Comput., 186(2007), 1551-1558.
[14] L.C. Zeng, J.C. Yao, Strong convergence theorem by an extragradient method for fixed point

problems and variational inequality problems, Taiwanese J. Math., 10(2006), 1293-1303,.

[15] S. Takahashi and W. Takahashi, Strong convergence theorem for a generalized equilibrium
problem and a nonexpansive mapping in a Hilbert space, Nonlinear Anal., 69(2008), 1025-

1033.

[16] L.C. Ceng, C.Y. Wang, J.C. Yao, Strong convergence theorems by a relaxed extragradient
method for a general system of variational inequalities, Math. Meth. Oper. Research, 67(2008),

375-390.
[17] L.C. Zeng, N.C. Wong, J.C. Yao, Strong convergence theorems for strictly pseudocontractive

mappings of Browder-Petryshyn type, Taiwanese J. Math., 10(2006), 837-849.

[18] L.C. Ceng, J.C. Yao, A hybrid iterative scheme for mixed equilibrium problems and fixed point
problems, J. Comput. Appl. Math., 214(2008), 186-201.

[19] L.C. Ceng, S. Schaible, J.C. Yao, Implicit iteration scheme with perturbed mapping for equi-

librium problems and fixed point problems of finitely many nonexpansive mappings, J. Optim.
Th. Appl., 139(2008), 403-418.

[20] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems,

Math. Stud., 63(1994), 123-145.
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