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1. INTRODUCTION AND PRELIMINARIES

In [8] the first author developed a technique for the investigation of systems of
nonlinear operator equations which is based on vector-valued metrics and convergent
to zero matrices together with fundamental principles of nonlinear functional analysis.
It is shown in [8] that the use of vector-valued metrics is more appropriate when
treating systems of equations. The technique was applied in [10] to obtain existence
of solutions for the Cauchy problem associated to a semilinear system of abstract
evolution equations:

B0 + Ava(t) = Bt (1), ua(0)
(0 + Asus(t) = Fa(t, i (1), ua(1)) (1.1)
ul(O =

The aim of this paper is to extend the methods and results from [10] to inclusions.
More exactly we are concerned with the Cauchy problem associated to the semilinear
system of abstract evolution inclusions:

+ Azuz(t) S FZ(ul(t)v u2(t)) (1'2)
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Here A; : D(A;) C X; — X; is assumed to be a linear operator, densely defined
on the real Banach space X; which generates the strongly continuous semigroup of
contractions {S;(t),t >0}, and F; : X; x Xo — 2%i is a multivalued operator, for
i=1,2.

We shall look for global mild solutions to (1.2) on the interval [0,T], i.e., u =
(ul,u2) S C([O,T} ,Xl X Xg) = C([O,T] ,Xl) X C([O,T] 7X2) such that

ui(t) = S;(t)ud + /Ot Si(t — T)w;(T)dr t€[0,T],

where w; € L' ([0,T], X;) is a selection for the multivalued function ¢t — F; (u (1)),
ie.,
wi(t) € Fy (u(t)) ae tel0,T] i=1,2.

In the next section three different fixed point principles will be used in order to
prove the existence of solutions for the semilinear problem, namely the multivalued
versions of the fixed point theorems of Perov, Schauder and Leray-Schauder (see [9]).
In all three cases a key role will be played by the so called convergent to zero matrices.
A square matrix M with nonnegative elements is said to be convergent to zero if

MF S0 as k — oo.

It is known that the property of being convergent to zero is equivalent to each of the
following three conditions (for details see [6], [9], [11]):

(a) I — M is nonsingular and (I — M)~' =TI+ M + M? + ... (where I stands for
the unit matrix of the same order as M);

(b) the eigenvalues of M are located inside the unit disc of the complex plane;

(c) I — M is nonsingular and (I — M)~! has nonnegative elements.

Let X be a nonempty set. By a vector-valued metric on X we mean a mapping
d: X x X — R" such that

(i) d(u,v) > 0 for all u,v € X and if d(u,v) = 0 then u = v;

(ii) d(u,v) = d(v,u) for all u,v € X;

(iii) d(u,v) < d(u, w) + d(w,v) for all u,v,w € X.
Her67 if T,y € Rn’ r = (wlaan"'axn)Ta Yy = (ylayQa"'ayn)Ta by T S Yy we mean
x; <wy; for i =1,2,...,n. We call the pair (X, d) a generalized metric space. For such
a space convergence and completeness are similar to those in usual metric spaces.

Let (X, d) be a metric space. For two nonempty sets A, B C X and x € X we use
the following notations:

d(x,A)

inf{d(x,a):a € A};

H(A,B) = max {supd (a, B) ;supd (b, A)} ;
acA beB

0(A,B) = sup{d(a,b):a€ Abe B}.

Recall that H is a metric (the Hausdorff-Pompeiu metric) on the set of all nonempty
closed bounded subsets of (X, d). Also note the following property of this metric:

Remark 1.1. Let (X,d) be a metric space, A, B C X nonempty closed bounded sets
and q > 1. Then for each a € A there exists b € B such that d (a,b) < qH (A, B).
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We first give a vector version of Nadler’s fixed point theorem [5, p 28].

Theorem 1.2. Let (X1,d1), (Xa,ds) be two complete metric spaces and N : X7 x
Xo — 25%X2 g multivalued operator with N (x) nonempty closed bounded for each
x € X1 X Xg. Assume that there exists matriz M which is convergent to zero, such

that
H (N (u)7N (U)) d (u 701)
< Hy (Na (u) . Na (1)) > <M ( d (s, v2) ) (+5)

for all u = (ui,uz),v = (vi,v2) € X1 x Xo, where Ny : X1 x Xo — 2% and
Ny : X1 x Xo — 2%2 gre the two components of N and H1, Ho stand for the Hausdorff-
Pompeiu metrics associated to dy and ds, respectively. Then N has a fized point.

Proof. First we note that X; x X5 endowed with the vector-valued metric
_( di(ui,vr)
du,v) = ( da (uz,v2)

where u = (u1,u2),v = (v1,v2), is a complete generalized metric space.

Starting with any 2 € X; x Xy and 2! € N (xo) we shall build a sequence of
successive approximations. Take any number g > 1 such that gM is still convergent
to zero. From Remark 1.1, there exists 27 € N; (z') with

di (z},27) < qH; (N; (2°),N; (21)) .
Let 22 = (w%,x%) . Clearly 22 € F (J:l) . Now we use relationship (1.3) to obtain

Hy (Ny (2%) Ny (22))
o )

Hy (N3 (z') , N2 (27))
o (68

= qMd (mo,xl) .

d (131,:52)

IN

IN

Recursively we generate a sequence (z™) such that for all n € N
2"t e N (2") and d(z",2""') < ¢"M"d(2°,2").

We show that this sequence is fundamental and thus it converges in the complete
generalized metric space (X1 x Xa,d) . Indeed,

d(a:",x"“”) < d(x”,x”“) +...+d(x”+p*1,x”+p)
< M (IT+gM+ ..+ ¢" " MPH d (2, 2t)
< ¢"M" (Iqu)fld(xO,xl).

Since ¢M is convergent to zero, we deduce that (™) is fundamental as claimed.
Finally we show that the limit 2* of (z™) is a fixed point of N. Indeed, for each
i =1,2 we have

di (x7, N; (z%)) d; (zf, 2}t +d; (a7, Ny (2%))

R [

d; (z} x”“) + H; (N; (™), N; (z7))

Rt

INIA
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as :c?"'l € N; (z™). Writing these inequalities in a vector form
di (1, Ny (29) \ _ (i (21,2070 L ( Hy (N1 (@), Vo (27))
da (23, No (z*)) ) = \ do (23,251 Hy (Na (2™), Na (z7))
and applying (1.3) to the second term of the right hand side we obtain
di (7, Ny (a)) di (@}, (@ eB)
do (:C;’NQ (:E*)) da (x;x;ﬂrl) do ($;7IS)
= d(z*,2"") + Md (2", 2*) — 0 asn — .

Thus z* € N (z%) . O

Finally we recall two basic topological fixed point theorems for set-valued maps
(see e.g. [3])

Theorem 1.3 (Bohnenblust-Karlin). Let X be a Banach space, D C X nonempty
closed convex bounded and N : D — 2% upper semicontinuous with N (x) nonempty
closed convex for all x € D. If N(D) C D and N (D) is relatively compact, then N
has at least one fized point.

Theorem 1.4 (Leray-Schauder). Let X be a Banach space, U C X open bounded
and N : U — 2% upper semicontinuous with N (x) nonempty closed convex for all

z € U. If N (U) is relatively compact and zo+ X (x — z0) ¢ N (z) on dU for all X > 1,
then N has at least one fixed point.
2. EXISTENCE RESULTS
Obviously a mild solution for (1.2) is a fixed point of the multivalued operator
N :C([0,T],X1) x C([0,T], Xz) — 20U0ThXxX2))
N (u) = (N1 (u), Ny (u)),
where
N; (u) = { Sty + fy St = T)wi()dr
w; € L' ([0,T], X;),w;i(t) € F; (u(t)) ae. te€[0,T]}.

The multivalued operator N can be written as a composition of a single-valued oper-
ator N with a multivalued operator W, i.e., N = N oW, where

W:C(0,T], X1 x Xp) — 2L (OTLX0xX2) yr () = (W (u), Wa (w))
Wi (u) = {w; € L' ([0,T],X;) : wi(t) € F; (u(t)) ae. t€[0,T]}

(2.1)

and

N LH([0,T], X1 x X2) — C([0,T], X1 x Xa), N (f) = N (f) (1), N (f) (1)),

Ni (f) (1) == S;(t)ud + /0 Si(t — 1) fi(r)dr

for any f = (f1, f2) € L' ([0,T], X1 x Xa) = L* ([0, T], X1) x L' ([0,T], X2).
We list below some properties of N.
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Lemma 2.1. If F; has bounded values for i = 1,2 then the operator N has bounded
values N (u).

Proof. Since N (u) = N (W (u)) and N is continuous we only have to show that
W (u) has bounded values.
F; (u) are all bounded and thus there is R; € Ry such that

1fill < Rq for all fi € i (u(t)), t € 0,T]
Let w = (w1, w2) € W (u), because w;(t) € F; (u(t)) a.e. t € [0,T] we have
lw;(t)]] < R; a.e. t €[0,T]

and

T
lwill L1 (go,71,x,) < /Ridt =RT
0
for i = 1,2. And thus W (u) is bounded. O

Lemma 2.2. If F; has closed values fori = 1,2 then the operator N has closed values
N (u).

Proof. Since N (u) = N (W (u)) and A is continuous we only have to show that W
has closed values.
Let (wf)keN C W; (u) a convergent sequence w¥ — w;. We show that w; € W; (u),
ie, w; € L'([0,T],X;) and w;(t) € F; (u(t)) a.e. ¢t € [0,7]. Obviously
w; € L ([0,7T], X;) (2.2)
is satisfied.
Now, since wf — w;, we have, at least for a subsequence, that

wl (t) — w; (t) a.e. t€[0,T)].

K3

But for all k € N

wh(t) € Fy (u(t)) ae. te0,T],
and thus

w;(t) € F; (u(t)) ae. t€[0,T] (2.3)
which concludes our proof. O

Our goal now is to prove that the multivalued operator N also preserves the upper
semicontinuity of Fj.

Definition 2.3. A multifunction F : X — 2, X and Y being two metric spaces, is
upper semicontinuous if the set

F-U)={zeX :F(x)NU # &}

is closed for each closed set U CY.
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Remark 2.4. Let (X,d) be a metric space, if F : X — 2% has bounded closed values
and is upper semicontinuous then, for any sequence (xy) in X such that x — xz, we
have
sup D (y,F;(x)) — 0 as k — oc.
YEF; (wr)
Remark 2.5. The composition of two upper semicontinuous operators is also upper
semicontinuous.

Lemma 2.6. If F; has bounded values and is upper semicontinuous for i = 1,2 then
the operator N is also upper semicontinuous.

Proof. Since N can be written as
N (u) = N (W (u))

and A is continuous it enough to show that W is upper semicontinuous for N to be

so.
Let U be a closed set in L' ([0,7], X7) x L' ([0,T], X2) we have to show that

W= (U) = {z € C([0,T],X) x C([0,T), X2) : W (z) N U # 2}

is closed.
For any sequence (z) C W~ (U) such that z; — x we show that z € W~ (U).
Inded, if z;; — x then the sequence also converges poinwise xj, (t) — « (t) and since
F; is upper semicontinuous, we can apply Remark 2.4 to obtain

sup Dy, (y,F; (z(t))) — 0 as k — oc. (2.4)
YEF; (wk(t))
Now, since x, € W~ (U), i.e., W (z) NU # &,
Juwk € U such that wf (t) € F; (zy (t)) ae. t €[0,T)] (2.5)

for all £k € N.
If we apply (2.4) to each w” in (2.5) we obtain that there exists a w; (t) € F; (x (t))
such that
wh (t) — w; (t) ae. t €[0,T).
The fact that the sets F; (z (¢)) are bounded for all ¢ € [0,7] and k € N assures
the bondedness of wy (t) a.e. on [0,7], and thus we can apply Lesbegue’s bounded
convergence theorem to prove that w € W (z) N U. 0

Our first existence result is established by means of the vector version of Nadler’s
theorem.

Theorem 2.7. Let F; : X; x Xy — 2% and assume that F; (x) is nonempty closed
bounded for each x € X1 x Xo. In addition assume that there are constants a;; > 0
for 1,7 =1,2 such that

O, (B (u), Fi (v) < aq[lur —villx, + aiz [luz —vally, (2.6)

for all w = (ug,u2), v = (v1,v2) € X1 X Xo and i = 1,2. Then problem (1.2) has a
mild solution.
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Proof. We apply Theorem 1.2 to the operator N defined in (2.1). We will use the
following notation for the space of continuous X;-valued functions on [0, 7], endowed
with the Bielecki norm

E;:=C(0,T],X; = Rt
(0,77, %) lullg, S € u®)l x,

for some constant & > 0.Let u,v € C([0,T], X1 x X3). Then for every w* € W (u)
and w¥ € W (v), we have

NG () (£) = N () (8 x. s\A&aﬂﬂwm—wmmTX
< QA 18 (¢ = )| |l () — () . dr
< AHWH&*MUmqu

but since wi(7) € F; (u (7)) and w?(7) € F; (v (7)), by the definition of the functional
d and using (2.6) we have

[(wi' () —wi(M)lx, < 6(Fi(u(r)),Fi(v(r)))
< aq flun(r) =01 (7)llx, + @iz [lua(T) = v2(7)llx, -

Thus

ING (w*) (8) = Ni (w”) (#)]

&SAQmWMﬂ—mUW&+%ﬂwﬁ%ﬂMﬂhﬁﬁ

t
lur — vill g ain e’ dr + |lug — vel| aipe®dr
1 2
0 0

IN

a1 a2
< = =il et + = lluz = vzl g, et
for any t € [0,7] and 7 = 1, 2.
It follows that
u v a1 ;2
NG @) = A g, < s = el + s = vl

Then by the definition of the Hausdorff-Pompeiu metric Hg,
Q51

a;
Hp, (N; (), Ni (0) < < lu = o], + 72 [z = va] |,

for ¢ = 1,2. This can be written in matrix form as

(Fetai ety )= (fuzulz)

with
an a1z
M,;, = ( &b ) . (2.7)
k k

Finally note that Mj is convergent to zero provided that k£ > 0 is chosen sufficiently
large. Now the conclusion follows from Theorem 1.2. U
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The next existence result is an application of Theorem 1.3 and uses growth condi-
tions on F; which are more general than the Lipschitz condition (2.6).

Theorem 2.8. Let F; : X1 x Xy — 2% be upper semicontinuous with Fy () nonempty
closed bounded for each x € X1 x Xa. Assume that there exist constants a;; > 0 and
b; >0 fori,j =1,2, such that

[wllx, < ait |lurllx, + a2 [luzl[x, + b (2.8)

for all w = (u1,u2) € X1 x X9 and w € F; (u) (i = 1,2). If in addition operator N is
completely continuous, then problem (1.2) has at least one mild solution.

Proof. In the Lemmas 2.1, 2.2, 2.6 we have proven that the operator N has bounded
closed values and is upper semicontinuous. In order to apply Theorem 1.3 we need to
find a nonempty closed convex bounded set D C E; X E5 such that

N(D)C D (2.9)

Let us consider the set D := B, (0; E1) x Bg,(0; E3), where Bg, (0; E;) is the closed
ball centered in origin of E; of radius R;. We try to find Ry, Ry > 0 such that (2.9)
holds. For w € C'([0,T], X1 x X2) and any w € W (u) we have

IN

@) Ollx, < 15008l + | [ 5= utryar

X

IN

¢
Hu?”xi—k/o sz(T)”X dr.

But since w;(7) € F; (u (7)), we then have also using (2.8)

t
[N (w) @)l x, [ u?l ., +/0 (@i lur (T)llx, + aaz lluz (7)llx, + bi) dr

IN

IN

t t
i ll g, / aneTdr + uzll g, / aipe T dr + Hu?HX +b,T
0 0
for any ¢t € [0,7] and i = 1, 2. Consequently
[N (w)]

;1 a;2
5 < Glhalle + P lealle, + e

where ¢; = ||u?| +b,T. Now if u € D, i.e., ||u;||g, < R; for i = 1,2, we have

|Xi

%131 + %232 +e (i=1,2)

(e )= (5 )+(5)

where M)}, is given by (2.7). Now coose k > 0 such that M, is convergent to zero and
take Ry, Ry the solution of the algebraic system

e m ) (a)=(m):

IV ()l g, <

or, equivalently
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( g; ) — (= M) ( o ) (2.10)

Notice R1, Ro are nonnegative acconding to property (c) of convergent to zero ma-
trices. Thus, for 7 € {1,2} we have that [|N; (w)| 5 < Ri,, for every w € W (u) and
u € D. This shows that N (D) C D. Therefore Theorem 1.3 applies. d

Hence

In the case of Hilbert spaces and if all mild solutions are classical solutions (i.e.,
each component is in C([0, 7], D(A;))NC*([0, T}, X;) and satisfies (1.2)) the existence
can be also derived from Theorem 1.4.

Theorem 2.9. Let (X;,(.,.)x,), i = 1,2 be real Hilbert spaces, assume that all mild
solutions of the system

‘;“ (£) + Ayuy (1) € AFy (u)
% (t) 4+ Agus (t) € AF, (u) (2.11)

uy (0) = Au
uz (0) = \ud
for A € (0,1) are classical solutions and that the nonlinear operator N is completely

continuous. In addition, assume that there exist constants a;; > 0 and b; > 0 for
1,7 = 1,2 such that

sup (wi, )y, < aqt lJull, + @i Juall%, + b (2.12)
wleFl(u)

for allu € Xy x Xo, i = 1,2. Then problem (1.2) has at least one solution.

Proof. Let u = (ug,us) be any solution of (2.11). Then there exists w € W (u) such
that

dus
() + A () = Mwi (t), =12
Taking in this equation the inner product in X; with wu; (¢) we obtain
1d

2
s (%, + (e (1), ), = A i),
Then using (A;z,z)y, > 0 for all z € D(4;) (for details about this property of
generators of semigroups in Hilbert spaces see for example ([7]), and (2.12)) we obtain
1d 2 2 2
5 s (1%, < A G (0), s (), < an s ()1, + e luz ()], + b

Integrating with respect to ¢, we deduce that

t
2 2 2 2
i (O, < [[f], +2 / (i llun (P, + aia lus (7)1, + i) dr
0

forall t € [0,7] and i = 1,2.
Using the same kind of estimates as in the proof of Theorem 2.8 we then deduce

that
|

azl a2 ‘

||u1||E1 lua||, + iy i=1,2



346 RADU PRECUP AND ADRIAN VIOREL

where ¢; = ||u?}|§( + 2b,T. This can be rewritten using the matrix form as follows

[[ua] | ) ( 1 )

I-M 1 < 2.13
- (it ) <( 4 (219)
where again M, is given by (2.7). For a sufficiently large k, matrix M), is convergent

to zero. Hence, I — M}, is nonsingular and (I — Mj)~! has nonnegative elements.
Multiplication of both sides of (2.13) with (I — M)t yields

||ua | a1 a
(i )= ()

This guarantees the a priori boundedness of all solutions u = (uy,us) of the equations
u € AN (u), for A € (0,1). Thus we may apply Theorem 1.4. O

Notice that sufficient conditions for the complete continuity of operator N, as well
as for that mild solutions be classical solutions are available in literature, see for
example [2], [13] and [14]. Related topics in connection with Perov’s method can be
found in [1] and [12].
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