Fized Point Theory, 10(2009), No. 2, 347-363
http://www.math.ubbcluj.ro/~nodeacj/sfptcj.html

CONVERGENCE THEOREMS FOR EQUILIBRIUM
PROBLEMS AND FIXED POINT PROBLEMS

YONGHONG YAO™", YEONG-CHENG LIOU**,
CHINSAN LEE*** AND MU-MING WONG™****

*Department of Mathematics, Tianjin Polytechnic University,
Tianjin 300160, China.
E-mail: yaoyonghong@yahoo.cn

**Department of Information Management, Cheng Shiu University,
Kaohsiung 833, Taiwan.

E-mail: simplex_liou@hotmail.com

***Department of Leisure, Recreation and Tourism Management, Shu-Te University,

Kaohsiung, Taiwan.

****Department of Applied Mathematics, Chung Yuan Christian University,
Chung Li 32023, Taiwan.

E-mail: mmwongQcycu.edu.tw

Abstract. In this paper, we introduce an iterative scheme for finding a common element of

the set of solutions of an equilibrium problem and the set of common fixed points of finitely

many nonexpansive mappings in a Hilbert space. We prove a strong convergence theorem

under mild assumptions on parameters.

Key Words and Phrases: Nonexpansive mapping, equilibrium problem, fixed point prob-

lem, Hilbert spaces.
2000 Mathematics Subject Classification: 47H05, 47J05, 47J25.

*The first author was partially supposed by National Natural Science Foundation of China

Grant 10771050.

**The second author was partially supposed by the grant National Science Council 97-

2221-E-230-017.

***The third author was partially supported by a grant from the National Science Council.

****Corresponding author.

347



348 YONGHONG YAO, YEONG-CHENG LIOU, CHINSAN LEE AND MU-MING WONG

1. INTRODUCTION

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let h : C' x C — R be an equilibrium bifunction, i.e., h(u,u) = 0 for
every u € C. Then, one can define the equilibrium problem that is to find an
element u € C such that

EP(h): h(u,v) >0 for all v e C.

Denote the set of solutions of EP(h) by SEP(h). This problem contains fixed
point problems, optimization problems, variational inequality problems, Nash
equilibrium problems as special cases; see [1]. Some methods have been pro-
posed to solve the equilibrium problem, please consult [2-4].

Recently, Combettes and Hirstoaga [2] introduced an iterative scheme of
finding the best approximation to the initial data when SEP(h) # () and
proved a strong convergence theorem. Motivated by the idea of Combettes
and Hirstoaga, very recently Takahashi and Takahashi [4] introduced a new
iterative scheme by the viscosity approximation method for finding a common
element of the set of solutions of an equilibrium problem and the set of fixed
points of a nonexpansive mapping in a Hilbert space. Their results extend and
improve the corresponding results announced by Combettes and Hirstoaga [2],
Moudafi [8], Wittmann [9] and Tada and Takahashi [10].

In this paper, motivated and inspired by Combettes and Hirstoaga [2] and
Takahashi and Takahashi [4], we introduce an iterative scheme for finding a
common element of the set of solutions of EP(h) and the set of fixed points of
finitely many nonexpansive mappings in a Hilbert space. A strong convergence

theorem was established.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm ||-||. Let C
be a nonempty closed convex subset of H. Then, for any x € H, there exists
a unique nearest point in C, denoted by Pc(x), such that

[ = Po(@)l| < [z =yl
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for all y € C. Such a Pg is called the metric projection of H onto C. We
know that Py is nonexpansive. Further, for x € H and z* € C,
¥ =Po(r) & (x—a*, 2" —y) >0 forall yeC.
Recall that a mapping T : C — H is called nonexpansive if
[Tz =Tyl <z —yll,

for all z,y € C. Denote the set of fixed points of T' by F(T'). It is well known
that if C' is bounded closed convex and T : C — (' is nonexpansive, then
F(T) # (. We call a mapping f : H — H is contractive if there exists a
constant a € (0,1) such that

If (@) = fW)ll < ellz —yl| forall z,yeH.
For an equilibrium bifunction h : C x C — R, we call h satisfying condition
(A) if h satisfies the following three conditions:

e h is monotone, i.e., h(x,y) + h(y,z) <0 for all z,y € C;
o for each z,y,z € C, limy|o h(tz + (1 — t)x,y) < h(z,y);
e for each z € C, y — h(z,y) is convex and lower semicontinuous.

If an equilibrium bifunction h : C' x C' — R satisfies condition (A), then we
have the following two important results. You can find the first lemma in [1]
and the second one in [2].

Lemma 2.1. Let C be a nonempty closed convex subset of H and let h be
an equilibrium bifunction of C x C into R satisfies condition (A). Let r > 0
and x € H. Then, there exists y € C such that

1
h(y,z)—l—;(z—y,y—@ >0 forall z€C.

Lemma 2.2. Assume that h satisfies the same assumptions as Lemma 2.1.
Forr >0 and x € H, define a mapping S, : H — C as follows:

1
Sr(l‘):{yECIh(y,Z)—F;(Z—y,y—ZL') ZO,VZEC}

for ally € H. Then, the following hold:
(1) S, is single-valued;

(2) S, is firmly nonexpansive, i.e., for any x,y € H,
”ST$ - SryH2 < <S7"x = Sry, T — y>§
(3) F(S;) = SEP(h);
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(4) SEP(h) is closed and convex.

We also need the following lemmas for proving our main results.
Lemma 2.3. ([5]) Let {x,} and {yn} be bounded sequences in a Banach
space X and let {B,} be a sequence in [0, 1] with

0 < liminf 8, < limsup 8, < 1.
n—oo

n—oo

Suppose
Tn+l1l = (1 - ﬁn)yn + ann

for all integers n > 0 and

limsup([lynt1 = ynll = [[2nt1 = 2nl]) <0
n—oo
Then, lim,, . ||yn, — x|l = 0.

Lemma 2.4.([6]) Assume {a,} is a sequence of nonnegative real numbers
such that

An+41 < (1 - 7n)an + 5717

where {7y} is a sequence in (0,1) and {d,} is a sequence such that

(1) 20ty ym = o0;
(2) lmsup,, o0 0/ <0 or D07 1 0] < oc.

n=1

Then lim,,—,o0 apn, = 0.

3. ITERATIVE SCHEME AND STRONG CONVERGENCE THEOREMS

In this section, we first introduce our iterative scheme. Consequently we
will establish strong convergence theorems for this iteration scheme. To be
more specific, let Ap1, An2,-+, Ay € (0,1], n € N. Given the mappings
T,Ts, -+, Ty, following [7] one can define, for each n € N, mappings
Uni,Un2,--- ,Upn by

Unl = )\anl + (1 - An1)17
Un2 - )\n2T2Un1 + (1 - )\nQ)I,

Upn-1 =M N-1TN-1Up N2+ (1 = Ay n-1)],
Wyt =Upn = MNTNUp n—1 + (1 = Xpn) 1.
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Such a mapping W, is called the W-mapping generated by Ti,---,Tn and
Anls An2, 5 AnN-

Now we introduce the following iteration scheme: Let f be a contraction of
H into itself with coefficient o € (0,1) and given xg € H arbitrarily. Suppose
the sequences {z,}>°; and {y,}°°,; are generated iteratively by

1
"n (2)
Tpy1 = anf(Tn) + BnTn + W Waln,

where {a,}, {8} and {v,} are three sequences in (0, 1) such that a, + 3, +
Y = 1, {r,} is a real sequence in (0,00), h is an equilibrium bifunction and
W, is the W-mapping defined by (1).

We have the following crucial conclusion concerning W,.

Lemma 3.1. ([7]) Let C be a nonempty closed convex subset of a Banach
space E. Let T1,Ts, -+ ,Tn be finite family of nonexpansive mappings of C
into itself such that ﬂfil F(T;) is nonempty, and let Ap1, An2, -+, Ann be real
numbers such that 0 < A\p; < b < 1 for any ¢ € N. For any n € N, let
W, be the W-mapping of C into itself generated by Tn,Tn_1,---,11 and
AN A, N—1," ", An1. Then W, is nonexpansive. Further, if E is strictly
conver, then F(W,) = NN, F(T;).

Now we state and prove our main results.

Theorem 3.1. Let C be a nonempty closed convex subset of H. Let h :
C x C — R be an equilibrium bifunction satisfying condition (A) and let
{Tl}f\il be a finite family of nonexpansive mappings of C into H such that
ﬂij\ilF(Ti)ﬂSEP(h) # (. Let M\p1, An2, -+ , Ann be real numbers such that
limy, oo (Ant1,i — Anyi) = 0 for all t = 1,2,--- | N. Suppose {an}, {Bn} and
{1} are three sequences in (0,1) and {r,} C (0,00) is a real sequence. Suppose

the following conditions are satisfied:

(i) limp—oo o =0 and Y77 ay = 00;
(il) 0 < liminf,, .~ Bn < limsup,,_, . On < 1;

(iii) liminf,, oo 7y > 0 and lim, oo (rpy1 — ) = 0.

Let f be a contraction of H into itself and given xo € H arbitrarily. Then
the sequences {xy} and {y,} generated iteratively by (2) converge strongly to
a* € N F(T;) NSEP(h), where 2* = Poy gy sepmf(@).
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Proof. Let Q = PmﬁilF(Ti)ﬂSEP(h)- Note that f is a contraction mapping

with coefficient o € (0,1). Then [|Qf(z) —Qf (W)l < |[f(z)—F(y)l < allz—y]
for all x,y € H. Therefore, Qf is a contraction of H into itself, which implies

that there exists a unique element x* € H such that z* = Qf(z*). At the
same time, we note that z* € C.

Let p € N, F(T;) SEP(h). From the definition of S,, we note that
Yn = Sy, Tn. It follows that

lyn — pll = 1S, 0 — Sr, 2|
< [l@n —pll.

Next we prove that {z,} and {y,} are bounded. Indeed, from Lemma 3.1 we
have p € W,,. Then from (1) and (2), we obtain

[#n+1 = pll = llanf (@) + Buwn + W Wayn — pl|
< anl[f(@n) = pll + Bullzn — pll + nl[Wayn — ol
< an([lf(zn) = FOI + £ () = pll) + Bullzn — pll
+ Ynllyn — |

< an(allzn = pll+ [1f(p) —pll) + (1 — an)l|zn = pl|

< max{leo  pll, = I1£(») = .

Therefore {x,} is bounded. We also obtain that {y,}, {Whz,} and {f(x,)}
are all bounded. We shall use M to denote the possible different constants
appearing in the following reasoning.

Setting xp4+1 = Bnxyn + (1 — Bn)zy, for all n > 0. It follows that

_ Tpy2 — Bn+1Tn+1l  Tntl — BnZn
Zn+l — Zn = -

1- 6n+1 1- Bn
_ an-i-lf(xn-‘rl) + ’7n+1Wn+1yn+1 . O‘nf(mn) + ’Vanyn
1- /Bn-l—l 1- 671
Qi1 Qn41 On
= ﬁ(f(wnﬂ) — f(@n)) + (1 —6++1 “1-3 )f (@n)
+ L(Wn—&-lyn—&-l — Whyn) + ( Tntd n YWon.

1= B+ 1= Boy1 1— B
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So, we have

(e70% 8] (6%
Izt — znll < 2|21 — @] + | — L |(| f ()]
1-— /Bn-i-l 1-— ﬁn—i—l 1- ﬂn (3)
+ [ Wagall) + 75— [ Wi 1gss = Wagal
- ﬁnJrl

From (1), since Ty and U,, v are nonexpansive,

[Whs19n — Waynl|
= | A+, NINUns1,8-1Yn + (1 — Mg 1,N)Un
— M NINUp N—1Yn — (1 = A, N)Un |
< A1, 8 = AN lynll + A1, NINUn1,N=19n — A NTNUn N—1nl]  (4)
<A1, 8 = A N Ynll + A1, V(TN Ung1,N—19n — TNUn N—1Yn) ||
+ [Ant 1,8 = A, NI TN Un, n—19nll
< 2M[Ang1,8 — AN+ A L, N [ Ung1,N—1Yn — Un N 19nl]]-

Again, from (1), we have

1 Un41,N-1Yn — Un,N—1Yn ||
= M1t N1 IN-1Ung1,N—2yn + (1 — A1, N—1)Un
— M N-1TN-1Un N—2yn — (1 = A N—1)Yn ||
< | Anr1,v—1 = A v—1lllynll
+ M1, N-1TN=1Ung1,N=2Yn — A, N—1TN-1Un,N—2n||
< Ant1v—1 = A N1yl
+ A1, N1 TN-1Uns1,N—2Yn — TN—1Un,N—2Yn|
+ (A1 N—1 — Ag N1 |M
< 2M[Ang1,N—1 — A N=1] + A1, N=1[|Ung1,8—2Yn — Un.N—2Un |
<2M|Aps1,N-1 — A N—1| + [[Uns1,N—2Yn — Un N—2n]|-

Therefore, we have

Uns+1,N-1Yn —Un . N—1Yn|l < 2M|Api1,N—1— A N—1|+2M|App1, N—2— An,N—2]

N-1

HUns1,8-3Yn = UnN—3Ynll <2M Y Ani1i = Anil + [Uns1,19n = Un 1yl
=2
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N-1
= A1 T+ (1= A1, = A1 D19 — (1=, )Y |[+2M D> Angri=Anil,
i=2
then
| Un+1,N=1Yn — Un,N—1Yn ||
< Angn = Analllynll + A0 T0gn — Ana Tign||
N-1

+2M Z |An+1,i — Angil (6)
1=2
N-1

<2M Z ‘)\n-l—l,i - An,z|
i=1
Substituting (6) into (4), we have
||Wn+1yn - WnynH < 2]\Jp\n—i-l,N - )\n,N|

N-1

+ 2\ N M Z |Ant1,i — Al
i—1

N
< QMZ |Ant1 — Anjil-
i1

It follows that
”Wn—f—lyn—H - WnynH < HWn—l-lyn—i—l - Wn—l—lyn” + HWn-i-lyn - Wnyn”

< Nynt1 = ynll + Wata1yn — Wayn|| -
N

< Hl/n+1 - yn” + QMZ ‘)‘n—i-l,i - )\n,i‘-
i=1
Substituting (7) into (3), we have

(e Te 7N | Qn41 Qn
Z —zZpl| <L ——— ||z — Tyl + — T
lonss = 2l < 75 llrnan = 2l + 1725 = 2 ()

Tn+1
+ HWnyNH) + s Hyn—i—l - Z/nH
- 571-1—

2M
1 _;7::_11 Z |/\n+1 T )\n,z"-

On the other hand, from y, = S, z, and yp41 = S;, ., Tni1, We have

1
h(Yn, ) + —{(x — Yn,Yn — ) > 0 for all z € C 9)

n
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and

1
h(Yn+t1,x) + i(x — Ynt1,Yntl — Tny1) > 0 for all z € C. (10)
n+

Putting = yp41 in (9) and z = y,, in (10), we have

1
h(Yn, Ynt+1) + 7<yn+1 — Yn,Yn — Tn) >0, (11)

n

and

1

n+1

h(yn+17 yn) + r <yn — Yn+1,Yn+1 — $n+1> > 0. (12)

From the monotonicity of h, we have

h(yna yn-f—l) + h(yn—I—la yn) <0.

So, from (11) and (12), we can conclude that

Yn — Tn B Yn+1 — Tn+1
T'n T'n+1

(yn+1 — Yn, >0

and hence

"n

(Yn+1 — YnsYn — Ynt1 + YUnt1 — Tp — (Ynt1 — Tng1)) > 0.

T'n+1

Since liminf,, o, 7, > 0, without loss of generality, we may assume that there
exists a real number b such that r, > b > 0 for all n € N. Then, we have

Tn

)(yn-l—l - xn+1)>

Tn

Hyn-i-l - yn”2 < <yn+1 — Yn; Tptl — Tp + (1 -
T'n+1

< Nyt = ynllllznts = zall + 11 = ——|llyn+1 = zns1]}

n+1

and hence

M
lYn+1 — ynll < [[Tns1 — znll + ?|Tn+1 — Tn|- (13)
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Substituting (13) into (8), we have

Q041 Q41 Qo
Zntl — 2ol < —————||xns1 — znll + — flx
= 2l € T = |+ 22— 2 )]
1
F 1Wagall) + 1 — 2l
1—Bni1
~ M OM i1
+"7+1X77= 1= +7n+1§ Atli — Ani
1— /8”+1 b | n+ n| 1— ﬁn+1 P | n+1 TL,7,|
Ap+1 (077}
< — — W,
< N =l |2 — 1 )+ (W)
N
Tn+1 M 2Mn41
— T X — - o7 nrl E A N
+ 1 o Bn—}—l b |/r77»+1 Tn‘ + 1 . 571-{-1 ’ n+1,1 nﬂ’a

i=1

this together with o, — 0, 7,41 — 7, — 0 and A\, 11; — Ay; — 0 imply that
tim sup((lzns1 — 2l — st — 2all) < 0.
n—oo
Hence by Lemma 2.3, we obtain ||z, — x| — 0 as n — oco. Consequently,
lim ||zp41 — 2, = 0.
n—oo
From (13) and limy, o0 (741 — ) = 0, we have
lim {|yn+1 — yull = 0.
n—oo
Since xp 41 = anf(xn) + Bnxn + Y Wayn, we have

|2 — Waynll < [|2n — gl + [[2nr1 — Waynl|
< lzn — 2ppa |l + anll f(2n) = Waynll + Bullzn — Waynll,
that is

(679

1_ﬁn

lzn — Wayn [Ty — Tpy || + I1f(2n) — Whynl|.

1
<5
It follows that

lim ||z, — Whyn| = 0.
n—oo
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For p € N, F(T;) N SEP(h), note that S, is firmly nonexpansive, then
have
[9n _pH2 = [|Sr,zn — Sran2

< <Srn33n - Srnpy Tp — p>
= (Yn — D, Tn — D)
1
= 5 llyn — Pl + lzn — plI? = lzn — ynl?)
and hence
[gn = 2I1* < 0 — plI* = llzn — ynll*.

Therefore, we have

1zns1 = plI* = llen f(@n) + Buwn + 3 Wayn — pl®
< anll f(zn) = plI* + Bullzn = plI* + 3l Wayn — pl*
< anll f(zn) = pl* + Ballzn — pII* + ullyn — pII?
)

< anllf(@n) = pII* + Ballzn — pII?
+ (|20 = plI* = 20 — yal®)
< anllf(@n) = pI* + llzn = plI* = 30ll20 — yal*.
Then we have
Yallen = ynll® < anllf(@n) = 0 + 20 = 2l = 2041 — p)?
< anllf(@n) = pII* + (lzn = pll + 2041 — )
X (lzn = pll = [lzn1 — pl)

< anl f(@n) = DI + 20 = zasill(l2n — pll + |01 — pl).

It is easily seen that liminf, . v, > 0. So, we have
lim ||z, —yn| = 0.
n—oo

From

HWnyn - ynH < ”Wnyn - l'n” + ||«77n - ynH

We also have ||Wy,yn, — yn|| — 0.
Next, we show that

limsup(f(z*) — z*, 2, — 2™) <0,

n—o0

357

we
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where 2% = Pox g nsepn)f(@"). First we can choose a subsequence {yy, }
of {yn} such that

lim (f(2) — 2, o, — ) = limsup(f(a*) — 2",y — 2°).

J—00 n—oo
Since {yn, } is bounded, there exists a subsequence {yn;, } of {yy,} which con-
verges weakly to w. Without loss of generality, we can assume that y,;, — w

weakly. From ||[W,y, —yn| — 0, we obtain Wy, — w weakly. Now we show
w € SEP(h). By yn, = Sy, Tn, we have
1
h(Yn, ) + 7(1: ~YnsYn — Tn) >0, Vzel.

n

From the monotonicity of h, we have

1

7@ —Yn>,Yn — xn) > _h(ymx) > h(x,yn),
n

and hence

ynj - .Tnj

Tn;

<$_ynja > Zh(maynj)

. —Tn .
ynj n;

Since — 0 and y,; — w weakly, from the lower semi-continuity of

"
h(z,y) on the second variable y, we have

h(z,w) <0

for all z € C. For t with 0 < ¢t <1 and z € C, let ; = tx + (1 — ¢t)w. Since
x € C and w € C, we have z; € C and hence h(z;,w) < 0. So, from the
convexity of equilibrium bifunction h(z,y) on the second variable y , we have

0= h(.%‘t, .%‘t)
<th(xzt,x) + (1 —t)h(xe, w)
< th(z, x).

and hence h(zy, z) > 0. Then, we have
h(w,z) >0

for all z € C' and hence w € SEP(h).
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We shall show w € F(W,,). Assume w ¢ F(W,). Since y,;, — w weakly
and w # Wyw, from Opial’s condition, we have

lim inf ||y, — w|| < iminf [jy,, — Wyw||
j—00 j—00
< lijniglf("ynj = Wayn; | + [[Wayn, — Wawl|)

< liminf [ly,; —wl.
j—00

This is a contradiction. So, we get w € F(W,) = NY,F(T;). Therefore
we NN, F(T;)SEP(h). Since z* = Py perynsepmf (@), we have

limsup(f(z*) — 2%, 2, — 2%) = lim (f(z") — 2%, 2y, — )
n—00 J—00

= lim (f(z*) — 2%, yn, — %) (14)

Jj—00

= (f(z") — 2", w—2a") <0.

Finally, we prove that {x,} and {y,} converge strongly to z*. From (2), we
have

2041 = 2*[* = llon(f(2n) = 2) + Ba(@n — ) + 10 (Wayn — 2*)|?
< 1Bl — 2*) + Y (Wayn — 2™)||?
+ 200 (f(xn) — 2", Xpy1 — ™)
< {Bullen = 2| + Al [Ways — 2*[1}
+ 200 (f (2n) — f(27), 2pt1 — 27)
+ 200, (f(2") — 2™, g1 — )
< {Bullwn — 2| + mllyn — =¥}
+ 20an)lan — 27| |zpr — 27
+ 200, (f(2") — 2™, g1 — )
< (1= an)?llzn — 2| + aan([@ntr — 2|1 + [lzn — ")

+ 2an(f(¢") — 2", 21 — 27,
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which implies that

(1= an)? + aay

s — 2| < S0 g, e
O (f(a) — 2"t — )
— O g P o, — 0
b (@) 2" g - ) (15)
< - Ay, ey Lm0
Ay + T ) = =)
= (1= dn)llwn — w*HZ + 0nOn,;
where 6, = % and o, = % + ﬁ(f(x*) — a2 rpp1 — o). Tt is

easily seen that > 2 8, = co and limsup,,_,, 0, < 0. Now applying Lemma
2.4 and (14) to (15) concludes that x, — z*(n — o0). This completes the
proof. [

Corollary 3.1. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let h : C' x C'— R be an equilibrium bifunction satisfying condition
(A) such that SEP(h) # 0. Let {an}, {Bn} and {y.} are three sequences in
(0,1) and {r,} C (0,00) is a real sequence. Suppose the following conditions
are satisfied:

(i) limy oo op =0 and Y2 o = 00;
(ii) 0 < liminf,, s Bp < limsup,, . On < 1;
(iii) liminf, oo 7 > 0 and limy, oo (rpy1 — ) = 0.
Let f be a contraction of H into itself and given xo € H arbitrarily. Let {x,}
and {yn} be sequences generated iteratively by

1
Tn (16)

Tn+l = anf(xn) + Bnxn + YnYn,

Then the sequences {x,} and {y,} generated by (16) converge strongly to x* €
SEP(h), where x* = Psgp)f(r*).
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Proof. Take Tjx = z for all i = 1,2,--- /N and for all z € C in (1),
then W,x = x for all x € C'. The conclusion follows from Theorem 3.1. This
completes the proof. [J

Corollary 3.2. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let {Tz}f\il be a finite family of nonexpansive mappings of C' into
H such that NN F(T;) # 0. Let Ay1, A2, , Aoy be real numbers such that
limy, oo (Ant1i — Ani) = 0 for alli = 1,2,--- | N. Let {a,}, {Bn} and {vn}
are three sequences in (0,1). Suppose the following conditions are satisfied:

(i) limp—oo 0 =0 and Y77 o ay = 00;

(ii) 0 < liminf, .o Bp < limsup,,_,. On < 1.
Let f be a contraction of H into itself and given xo € H arbitrarily. Let {x,}
be sequence generated iteratively by

Tp41 = anf(xn) + ﬁnl‘n + ’YanPan

Then the sequence {x,} converges strongly to x* € NN F(T;), where z* =
me.vle(Ti)f(x*)-
Proof. Set h(z,y) =0 for all z,y € C and r, = 1 for all n € N. Then, we

have y,, = Poxy,. From (2), we have

In+l = anf(l'n) + /ann + 'YanPCfEn-

Then the conclusion follows from Theorem 3.1. This completes the proof. [

Corollary 3.3. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — C be a nonexpansive mapping such that F(T) # (.
Let {an}, {Bn} and {y,} are three sequences in (0,1). Suppose the following
conditions are satisfied:

(i) limp—oo o =0 and Y07 ay = 00;

(ii) 0 < liminf, o By < limsup,_, Bn < 1.
Let f be a contraction of C' into itself and given xo € C arbitrarily. Let {x,}
be sequence generated iteratively by

Tn4+1 = Oénf(xn) + ann + ’YnTxn

Then {x,} converges strongly to z* € F(T), where z* = Ppryf(z*) is a

unique solution of the following variational inequality in F(T)

(I = fa*,a" - p) <0,¥p € F(T).
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Example 3.1. Let 7' : C — C be a nonexpansive mapping. Take h(z,y) =
0 for all z,y € C, f(x) = u for all z € C and r, = 1 for all n > 1. Hence,
we can take oy, = 5=, B, = % and v, = %(1 — %) for all n > 1. By using the
Corollary 3.3, the iterative sequence {z,} defined by

1 1 1 1

converges strongly to some fixed point of T'.
In particular, let H = R? and define T : R?> — R? by

T(re?) = ret0+2),

and take u = €. It is obvious that T is a nonexpansive mapping with a
unique fixed point z* = 0. In this case, the sequence {z,} becomes that

1 . 1 . 1 1 . n
Ln+1 = %em + §Tnewn + 5(1 a E)Tnel(0n+§)-

It is clear that the complex number sequence {x,} converges strongly to a
fixed point 2* = 0.
Remark 3.1. We conclude the paper with the following observations.

(i) Our iterative scheme (2) is a convex combination of f(zy), x, and
Whx, which includes the iterative schemes studied in [4, 6, 8] as special
cases. Our iterative methods studied in present paper can be reviewed
as a refinement and modification of the iterative methods in [4, 6,
8]. On the other hand, our iterative scheme concerns a finitely many
nonexpansive mappings, in this respect, they can be reviewed as an
improvement of the iterative methods in [4, 6, §].

(ii) We note that the authors in [4, 6] have imposed some additional as-
sumptions: Y o7 |1 — ap| < 00 or limy,oo(nt1 — @) /ong1 =0
on parameters {an41} and > o7 | |Fp41 — 7| < 00 on parameters {ry}.

(iii) The advantages of these results in this paper are that less restrictions
on the parameters {a, } and {r,} are imposed. Our results unify many

recent results including the results in [4, 6, 8].
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