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1. INTRODUCTION

In the paper [19] we consider two classes of metric spaces. The first class
encompasses the spaces of AMR type (absolute multi-retract), and consti-
tutes a broader class than the class of AR (absolute retract) spaces. We prove
that every compact space of AMR type has a fixed point property (also for
the multi-valued admissible mappings). The second class of metric spaces is a
space of ANMR (absolute neighborhood multi-retract) type, and constitutes
a broader class than the class of AN R (absolute neighborhood retract) spaces.
We show that if X € ANMR then every admissible and compact mapping
@ : X —o X is a Lefschetz mapping. In this paper I present even more general
class of AANM R (approximative absolute neighborhood multi-retract) com-
pact spaces for which the Lefschetz theorem holds true. All classes of spaces
mentioned above are considered in a broader context, namely in the context of

329



330 MIROSLAW SLOSARSKI

locally convex topological vector spaces. Thanks to that, an evident classifi-
cation of them is obtained. Moreover, we show that every admissible mapping
@ : X — X is a Lefschetz mapping, where X € AANMR is of finite type.

2. PRELIMINARIES

Throughout this paper all topological spaces are assumed to be metric. Let
H, be the Cech homology functor with compact carriers and coefficients in the
field of rational numbers Q from the category of Hausdorff topological spaces
and continuous maps to the category of graded vector spaces and linear maps
of degree zero. Thus H,(X) = {H,(X)} is a graded vector space, H,(X) being
the ¢-dimensional Cech homology group with compact carriers of X. For a
continuous map f : X — Y, H,(f) is the induced linear map f, = {f;} where
fq: Hy(X) — Hy(Y) (see [2] and [8]). A space X is acyclic if:

(i) X is non-empty,
(ii) Hy(X) =0 for every ¢ > 1 and

(i) Ho(X) =~ Q.

A continuous mapping f : X — Y is called proper if for every compact set
K CY the set f~1(K) is non-empty and compact. A proper map p: X — Y
is called Vietoris provided for every y € Y the set p~!(y) is acyclic. Let X and
Y be two spaces and assume that for every z € X a non-empty closed subset
o(z) of Y is given. In such a case we say that ¢ : X — Y is a multi-valued
mapping. For a multi-valued mapping ¢ : X — Y and a subset U C Y, we
let:
¢ '(U) = {z € X; p(x) CU}.

If for every open U C Y the set ¢~ !(U) is open, then ¢ is called an upper

semi-continuous mapping; we shall write ¢ is u.s.c.

Proposition 2.1. (see [2, 8]). Assume that ¢ : X — Y and ¢ : Y — T are
u.s.c. mappings with compact values and p : Z — X is a Vietoris mapping.
Then:

(2.1.1) for any compact A C X, the image ¢(A) = |J ¢(x) of the set A under
€A
p 18 a compact set;
(2.1.2) the composition pop : X — T, (Yop)(z)= U ¢(y), is an u.s.c.
yEp(x)
mapping;
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(2.1.3) the mapping ¢, : X —o Z, given by the formula ¢y(x) = p~Y(x), is

u.s.c..

Let ¢ : X — Y be a multivalued map. A pair (p,q) of single-valued,
continuous map of the form is called a selected pair of ¢ (written (p,q) C ¢)
if the following two conditions are satisfied:

(i) p is a Vietoris map,
(ii) q(p~(z)) C ¢(x) for any z € X.

Definition 2.2. A multivalued mapping p: X — Y is called admissible pro-
vided there exists a selected pair (p,q) of .

Theorem 2.3. (see [8]) Let p: X — Y and ¢: Y — Z be two admissible
maps. Then the composition Y o p: X — Z s an admissible map.

Lemma 2.4. (see [8]) If ¢: X — Y is an admissible map, Yo C Y and
Xo = ¢ 1(Yy), then the contraction @o: Xo —o Yo of ¢ to the pair (Xo, Yo) is

an admissible map.

Theorem 2.5. (see [2]) If p : X — Y is a Vietoris map, then an induced
mapping
pet Ho(X) — H.(Y)

18 a linear isomorphism.

Let u : E — FE be an endomorphism of an arbitrary vector space. Let
us put N(u) = {x € E : u"(x) = 0 for some n}, where u” is the nth
iterate of u and E = E/N(u). Since u(N(u)) C N(u), we have the induced
endomorphism @ : E — E defined by @([z]) = [u(z)]. We call u admissible
provided dimE < oo.

Let v = {uq} : E — E be an endomorphism of degree zero of a graded
vector space E = {E;}. We call u a Leray endomorphism if

(i) all uy are admissible,
(ii) almost all Ev'q are trivial.

For such an u, we define the (generalized) Lefschetz number A(u) of u by
putting

Aw) =) (~1)%r(dy),

q
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where tr(ug) is the ordinary trace of u, (comp. [2]). The following important
property of a Leray endomorphism is a consequence of the well-known formula
tr(uov) = tr(vou) for the ordinary trace.

Proposition 2.6. Assume that, in the category of graded vector spaces, the
following diagram commutes

El/ E//
u/} \ { u//
El u El/

If one of v/, v’ is a Leray endomorphism, then so is the other; and A(u') =
A(u).

Let ¢ : X — X be an admissible map. Let (p,q) C ¢, where p: Z — X
is a Vietoris mapping and ¢ : Z — X a continuous map. Assume that
g« opyt Ho(X) — H.(X) is a Leray endomorphism for all pairs (p,q) C ¢.
For such a ¢, we define the Lefschetz number A(p) of ¢ by putting A(p) =
{A(g:p71); (p,q) C }. Let us observe that if X is an acyclic or, in partic-
ular, contractible space, then for every admissible map ¢ : X — X and for
any pair (p,q) C ¢ the endomorphism ¢.p;' : H.(X) — H.(X) is a Leray
endomorphism and A(g.p;!) = 1.

Theorem 2.7. (see [8]) If ¢p: X —Y and ) :Y — T are admissible, then
the composition 1) o ¢ : X —o T is admissible and for every (p1,q1) C ¢ and
(p2,q2) C ¢ there exists a pair (p,q) C oy such that ga.py, 0qapr, = Gps -

Definition 2.8. An admissible map ¢ : X — X is called a Lefschetz map
provided the generalized Lefschetz number A(p) of ¢ is well defined and A(p) #
{0} implies that the set Fix(p) ={x € X : x € p(x)} is non-empty.

Theorem 2.9. (see [17]) Let U be an open subset of a normed space E and let
X be a compact subset U. Then for each sufficiently small € > 0 there exists
a finite polyhedron K. C U and a mapping p. : X — U such that:

(2.2.1) ||z —pe(z)|| <€ for allz € X,

(2.2.2) p(X) C K¢,

(2.2.3) pe is homotopic to i, where i : X — U is an inclusion.
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Let Y be a metric space and let Idy : Y — Y be a map given by formula
Idy(y) =y for each y € Y.

Definition 2.10. A map r: X — Y of a space X onto a space Y is said to
be an r-map if there is a map s: Y — X such that ros = Idy.

Definition 2.11. A metric space X is called an absolute neighborhood retract
(notation: X € ANR) provided there exists an open subset U of some normed

space E and an r-map r: U — X from U onto X.

Definition 2.12. A metric space X is called an absolute retract (notation:
X €AR) provided there exists a normed space E and an r-map r: E — X
from E onto X.

Let A C X be a nonempty set. We shall say that A is a retract of X if
there exists a continuous map r : X — A such that for each z € A r(z) = z.
A nonempty set B C X is a neighborhood retract in X if there exists an open
set U C X such that B C U and B is a retract of U.

Theorem 2.13. (see [8]) X € ANR if and only if for each homeomorphism
h mapping X onto a closed subset h(X) of a metrizable space Y, the set h(X)
is a neighborhood retract of Y .

Theorem 2.14. (see [8]) X € AR if and only if for each homeomorphism h
mapping X onto a closed subset h(X) of a metrizable space Y, the set h(X)

is a retract in Y.

Now we shall recall a generalization of the concept of absolute neighborhood
retracts, which was introduced by Clapp.

Definition 2.15. We shall say that a compact metric space X is an ap-
prozimative absolute neighborhood retract in the sense of Clapp (notation:
X € AANR¢) provided for every € > 0 there exists an open subset U of
some normed linear space E. and two maps r.: U — X, s : X — U, such
that d(x,r:(se(x))) < e for any z € X.

Theorem 2.16. (see [8]) X € AAN R if and only if for each homeomorphism
h mapping X onto a closed subset h(X) of a metrizable space Y, for each e > 0
there exists an open set U. C'Y such that h(X) C Us and a continuous map
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re : Us — h(X) such that for each y € h(X)

d(r=(y),y) <e.
Definition 2.17. Let E be a topological vector space. We shall say that E is

a Klee admissible space provided for any compact subset K C E and for any

open neighborhood V of 0 &€ E there exists a map:
v K — F

such that the following two conditions are satisfied:
(2.17.1) my(x) € (x + V), for any x € K,
(2.17.2) there exists a natural number n = ng such that Ty (K) C E™, where

E™ is an n-dimensional subspace of E.

Definition 2.18. We shall say that a topological vector space E is locally
convex provided that for each x € E and for each open set U C E such that
x € U there exists an open and convex set V C E such that x € V C U.

It is clear that if E is a normed space then FE is locally convex.

Theorem 2.19. (see [2,7]) Let E be locally convex. Then E is a Klee admis-
sible space.

Theorem 2.20. (see [9]) Let E be a Klee admissible space. For each compact
subset K C E and for any open set U C E such that K C U there exists a
continuous map 7 : K — U such that the following conditions are satisfied:
2.20.1 mg(K) C E", where E™ is an n-dimensional subspace of E,

22027 : K —- U and i : K — U are homotopic, where i : K — U 1is an
inclusion.

The following theorem is obvious.

Theorem 2.21. Let E; be a locally convex space for every s € S. Then the

space E = [] Es is a locally convex space.
s€S

Theorem 2.22. (see [9]) Let U be an open subset in a Klee admissible space
E and ¢ : U — U be an admissible and compact map, then ¢ is a Lefschetz

map.

Definition 2.23. A metric space X is of finite type provided that for almost
every ¢ € N Hy(X) = {0} and for any ¢ € N dimHy(X) < cc.
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Theorem 2.24. (see [8]) Let X and Y be a compact of finite type spaces.
Then X XY is a compact of finite type space.

Theorem 2.25. (see [8]) Let X and Y be acyclic and compact spaces. Then
X xY is a compact and acyclic space.

Definition 2.26. Let X be an ANR and let Xg C X be a closed subset. We
say that Xo is movable in X provided every neighborhood U of Xg admits a
neighborhood U’ of Xy, U' C U, such that for every neighborhood U" of X,
U" C U, there exists a homotopy H: U’ x [0,1] — U with H(z,0) = x and
H(z,1) e U", for any x € U'.

Definition 2.27. Let X be a compact metric space. We say that X is movable
provided there exists Z € ANR and an embedding e : X — Z such that e(X)

18 movable in Z.

Let us notice that the property of being movable is an absolute property,
that is if A is a movable set in some ANR X and j: A — X' is an embedding
into an ANR X', then j(A) is movable in X’ (see [3] or [4]). We shall make
use of the following result from [3].

Lemma 2.28. Let X be an ANR and let Xo C X be a compact absolute
approzimative neighborhood retract in the sense of Clapp. Then X is movable
m X.

Lemma 2.29. (see [3], [4]) Let X and Y be compact metric spaces. If X or
Y is not movable, then X XY is also not movable.

Theorem 2.30. ([8]) Let X be a compact metric space of finite type. Then
there exists € > 0 such that for every two maps f,g : Y — X, where Y is a
Hausdorff space, the condition

d(f(y),9(y)) <e foreach y €Y
implies fr = gx.
Let @ be a Hilbert cube and let { A, },en be a family of compact sets such
that:

(1) for any n A, C @,
(2) for any n Ap4q1 C Ay
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We observe that the family R = {H.(Ay), (j;r11)+}nen is an inverse system,
where jy, 1 : Apy1 — Ap is an inclusion for any n. Let lim R be a limit of the

inverse system R.

oo
Theorem 2.31. (see [6]) Let iy, : | An — Ay be an inclusion for any n. A

n=1
map

Ty : H*(ﬂ Ap) — im R given by

n=1

ix(a) = (i14(a),i24(a), ..., inx(a),...) for each a € H*(m Ap)
n=1

s a linear isomorphism.

Theorem 2.32. Let Y, be a compact and acyclic metric space for every n.

(o]
Then [] Y is compact and acyclic.
n=1

Proof. Let us recall that every compact metric space can be embedded in the

Hilbert cube. Because of that we can for each n identify a compact metric
o0

space Y, with some closed subset of the Hilbert cube Q. Let Y = ][] Y,.

n=1
It is clear that Y is a compact metric space. For each n we define the set

B, C(@QxQX..xQXx..)~Q given by
Bi=Y1 x@QxQx..xQX ..,

By=Yi1 XYoo xQ X ..xQ X ...,
B,=Yi x. XY, xQx..xQ X ...,

We observe that
(1) Bpt1 C By, for each n,
(2) By, is compact and acyclic (see 2.25) for each n,

3) N Ba= 11 Ya.
n=1 n=1

The family S = {H.(By), (i511)+}nen is an inverse system, where i}, :
Bpt1 — By, is an inclusion for any n. From 2.31 we get that Y is acyclic. O
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3. ABSOLUTE NEIGHBORHOOD MULTI-RETRACTS

Let us consider the classes of AM R and AN M R spaces in a broader sense,
namely in the context of locally convex spaces. To make things simple, we
use the same denotations. Let us remind some notions and facts that can be
found in the paper [19].

Definition 3.1. (see [19]) A map r: X — Y of a space X onto a space Y
is said to be an mr-map if there is an admissible map @: Y —o X such that
rop=Idy.

Definition 3.2. (see [19]) A metric space X is called an absolute multi-retract
(notation: X € AMR) provided there ezists a locally convex space E and an
mr-map r: £ — X from E onto X.

Definition 3.3. (see [19]) A metric space X is called an absolute neighborhood
multi-retract (notation: X € ANMR) provided there exists an open subset U of

some locally convex space E and an mr-map r: U — X from U onto X.

Definition 3.4. A metric space X is called an absolute neighborhood retract
in a broader sense (notation: X € ANRLC) provided there exists an open
subset U of some locally convex space E and an r-map r: U — X from U
onto X.

Definition 3.5. A metric space X is called an absolute retract in a broader
sense (notation : X € ARYC) provided there exists a locally convex space E
and an r-map r: £ — X from E onto X.

Theorem 3.6. ANR = ANRLC and AR = ARLC,

Proof. Tt is clear that ANR € ANREC. Let X € ANRLC then there exists an
open set U of some locally convex space E and two continuous mapsr : U — X
and s : X — U such that ros = Idx. Consider a homeomorphism h mapping
X onto a closed subset h(X) of a metric space Y. Then g = soh~! maps h(X)
into U C E and so, by the theorem Dugundji there is a continuous extension
g of g mapping Y into E. Let U’ be the counter-image of U under g. Then
U’ is a neighborhood of h(X) in Y. Setting '(y) = h(r(g(y))) for all y € U,
we obtain a retraction map r’ and from 2.13 X € ANR. We prove the second
part of the theorem in a similar way. (]
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Theorem 3.7. (see [19]) A space X is an ANMR if and only if there ezists a
metric space Z and a Vietoris map p : Z — X which factors through an open
subset U of some locally conver space E, i.e. there are two continuous maps
a and B such that the following diagram

P, x

NN

U

VA

18 commutative.
Theorem 3.8. (see [19]) Let X € AMR, then X is acyclic.

Proof. Let r : E — X be a mr-map, where E is a locally convex space, then
there exists an admissible map ¢ : X — FE such that ro¢ = Idx. Let
(p,q) C . We observe that from 2.7 a linear map q.p; ! : Hy(X) — H,.(E) is
a monomorphism. Hence X is an acyclic space. O

Theorem 3.9. Let X be a compact metric space and X € ANMR, then X
is of finite type.

Proof. From 3.7 we get: a space Z, mapsr: U — X, q: Z — U and a Vietoris
map p: Z — X such that rog = p, where U is an open subset in some locally
convex space E. Hence ¢, : H.(Z) — H.(U) is a monomorphism. We observe,
that the space Z is compact and H.(Z) ~ H.(X). Theorem 2.20 implies that
for a compact set K = ¢(Z) C U C E there exists a map nx : K — U
such that 7x(K) C E™ and maps 7g,i : K — U are homotopic, where
E™ C FE is an n-dimensional subspace of F and i : K — U is an inclusion. Let
i1 : UNE™ — U be an inclusion, ¢ : Z — K given by q(z) = ¢(z) for each
z € Z and

t:Z —UNE", given by t(z) = mx(q(z)) for each z € Z

then we have the following commutative diagram:
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In the above diagram we get that ¢1,0t, = g« and hence t, is a monomorphism.
From 2.9, for a compact set K; = mx(K) C UNE™ =V and for sufficiently
small € > 0 there exists a projection p. : K1 — V such that p.(K;) C K. and
maps pe,i2 : K1 — V are homotopic, where i3 : K1 — V is an inclusion and
K. is a polyhedron of finite type such that K. C V. We have the following
commutative diagram:

Ho(Z)— H.(V)

where i3 : K. — V is an inclusion and r : Z — K given by r(z) = p-(t(z))
for each z € Z. It is clear, that 7, is a monomorphism. Hence Z is a space of
finite type. Since H.(Z) ~ H.(X), therefore X is a space of finite type. [

4. APPROXIMATIVE ABSOLUTE NEIGHBORHOOD MULTI-RETRACTS

Definition 4.1. A compact metric space X is called an approximative absolute
neighborhood retract in a broader sense (notation: X € AANRLC) provided
for each € > 0 there exists an open subset U, of some locally conver space E.
and maps r. : Us — X, s, : X — U, such that for each x € X

d(re(se(z)),z) < e.
Theorem 4.2. AANR- = AANRLC.

Proof. Tt is obvious that AANRs C AANREC. Let X € AANREC. Then for
each ¢ > 0 there exists an open subset U, of some locally convex space E./
and maps 1./ : Uy — X, so : X — U such that for each z € X

d(?”y(Sy(I‘)),.Z’) <e. (1)
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Let ¢ > 0 and let h: X — Y be a homeomorphism such that h(X) is a closed
subset of a metric space Y. A metric space X is compact, hence there exists
0 > 0 such that for any z,z € X we have

(d(z,z) < 0) = (d(h(x),h(2)) < &). (2)

For ¢’ = § we define g : h(X) — Us given by g = s5 o h~!. From theorem
Dugundji there is a continuous extension g of g mapping Y into Es. Let U
be the counter-image of Us under g and let

rl Ul — h(X) r.=horsog.
From (1) and (2) for any y € h(X) we have

d(ri(y),y) = d(h(rs(ss(x)), h(z)) <,
and from 2.16 X € AANR. O

Definition 4.3. Let X be a compact space. We shall say that X is an approx-
imative ANMR (we write X € AANMR) provided that for any € > 0 there
exists a locally convex space E. and an open set U: C E-, a map r- : Uz — X
and an admissible map . : X — U, such that for any v € X

Ts(‘ps($)) - B(xa 5)7

where B(x,e) is an open ball in X.

Definition 4.4. Let X be a compact space. We shall say that X is an ap-
prozimative AMR (we write X € AAMR) provided that for any € > 0 there
exists a locally conver space E., a map r- : E. — X and an admissible map
e+ X —o E. such that for any z € X

7”5(@6(37)) C B(x, 5)7

where B(x,e) is an open ball in X.

Theorem 4.5. A space X is an AANMR if and only if for any € > 0 there
exists a space Z., a Vietoris map p: : Z. — X, a locally convex space E., an
open set U. C E., and maps r- : U- — X, q- : Z. — U. such that for any
z € 7,

d(re(ge(2)),p:(2)) < e.
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Proof. Assume that X € AANMR. We have a map 7. : U, — X, an admissi-
ble map ¢ : X —o U/ such that for any x € X rL(¢L(z)) C B(x,¢), where the
set U! is open in some locally convex space E.. Let (pl,q.) C .. From the
definition of an admissible multivalued map we get a space Z. such that:

/ /
X &z .U

and for any z € X ¢.((p.)"}(z)) C ¢.(x). We define Z. = Z., U. = U,
pe = pL, re = rL and ¢. = ¢.. We will show that for any z € Z,

d(re(g=(2)),pe(2)) < e.

Let 2z € Z., then there exists * € X such that z € pZ!(x). We observe that
the assumption d(7:(g:(2)), ) < € implies d(r:(g=(2)), p:(z)) < e. Assume now
that there exists a metric space Z., maps v, : Ul — X, ¢, : Z! — U! and a
Vietoris map p. : Z. — X such that for any z € Z. d(r.(¢.(2)),p.(2)) < e.
Let Z. = ZL, U. = U., p- = p., ¢ = ¢, and r. = r.. We define an admissible
map ¢, : X —o U, given by p.(7) = ¢-(p-'(z)) for each x € X. We will show
that for any x € X

re(pe(z)) C B(x,¢).
Let # € X and z € pZ!(x), then from the assumption we have
d(re(qe(2)), ®) = d(re(¢=(2)), pe(2)) <e.
Hence, r-(¢:(x)) C B(x,e) and the proof is complete. O

Similarly, we can prove the following theorem.

Theorem 4.6. A space X is an AAMR if and only if for any € > 0 there
exists a space Z., a Vietoris map p: : Z: — X, a locally convex space E. and
maps 1. : B — X, q- : Z. — E. such that for any z € Z.

d(re(g=(2)),pe(2)) < e.

The next theorem is the conclusion of the theorems 2.30 and 4.6.

Theorem 4.7. Let X € AAMR and let X be of finite type. Then X is
acyclic.

It is clear that ANMR C A ANMR and AANRc C AANMR. The exam-
ple below shows that these inclusions cannot be reversed.
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Example 4.8. Let C € AANR¢ such that C is not of finite type (see [5]),Y
be a compact space such thatY € ANMR andY is not movable (see [19]). We
show that We show that (CxY) ¢ ANMR, (CxY) ¢ AANRc, but (CxY) €
AANMR. 1t is clear that C x Y is a metric space (C x Y,d), where d is a
product metric. From 2.29 and 2.28 we get that (CxY) ¢ AANRc. We prove
now that (CxY) ¢ ANMR. Assume on the contrary that (C'xY) € ANMR,
then there exists a map r : U — C X Y, an admissible map ¢ : C' XY —o U
such that rop = Idoxy, where U is an open set in some locally convex space
E. Letm: CxY — C be a map given by w(x,y) = x for any (x,y) € (C xXY)
and let s: C' — C xY be a map given by s(x) = (x,y0) for any x € C, where
Yo € Y is a stationary point. We define a map ' : U — C v’ =7wor and an
admissible map ¢’ : C — U ¢/ = pos. We observe that

oy =(ror)o(pos)=mo(rop)os=mos=Idc,

hence C € ANM R, but it contradicts theorem 3.9 since C' is not of finite type.
We prove that (C xY) € AANMR. The space C € AANR¢, therefore for
each € > 0 there exists an open subset U! in some locally convex space E. and
maps 1. : Ul — C, s. : C — UL such that for each ¢ € C d(rL(sc(c)),c) < e.
The space Y € ANMR, so there exists an open set V in some locally convex
space E, a metric space Z1, and mapsr' : V — Y, ¢ : Z1 — V such that
r'oq =p' is a Vietoris map. Let U. = U.xV C E: x E and let Z. = C X Z;.
We define maps:

re : U —>CXY, q:7Z. — U, a Vietoris map pe : Z. - C XY
given by
re(z,y) = (ri(x),7'(y)) for each (w,y) € Uk,
q:(c,2) = (sc(c),q (2)) for each (c,z) € (C x Zy) = Z.,
pe(c,2) = (¢, (2)) for each (c,z) € (C x Z1) = Z..
It is clear that maps r<, q= and pe satisfy the assumptions of 4.5.

Theorem 4.9. Let X,, € AANMR for any n € N, then a space X = X1 X
Xox ...x Xy, X ...= ][] Xn is AANMR.

n=1
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Proof. Let (X,,,d,) be a metric space and X,, € AANMR for any n € N.
Assume that for any n and for all z,,y, € X, dn(n,yn) < 1. We define the
metric in a space X given by:
o0
dn (T, Yn)
dlay) = Y Gl

n=1
where x = (21,22, ..., Tn,.), Y = (Y1,Y25 s Yn,...). Let € > 0 and let 6 =

5. From the definition of AANMR for any n we get r§ : U — X, q5 :

Zy — Ug and a Vietoris map p§ : Z§ — X, such that for all z, € Z}
dn (75 (q5 (2n)), 3 (2n)) < 6, where Ug* C Ej is an open subset in some locally

o0
convex space. Let E. = [[ E} (from 2.21 E; is a locally convex space) and
n=1

[o.¢]
let Z. = ] Z§. We observe that the space Z. is compact. There exists a
n=1
natural number ng such that for any n > ng
i dn($n3yn) 5= E
2n 2

n=ngp+1

We define an open set in the space E. given by:

no [e%e]
v.=[Juix [[ E}
=1

n=nop+1
Let 7 : U. — X be given by:
Te(T1, 22y ooy Ty o) = (r%(azl), Tg(xg), s T8 (Tng ) s Ynot1s s Yy ---)

for each (z1,z2, ..., 2y, ...) € U, where y,, € X,,, for all m > ng are stationary
points and let ¢. : Z. — U be given by:

G (21,22, o0y 25 ) = (45(21), 65 (22), -, G5 (2n), )
for each (21, 22, ..., Zn, ...) € Z=. A Cech homology theory is continuous, there-
fore a map p. : Z. — X given by

P=(21, 22, o0y 2y o) = (P§(21), 05 (22), -+, 5 (2), )

for each (z1, 29, ..., 2, ...) € Z¢ is a Vietoris map (see theorem 2.32) since

o0

po (@1, 2, ey, ) = [[(0F) 7 (@)

n=1
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for any = = (z1,22,...,2pn,...) € X. It is clear that the maps re, ¢- and p.
satisfy the assumptions of 4.5. 0

We know that (see [19]) the Cartesian product of the finite number of com-
pact metric spaces of ANM R type is also of the ANMR type. From 3.9 and
4.9 it follows that the Cartesian product of the infinite number of compact
metric spaces does not have to be of ANMR type (Cartesian product of the
infinite number of compact metric spaces out of which every space is of finite
type, does not have to be of finite type), but it certainly is of AANM R type.
This shows that the class of spaces of AANMR type is considerably larger
than the class of compact spaces of ANM R type.

5. FIXED POINT RESULT

Theorem 5.1. Let X € AANMR and let X be of finite type, then an admis-
stble map 1 : X — X is a Lefschetz map.

Proof. From 4.5, there exists a locally convex space E., an open set U, C F,
a metric space Z., maps r. : U, — X, q. : Z: — U. and a Vietoris map
Pe : Ze — X such that for each z € Z; d(r:(q:(2)),p:(2)) < €. Let (p,q) C ¢
and let and let . : X —o U, given by p.(z) = ¢-(p-*(z)) for each x € X.
From 2.7 there exists a pair (p,q) C v o r. such that
&*5;1 = Q*p;1 O Tex

and there exists a pair (p,q) C ¢e 0 9 o re such that

51\*1/7:1 = qE*p;kl © Q*p»Tl O Tex.
A space X is of finite type, therefore from 2.30 there exists a real number
€1 > 0 such that for each 0 < & < g1 we get

Tex O Qex = Pex-

We have the following commutative diagram:

-1
Ho(X) P 0,

~ 1|~ -1

gspy ! 3.0 Y @py

Ho (X)L P gy (0,).
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A map ¢.p;' is a Leray endomorphism, since a space X is of finite type.
Assume that A\()) # {0}, then from the above diagram A(y. o ¢ or.) # {0}.
From 2.22 we get x. € U, such that z. € (¢- 09 or:)(z:). Hence, there exists
2. € p=H(1(r=(z¢))) such that

Te(Te) = 1e(ge(2¢))-
Let ye = pe(ze) € ¥(re(2c)), then
d(ri(xS)vyE) = d(rs(QE(Zs))yps(Zg)) <e.

We observe that for each ¢ > 0 r.(z.) is the e-fixed point of a map . The
space X is compact, hence vy has a fixed point. O

From 5.1 we get the following theorem.

Theorem 5.2. Assume that X € AAMR. Let X be of finite type and let
P X — X be an admissible map. Then Fiz(y) # 0.

Remark 5.3. From 3.8 we get that the AM R-type spaces are acyclical. And
in 3.9 we get that a compact ANMR space is of finite type. We proved in
section 4 that a compact AANMR space does not have to be of finite type.
According to that, the following diagram shows

AR —S—- ANR —S— AANRc

I I I

AMR —S— ANMR —S— AANMR,

that horizontal inclusions cannot be reversed. Notice that vertical inclusions
can neither be reversed because metric spaces of AANRc type are movable
(see 2.28) whereas metric spaces of AMR type don’t have to be movable (see

[19]).
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