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Abstract. We prove that if S is an amenable semigroup and ϕ = {Tt : t ∈ S} is a semigroup

of mappings on a nonempty weakly compact, convex subset C of a Banach space E, generated

by {Tt : t ∈ A ⊆ S}, such that for each t ∈ A, Tt is of type (γ) and D(coF1/n(Tt), F (Tt)) → 0,

as n →∞, then F (ϕ) of common fixed points of ϕ is nonempty and there exists a retraction

P of type (γ) from C onto F (ϕ), such that PTt = TtP = P for each t ∈ S, and Px ∈
co{Ttx : t ∈ S} for each x ∈ C. The compactness of C concludes such imposed conditions.
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1. Introduction

The first nonlinear ergodic theorem for nonexpansive mappings in a Hilbert
space was established by Baillon [2]: Let C be a nonempty closed convex
subset of a Hilbert space H and let T be a nonexpansive mapping of C into
itself. If the set F (T ) of fixed points of T is nonempty, then for each x ∈ C,
the Cesàro means

Sn(x) =
1
n

n∑
k=0

T kx

converge weakly to some y ∈ F (T ). In Baillon’s theorem, putting y = Px

for each x ∈ C, P is a nonexpansive retraction of C onto F (T ) such that
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PTn = TnP = P for all positive integers n and Px ∈ co{Tnx : n = 1, 2, . . . }
for each x ∈ C.

Takahashi [17] proved the existence of such retractions for noncommuta-
tive semigroups of nonexpansive mappings in a Hilbert space H: If S is an
amenable semigroup, C is a closed, convex subset of H and ϕ = {Ts : s ∈ S} is
a nonexpansive semigroup on C such that the set F (ϕ) of common fixed points
of ϕ is nonempty, then there exists a nonexpansive retraction R from C onto
F (ϕ) such that RTt = TtR = R for each t ∈ S and Rx ∈ co{Ttx : t ∈ S} for
each x ∈ C. Rodé [11] found a sequence of means on the semigroups, general-
izing the Cesàro means on the positive integers, such that the corresponding
sequence of mappings converges to an ergodic retraction onto the set of com-
mon fixed points. These results were extended to a uniformly convex Banach
space whose norm is Fréchet differentiable for commutative semigroups by Hi-
rano, Kido and Takahashi [8] and for amenable semigroups by Lau, Shioji and
Takahashi [9]. The existence of an ergodic retraction for amenable nonexpan-
sive semigroups in strictly convex Banach space was studied in [13]. For some
related results, we refer to the works in [12, 15, 16].

In this paper, we prove the existence of an ergodic retraction of type (γ) for
an amenable semigroup ϕ = {Tt : t ∈ S} of mappings on a weakly compact,
convex subset C of a general Banach space, generated by {Tt : t ∈ A ⊆ S},
such that for each t ∈ A, Tt is of type (γ) and D(coF1/n(Tt), F (Tt)) → 0, as
n →∞, where D is the well known Hausdorff metric. The compactness of C

concludes such imposed conditions (see [10]).

2. Preliminaries

Let E be a real Banach space and let C be a nonempty closed convex subset
of E. A mapping T : C → C is said to be nonexpansive if ‖Tx−Ty‖ ≤ ‖x−y‖
for each x, y ∈ C. We denote by Fε(T ) the ε-approximate fixed points of T ,
i.e. Fε(T ) = {x ∈ C : ‖x − Tx‖ ≤ ε}. If C is bounded, then Fε(T ) 6= φ

for each ε > 0 (see [3]). Let E∗ be the topological dual of E. The value of
x∗ ∈ E∗ at x ∈ E will be denoted by 〈x, x∗〉 or x∗(x). For a subset A of E, we
denote by coA the convex hull of A; we also denote by dis(x,A) the distance
from x to A for each x in E. We denote by Γ the set of strictly increasing,
continuous convex functions γ : R+ → R+ with γ(0) = 0. For each γ ∈ Γ,
a mapping T : C → C is said to be of type (γ), if for every x, y ∈ C and
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λ ∈ [0, 1], γ (‖λTx + (1− λ)Ty − T (λx + (1− λ)y)‖) ≤ ‖x− y‖ − ‖Tx− Ty‖.
Obviously, if T is of type (γ) for some γ ∈ Γ, then T is nonexpansive. Moreover
if C is also weakly compact, then F (T ) is a nonempty closed convex set (see
[7]). If C is compact and E is a strictly convex Banach space, then every
nonexpansive mapping T : C → C is of type (γ) (see [1, 4, 5]). Throughout
this paper, S is a semigroup and B(S) is the space of all bounded real-valued
functions defined on S with supremum norm. For s ∈ S and f ∈ B(S), we
define elements lsf and rsf in B(S) by (lsf)(t) = f(st) and (rsf)(t) = f(ts)
for each t ∈ S respectively. Let X be a subspace of B(S) containing 1 and let
X∗ be its topological dual. An element µ of X∗ is said to be a mean on X

if ‖µ‖ = µ(1) = 1. We often write µt(f(t)) instead of µ(f) for µ ∈ X∗ and
f ∈ X. Let X be ls-and rs-invariant, i.e. ls(X) ⊂ X and rs(X) ⊂ X for each
s ∈ S. A mean µ on X is said to be right (resp. left) invariant if µ(rsf) = µ(f)
(resp. µ(lsf) = µ(f)) for each s ∈ S and f ∈ X. A mean µ on X is said
to be invariant if it is both left and right invariant. X is said to be (right)
amenable if there is an (right) invariant mean on X. As is well known, B(S)
is amenable when S is a commutative semigroup [6]. A net {µα} of means
on X is said to be asymptotically invariant if limα(µα(lsf)− µα(f)) = 0 and
limα(µα(rsf) − µα(f)) = 0 for each f ∈ X and s ∈ S, and it is said to be
strongly regular if, limα ‖l∗sµα − µα‖ = 0 and limα ‖r∗sµα − µα‖ = 0 for each
s ∈ S, where l∗s and r∗s are the adjoint operators of ls and rs, respectively.
A family ϕ = {Ts : s ∈ S} of mappings from C into itself is said to be a
semigroup on C if Tts = TtTs for each t, s ∈ S. We denote by F (ϕ) the set of
common fixed points of ϕ.

3. Some Lemmas

In [10], it is proved that if T is a nonexpansive mapping on a nonempty
compact convex subset C of a Banach space, then

D(coF1/n(T ), F (T )) → 0, as n →∞;

as well as, are given examples in l∞ of mappings with noncompact domains
that enjoy the above convergence property (D is the Hausdorff metric).
The following two lemmas which we need in the sequel, are proved in [10].

Lemma 3.1. [10] Let C be a nonempty closed, convex subset of a Banach
space E and T : C → C be a nonexpansive mapping such that F (T ) 6= ∅ and
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D(coF 1
n
(T ), F (T )) → 0, as n → ∞. Then, for any ε > 0, there exists δ > 0

such that coFδ(T ) ⊂ Fε(T ).

The class of mappings of type (γ) has proved to be very useful in connection
with weak approximation of fixed points.

Lemma 3.2. [10] Let C be a nonempty closed, convex bounded subset of a
Banach space E and T : C → C be a mapping of type (γ) such that F (T ) 6= ∅
and D(coF 1

n
(T ), F (T )) → 0, as n → ∞. Then limn ‖Sn(y) − TSn(y)‖ = 0,

uniformly in y ∈ C, where Sn = 1
n(I + T + · · ·+ Tn−1).

The following lemma is proved in [14, Corollary 2.4 ]:

Lemma 3.3. Assume that C is a nonempty convex subset of a normed vector
space and T1, T2, ..., Tn : C → C are mappings of type (γ). Then T1...Tn is a
mapping of type (γ0), where γ0(t) = nγ( t

n).
If, in addition, for some k > 0, γ(t) = kt, ∀t ≥ 0, then T1...Tn is a mapping
of type (γ).

We denote by Γ1 the subset of Γ consisting of all members γ of Γ for which
γ(t) = kt, ∀t ≥ 0, for some k > 0. By considering Lemma 3.3, it is easy to
see that the family of mappings on C of type (γ), with γ ∈ Γ1 is a semigroup.
We refer to [14] to see more classes of this kind of semigroups.

The following result which we need is well known (see [17, 8]).

Lemma 3.4. Let f be a function of S into E such that the weak closure of
{f(t) : t ∈ S} is weakly compact and let X be a subspace of B(S) containing
all the functions t →< f(t), x∗ > with x∗ ∈ E∗. Then, for any µ ∈ X∗, there
exists a unique element fµ in E such that

< fµ, x∗ >= µt < f(t), x∗ >

for all x∗ ∈ E∗. Moreover, if µ is a mean on X then∫
f(t)dµ(t) ∈ co{f(t) : t ∈ S}.

We can write fµ by
∫

f(t)dµ(t).

As a direct consequence of Lemma 3.4, we have the following lemma (see
[9, Lemma 1] or [13, Lemma 3.2]).



ERGODIC PROPERTIES OF A PARTICULAR AMENABLE SEMIGROUP 325

Lemma 3.5. Let S be a semigroup, C be a nonempty closed convex subset
of a Banach space E, ϕ = {Ts : s ∈ S} be a nonexpansive semigroup on C

such that weak closure of {Ttx : t ∈ S} is weakly compact for each x ∈ C, X

be a subspace of B(S) such that 1 ∈ X and the mapping t 7→ 〈Ttx, x∗〉 is an
element of X for each x ∈ C and x∗ ∈ E∗, and µ be a mean on X. If we write
Tµx instead of

∫
Ttxdµ(t), then

(i) Tµ is a nonexpansive mapping from C into itself;
(ii) Tµx = x for each x ∈ F (ϕ), the common fixed points of ϕ;
(iii) Tµx ∈ co{Ttx : t ∈ S} for each x ∈ C;
(iv) If X is rs-invariant for each s ∈ S and µ is right invariant, then TµTt =
Tµ for each t ∈ S.

4. Ergodic theorems

The following theorem is our main result.

Theorem 4.1. Let C be a nonempty weakly compact convex subset of a Ba-
nach space E, ϕ = {Tt : t ∈ S} be a semigroup of mappings on C gener-
ated by {Tt : t ∈ A ⊆ S}, and let for each t ∈ A, Tt is of type (γ) and
D(coF 1

n
(Tt), F (Tt)) → 0, as n →∞. Let X be an invariant subspace of B(S)

such that 1 ∈ X and the mapping t 7→ 〈Ttx, x∗〉 is an element of X for each
x ∈ C and x∗ ∈ E∗. If X is amenable, then F (ϕ) 6= φ and there exists a
nonexpansive retraction P from C onto F (ϕ), such that PTt = TtP = P for
each t ∈ S, and Px ∈ co{Ttx : t ∈ S} for each x ∈ C. Moreover, if for a fixed
γ1 ∈ Γ1 and every t ∈ A, Tt is of type (γ1), then P is of type (γ1).

Proof. Assume that µ is an invariant mean on X. Consider t ∈ A, x ∈ C and
ε > 0. By Lemma 3.1, there exists δ > 0 such that

coFδ(Tt) ⊂ Fε(Tt).

By Lemma 3.2, there also exists a natural number N such that

‖ 1
N + 1

N∑
i=0

(Tt)i(Tsx)− Tt

( 1
N + 1

N∑
i=0

(Tt)i(Tsx)
)
‖ ≤ δ

for all s ∈ S. Since µ is left invariant, we get

Tµx =
∫

Tsxdµ(s) =
1

N + 1

N∑
i=0

∫
Ttisx dµ(s)
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=
∫

1
N + 1

N∑
i=0

(Tt)i(Tsx)dµ(s)

∈ co{ 1
N + 1

N∑
i=0

(Tt)i(Tsx) : s ∈ S} ⊂ coFδ(Tt) ⊂ Fε(Tt).

Since ε > 0 was arbitrary, TtTµx = Tµx, ∀t ∈ A. Therefore TtTµ = TµTt =
Tµ for each t ∈ S = 〈A〉 and Tµx ∈ co{Ttx : t ∈ S} from Lemma 3.5. Now, by
taking P = Tµ, the proof of the first part of the theorem is completed.
If for a fixed γ1 ∈ Γ1 and all t ∈ A, Tt is of type (γ1), then by applying Lemma
3.3, ϕ is a semigroup of mappings of type (γ1). We prove that Tµ is also of
type (γ1). Consider x, y ∈ C, 0 < λ < 1 and x∗ ∈ J(λTµx + (1 − λ)Tµy −
Tµ(λx + (1− λ)y)). Then

‖λTµx + (1− λ)Tµy − Tµ(λx + (1− λ)y)‖2

= 〈λTµx + (1− λ)Tµy − Tµ(λx + (1− λ)y), x∗〉

= µt〈λTtx + (1− λ)Tty − Tt(λx + (1− λ)y), x∗〉

≤ ‖λTµx + (1− λ)Tµy − Tµ(λx + (1− λ)y)‖

× sup
t
‖λTtx + (1− λ)Tty − Tt(λx + (1− λ)y)‖.

Hence,

γ1(‖λTµx + (1− λ)Tµy − Tµ(λx + (1− λ)y)‖)

≤ sup
t

γ1(‖λTtx+(1−λ)Tty−Tt(λx+(1−λ)y)‖) ≤ ‖x−y‖− inf
t
‖Ttx−Txy‖.

On the other hand, by using Lemma 3.5,

‖Tµx− Tµy‖ = ‖TµTtx− TµTty‖ ≤ ‖Ttx− Tty‖ (∀t).

Hence,

‖Tµx− Tµy‖ ≤ inf
t
‖Ttx− Tty‖.

Therefore,

γ1(‖λTµx + (1− λ)Tµy − Tµ(λx + (1− λ)y)‖) ≤ ‖x− y‖ − ‖Tµx− Tµy‖,

and, we have shown that Tµ is of type (γ1). �
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Corollary 4.2. Let C be a nonempty compact convex subset of a strictly
convex Banach space E and let ϕ = {Tt : t ∈ S} be a semigroup of mappings
on C. Let X be an invariant subspace of B(S) such that 1 ∈ X and the
mapping t 7→ 〈Ttx, x∗〉 is an element of X for each x ∈ C and x∗ ∈ E∗. If X is
amenable, then F (ϕ) 6= φ and there exists a nonexpansive retraction P from C

onto F (ϕ), such that PTt = TtP = P for each t ∈ S, and Px ∈ co{Ttx : t ∈ S}
for each x ∈ C.

By studying the proofs of lemmas in [9] and Theorems 3, 4, 5 and 6 of [9]
we can easily see that they all hold in our assumptions. So by combining
them with Theorem 4.1 we get the following results that we give without their
proofs:

Corollary 4.3. Let C,E, S, ϕ and X be as in Theorem 4.1.
(i) If X is amenable and the norm of E is Frechet differentiable, then the
retraction P in Theorem 4.1 is unique. Furthermore, if {µα} is an asymptot-
ically invariant net of means on X, then for each x ∈ C, {Tµαx} converges
weakly to Px.
(ii) Let {µα} be a strongly regular net of means on X. Then for each t ∈ S,
lim
α
‖TµαTtx − Tµαx‖ = 0 and lim

α
‖TtTµαx − Tµαx‖ = 0 uniformly for x ∈ C.

Moreover, if S is commutative and the norm of E is Frechet differentiable,
then the same conclusion in Theorem 4.1 holds, and for each x ∈ C, {TµαTtx}
converges weakly to Px uniformly in t ∈ S.
(iii) If B(S) is amenable, then there exists a net {Aα} of finite averages of ϕ

such that for each t ∈ S, lim
α
‖AαTtx−Aαx‖ = 0 and lim

α
‖TtAαx−Aαx‖ = 0

uniformly for x ∈ C.

Corollary 4.4. Let C,E, ϕ and X be as in Theorem 4.1 and {µα} be a strongly
regular net of means on X. Assume that the norm of E is Frechet differentiable
and X is amenable. If there exists one t ∈ A such that F (Tt) is compact, then
Tµαx converges strongly to Px for each x ∈ C.

Proof. Let x ∈ C. Then from Theorem 4.1 and Corollary 4.3 (ii), Tµαx con-
verges weakly to Px and lim

α
‖TtTµαx− Tµαx‖ = 0 for each t ∈ S. Now, since

F (Tt) is compact for one t in A, and since D(coF 1
n
(Tt), F (Tt)) → 0, it is easy

to verify that Tµαx converges strongly to Px. �
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