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1. INTRODUCTION

The bifurcation problem for inclusions with convex-valued multimaps was
studied by J.C. Alexander and P.M. Fitzpatrick [1]. The authors of this work
presented the sufficient conditions under which the set of all non-trivial solu-
tions near the origin (0,0) admits a bifurcation to infinity, either bifurcation
to the border of the considered domain, or bifurcation to some trivial solution
of the inclusion.

In the present paper, by using the results of [1] and applying the topological
degree theory for compact multivalued operators we consider the global bifur-
cation problem for a class of inclusions containing an abstract linear Fredholm
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operator with one-dimensional kernel and a convex-valued multioperator. The
paper is organized as follows. In Section 2 we give the necessary preliminar-
ies from the fields of multivalued maps, linear Fredholm operators and global
bifurcation theorem of J.C. Alexander and P.M. Fitzpatrick. In Section 3 we
describe the problem and present some examples arising from the study of
equations with discontinuous nonlinearities . The main results are given in
Theorems 7 and 8.

2. PRELIMINARIES

Recall some notions and notation from the multivalued maps theory and
the theory of linear Fredholm operators (see, e.g. [2, 5, 6, 7]).

Let X and Y be Banach spaces. Denote by P(Y) [C(Y),Cv(Y), Kv(Y)]
the collection of all nonempty [respectively: nonempty closed, nonempty closed

convex, nonempty compact convex| subsets of Y.

Definition 1. A multimap F: X — P(Y) is said to be upper semicontinuous
(u.s.c.) if for every open subset V.C'Y the set

FV)={reX: Flz)CV}
is open in X. A multimap F: X — C(Y) is closed if its graph
Ir=A{(z,y) e X xY :y € F(z)}

is a closed subset of X x Y. A multimap F is called compact if the set ]—"(X')
is relatively compact for every bounded subset X C X.

Let U C X be an open bounded subset and F: U — Kv(X) be a compact
u.s.c. multimap. Denote by ¢ the inclusion map. If F has no fixed points
(x ¢ F(x)) on the boundary OU, then the topological degree deg(i — F,U) is
well defined and has all usual properties (see, e.g. [2, 6, 7]).

Definition 2. A bounded linear operator L: domL C X — Y is called Fred-

holm of index zero if

(1i) ImL is closed in'Y;
(21) KerL and CokerL =Y /ImL have the finite dimension and

dim KerL = dim CokerL.
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Let L: domL C X — Y be a Fredholm operator of index zero, then there
exist projectors P: X — X and Q:Y — Y such that ImP = KerL and
Ker@Q = ImL. If the operator

Lp: domLNKerP — ImL

is defined as the restriction of L on domL N KerP then it is clear that Lp is an
algebraic isomorphism and we may define Kp: ImL — domL as Kp = L;l.
Now if I1: Y — CokerL is the canonical surjection:

II(z) = z+ ImL
and A: CokerL — KerlL is a one-to-one linear mapping, then the equation
Lr=y, yeY
is equivalent to the equation
(t—P)x = (AIl+ Kpg)y,
where Kpg:Y — X be defined as
Kpqg=Kp(i — Q).
Now let © C X x R be an open subset containing the closed neighborhood
Bx (0,71) X [—rg,12] of origin (0,0), where
Bx(0,m) ={z e X: |z]| <r}.
Consider the following one-parameter family of inclusions
z € F(z,p) 1)
where F': O — Kv(X) is a multimap.
Assume that

(F1) Fis an u.s.c. and compact multimap and there exists a neighborhood
V of 0 in R such that 0 € F'(0, 4) when p € V;

(F'2) for each p1, 0 < |pu| < 7o, there is §, > 0 such that « ¢ F(x, 1) provided
0 < [lal] < 8

(F3) for each € > 0 there exists n > 0 such that

hF(z, 1), F(x,1')) <e

provided (z, ), (z, ') € Bx(0,7r1) x [—r2,72] and |u — p'| < n, where
h denotes the Hausdoff metric on the space Kuv(Y).
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From (F'1)—(F2) it follows that for each p, 0 < |u| < ra the topological degree

deg(i — F (-, 1), Bx(0,6,))

is well defined. Then the bifurcation index of the multimap F' may be
defined as

B(F) = Hli%g deg(i — F(-, 1), Bx(0,6,)) — ngg_ deg(i — F (-, 1), Bx(0,0)).

We regard {0} x V' as constituting the trivial solutions of inclusion (1) and
let us denote by S the set of all non-trivial solutions to (1), i.e.,

S={(z,p) € O: xz € F(z,p) and (z,u) ¢ {0} x V}
The following assertion can be found in [1].

Theorem 3. Let conditions (F1) — (F3) hold. Assume that B(F) # 0. Then
there exists a connected subset C of S with (0,0) € C and at least one of the

following occurs:

(a) C is unbounded;
(b) CNOO # 0;
(¢) (0,4) € C for some pux # 0.

3. MAIN RESULTS

3.1. The statement of the problem. Let {2 be a bounded open set in R"
with Lipschitz boundary; for p > 1, let L,(€) denote the Banach space of

p—integrable functions on 2 with the norm

[ullp = llullz, = (/Q [ulPdz)'P.

For two functions f., f* € L,(Q2) with f.(z) < f*(z) for a.e. x € 2, denote by
[f« [*] C Lp(92) the interval

o ] = {f € Ly(Q) s fu(@) < f(2) < [*(@) forae. @ € Q).
For an integer k > 0 we denote by Wzi“(Q) the Sobolev space of functions

WF(Q) = {u € Ly(Q): D*u € Ly(Q) for all |af < k},
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where D%u denotes the distributional derivative of u of order . We will
assume that W;(Q) is equipped with the norm

lallpe = > [1D%ull,.

el <k

By WF(€) we will denote the subset of W(Q) consisting of all functions
vanishing on the boundary 9€2; by C(Q2) denote the space of all continuous
functions on 2. The ball of radius r in C(€2) will be denoted by B¢ (0, 7).

Let us recall (see, e.g. [4]) that according to Sobolev embedding theorem
in case pk > n the space Wf(Q) is compactly embedded into C(€2).

We will study the global structure of solutions of the following family of

inclusions
Au+ g(u, 1) € ®(u, p). (2)
We assume the following hypotheses:

(A1) the operator A: domA := W7 (Q) N W, () — Ly(Q) is a linear Fred-
holm operator of index zero with p > 2 and 2p > n;
(A2) A is selfajoint in the sence that

< Au,v >p,=< v, Au >,

for all u,v € domA, where < u,v >p,= fﬂ uvdx;

(A3) dimKerA = 1 and w € domA, |w|r, = 1, is the basic element of
KerA;

(gl) the map g: C(©2) xR — L,(12) is continuous and bounded on bounded
subsets and ¢(0, ) = 0 for all p € R;

(g2) there is 9 > 0 such that for every £ > 0 there exists a number s >0
such that

lg(u, 1) — g(u, )|, < &

provided |p — p/| < 5" and (u, ), (u, 1) € Be(0,20) X [—e0, €0);
(®1) the multioperator ®: C'(2) x R — Cv(L,(Q2)) is u.s.c. and bounded
on bounded subsets and 0 € ®(0, u) for all p € R;
(®2) for every k > 0 there exists 5% > 0 such that

h(®(u, 1), ®(u, p)) < &
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)

provided |pu—p/| < 5% and (u, ), (u, ') € Be(0,20) X [—€0, €0], where

g0 is the same as in condition (¢2) and h is the Hausdoff metric on the

space of closed bounded subsets of L,(2);

Definition 4. A pair (u,p) € domA X R is called a solution to family (2) if
there exists a function f € ®(u, pu) such that

Au+g(u, p) = f.
Let us denote by S the set of all non-trivial solutions of family (2), i.e.,
S ={(u,p) € domA x R: u # 0 and Au + g(u, u) € ®(u,p)}.

Remark 5. Family of inclusions (2) naturally arises while the study of equa-
tions with discontinuous nonlinearities. For example, we can consider the
following family of equations

(Au)(z) + g(u, p)(x) = pep(z, u(z)), (3)

where the function p:  x R — R satisfies the following conditions:
(p1) for a.e. x € Q there exist finite limits

p(x,8) = liminf p(z,€');  P(z,€) = limsup p(z, &)
B .

and the functions @, @ are superpositionally measurable;
(p2) there exist functions fs, f* € Ly() such that

fil@) < o(z,§) < ()

for a.e. © € Q and all £ € R.
Let us recall (see, e.g. [8]) that Carathéodory functions, pointwise limits of
continuous functions, and Borel measurable functions belong to the class of

superpositionally measurable functions.
Define the multimap ® : C(Q2) — Cv(Ly(2)) by the rule

P (u) = [p(x,u(z)), B(z, u(z)))]. (4)
According to [3], Theorem 1.1 let us mention the following property.

Proposition 6. The multimap ® is u.s.c.
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So, we may substitute the family of equations (3) by the following family of

operator inclusions
Au+g(u, 1) € p®(u),
whose solutions are called the generalized solutions to (3).

In turn, let us mention that equations of type (3) appear in many problems
of mathematical physics. For example, Lavrentiev’s problem on detachable
currents at the presence of resonance and nonlinear perturbations may be de-
scribed by the following equation (cf. [9]):

—Au(x) + Au(x) + g(u(z), p) = psign(u(z)), (5)
u(z)lo =0,
where p > 0.
Here
L, £>0,
p(@,8) =
and
1L, £=0,
?(z,§) =
1, ¢£<o.

Now defining the multimap ® : C(2) x (0,4+00) — Cv(L,(Q2)) as (4), we may
substitute equation (5) by the following operator inclusion

Au+ g(u, 1) € ®(u, p),
where Au = —Au + \u.

3.2. Main results: the global structure of S.

Theorem 7. Let conditions (A1) — (A3), (g1) — (92) and (®1) — (P2) hold.

In addition, assume that

(g3) for eg > 0 same as in (g2) and (P2) there exist number > 0 and a
function h: [—£9,0) U (0,e0] — (0,+00) such that

| < glu, n)yw >, | = h(w)lully,,

fOT (uvlu) € BC(O750) X [_60750]r H 7& O;
(94) if a # 0 and p # 0 are such that |au| is sufficiently small, then

ap < glaw, p),w >r, > 0;
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(®3) there exist ¢ > 0 and a > 3 such that
1@, )|z, < clullg,,
for (u,p) € Bo(0,e0) X [—¢€0,€0], 1 # 0, where
1@ (w, )L, = sup{[|fllz,: | € (u, p)}-

Then there is a connected subset C C S with (0,0) € C and at least one of the

following occurs:

(19) C is unbounded;
(2°) (0, pu4) € C for some jux # 0.

Proof. Let us mention that for every (u, ) € C(2) x R the value

O (u, 1) — g(u, 1)

is a bounded convex closed subset of L,(€2). Hence, the set

(AL + Kpgq) o ((u, 1) = g(u, p))

is bounded convex closed in domA. From the Sobolev embedding theorem it
follows that
(Al + Kpq) o (®(u, 1) — g(u, p))
is a compact convex subset of C(Q).
Now define the multimap F': C(Q2) x R — Kv(C(Q)) as

Flu, 1) = Pu+ (ALL+ Kpg) o (®(u, 1) — glu, ).

Then the problem of bifurcation of solutions of family (2) can be reduced to
the problem of bifurcation of solutions of the following inclusion

we Flu,p). (6)

We will show that the multimap F satisfies conditions (F'1) — (F'3) of The-
orem 3.

At first, notice that from the properties of the operator A it follows that
the spaces E' = domA and Z = L,({2) may be decomposed as

E=FEy® FE,

where Ey = KerA and
Z =2y 4,
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where Zy = KerA and Z; = ImA. The corresponding decompositions of
elements v € F and f € Z will be denoted by

u = ug + u1,

and
f=rl+fi
STEP 1. From conditions (¢g1) and (®1) we have 0 € F(0, ) when u € R,
i.e., {0} x R is the set of all trivial solutions to (2). Following [[10], Lemma 5]
let us demonstrate that the multimap F' is u.s.c. and compact.
In fact, denote by Z,, the space Z endowed with the weak topology. From
the reflexivity of space L,(€2) and conditions (¢g1) and (®1) it follows that the

multimap

U: C(Q) x R — P(Zy),
U (u, p) = @(u, p) — g(u, p),

has w—compact values and is w—compact. Moreover, from the same conditions
it follows that W is u.s.c.

Now, let us demonstrate that the multimap ©@o¥: C(Q) xR — Kv(C(R)) is
closed, where © = AIl+ Kpg. In fact, let {(un, pn)} C C(2) X R, (up, pin) —
(uo, p0), {yn} € C(), yn € O 0 U(uy, uy), and y, — yo. Take a sequence
Zn € W(up, pty) such that y, = ©(z,). We may assume w.l.o.g. that z, — z.
Since © is the continuous linear operator, we have that yo = ©(z). FI"OIﬁ the
other side, the multimap W is closed with respect to the weak topology of Z
(see, e.g. [2], [7]) and hence zy € ¥(ug, \o). So

Yo € ©o \I/<u0, )\0).

Further, for every bounded subset U C C(Q) xR, ¥(U) is a bounded subset
of Z. But then © o ¥(U) is a bounded subset of E, and by the Sobolev em-
bedding theorem it is relatively compact subset of C'(£2). Closed and compact
multimap © o U is u.s.c. (see, e.g. [2], [7]) and now the assertion follows from
the fact that P is continuous and has a finite-dimensional range. So condition
(F1) holds.

STEP 2. We are going to show that for each p, 0 < |u| < &¢ (where €q is
constant in (g2)), there exists a number m, = 7(p) € (0,¢0) such that

u ¢ F(u, p)
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provided u € B¢ (0,m,) \ {0}.
In fact, let (u, u) € Ba(0,e0) X [—€0, €0, u # 0, 1 # 0 be a solution of family
(6), then there exists a function f € ®(u, u) such that

Au+g(u, ) = f.
By multiplying this equality by w, we obtain
< g(u,p),w >r,=< f,w >, .
By virtue of (¢3) we have
hllulz, <1< fw>L, |
On the other hand

| < faw >Lo | < ||f||L2

By virtue of ($3) we have

| < fiw>p, | <cllullg,

Therefore
h()lull, < cllullg,.
So h( )
a—p H
lullz,” > =

Notice that
ull,? < lulle™ (mes(2) %",
where mes(2) is measure of .
Hence we obtain the following estimate for u:
1/ (a=pB) (1)
ct/(@=0) (mes(Q))1/2

lullc =
Set
() = 1/ (e=B) (1)
cl/(a—p) (m@s(Q))1/2 ’
and choose 0 < 7, < min{eg,(x)}. Then we obtain that family (6) has only

trivial solution on B¢ (0,7,). So condition (£2) holds true.
STEP 3. We are going to show that for every x > 0 there is J, > 0 such
that
B (), F () <

provided (u, p), (u, 1') € Be(0,20) X [—€0,€0] and |u — p'| < 0.



ON THE GLOBAL BIFURCATION FOR SOLUTIONS 299

In fact, from (g2) and (®2) it follows that for a given x > 0 there exist
(5,21) > 0 and 5,&2) > 0 such that

K
lg(u, ) — g(u, )|z, < o

provided (u, i), (u, i) € Be(0,e0) X [—€0,e0] and |p — /| < s,

and

h(®(u, p). B(u, 1)) < 5.

)

provided (u, i), (u, i) € Be(0,e0) X [—€0,e0] and |p — /| < 5, where

T = ||AH + KP,QH'
Choosing d, = min{é,g), 6,(3)} we obtain that
h(F (u, ), F(u, p)) < &

provided (u, p), (u, ') € Bc(0,e0) X [—0,€0] and | — p/| < dx. So condition
(F'3) holds true.

STEP 4. Now, we will evaluate the bifurcation index B(F'). Towards this
goal, fix p,0 < || < €p and choose 7, as in Step 2. Let X,: C(Q2) x [0,1] —
Kv(C(€)) be defined as

EM(”? )‘) = Pu+ (Al + KP,Q) © (a((b(umu)v )‘) - gO('U'vM) - Agl(”?:“’))?

where g(u, 1) = go(u, ) + g1(u, p) € Zo + Z1 and a: L, () x [0,1] — L,(Q)
is defined as

alfo+ f1,A) = fo+ Afi1.

The compactness and upper semicontinuity of the multimap >, may be verified
as in Step 1. We will show that

u ¢ X, (u, \)

provided (u, X) € 0Bc(0,7,) x [0, 1].
To the contrary, assume that there are an element u € 9B¢(0,7,) and
A € [0,1] such that u € ¥,(u,A). Then there exists a function f € ®(u,u)
such that
Auy + Ag1(u, ) = A1

go(u, 1) = fo
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where fo € Zy, f1 € Z1 and fo+ f1 = f.
We obtain

< g(u,,u),w > L=< go(uvu)vw > L=< Jo,w >L,=< fiw > Ly -

As in Step 2, these relations imply

lulle = r(p) > my,

giving the contradiction.
So ¥, is a homotopy connecting two multimaps 3,(-,0) and ¥,(-,1). From
the homotopy invariance property of the topological degree we obtain

deg(i — Sy (1), Bo(0,m,)) = deg(i — X+, 0), B (0, 7))
Notice that the multimap ¥,(-,0) has the form
Yu(+0) = Pu+ (ATl + Kpgq) o (Po(u, ) — go(u, 1))
= Pu+ Allo (®o(u, i) — go(u, p))-

W.lo.g. we may assume that the maps II|z, and A are identities. Then the
multimap ¥, (-,0) has its range in Ep, and in accordance with the principle of
map restriction (see, e.g. [2, 7])

deg(i - ZM(W 0)’BC(O>7TM)) = deg(i - 22(" 0)7 800(077711))7

where BX(0,7,) = Bc(0,7,) N Ey and EB(-, 0) is the restriction of 3,(-,0) to
B0, ).
The multifield i — %% (-,0) has the form

go(uo, pt) — Po(uo, ).

Since 0 is the unique singular point of the field i—Eg(-, 0) in the ball B (0, ,),

we have
deg(i — X0,(-,0), B&(0,m,)) = deg(i — S(+,0), BE(0,7)),

where 0 < 7 < 7.
Consider the fields i — 22(‘, 0) and pi on the sphere 9B2(0,7), 0 < 7 < .

Let ug = aw and fy € ®p(aw, p), where |a| =

[wlic

. Denoting

o =< go(aw, p) = fo, paw >r,
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we have

o= ua/ go(aw, p)w dz — ,ua/ fow dzx
Q Q

= pa < /Q glaw, pw dz — /Q fwd:n>

where f = fo+ f1 € ®(aw, p).
The case ,u > 0:
If @ = 75+ by virtue of (93) and (g4) we have

< g(awnu)vw > Lo > h(/"’)aﬁ

Therefore,

o2 pa (Wwa® = [ 1flleldr) = a (1()a” - 1f11,).

From (®3) it follows that || f||z, < ca®. Hence, we obtain
o > paPt <h(u) - caa_ﬁ) >0

for sufﬁciently small 7 > 0.

If a = : by virtue of (¢3) and (g4) we have

lel

— < glaw, p),w >r, > h(p)al’.

([t it [ 1o
~pa (hGolal® - [ Ifllide)
(

A(wlal® = 11f 1.
> lal ™ (h() = clal*=) > 0

Therefore,

> —pa

for sufficiently small 7 > 0.

The case p < 0: analogously we have that o > 0 for sufficiently small 7 > 0.
So, the fields i — 22(‘, 0) and pi have no opposite directions, hence they are

homotopic on BX(0,7) (see, e.g. [2]). Therefore we have

deg(i — 22(-,0), B2(0,7)) = deg(ui, BX(0,7)).
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We obtain
B(F) = B(Xu(-,1))
= lim deg(l - E,U«('u 1)7 BC(07 ﬂ-u)) — lim d6g(2 - Eu('a 1)7 BC(Ov WM))

u—0+ pn—0—
= hI(I)lJr deg(l - Z,u('v 0))BC(O¢7T,LL)) - h%l d@g(Z - Eu('a 0),80(0,7'(“))
H— p—0~
= lim deg(i — 2 (-,0), B&(0,7,)) — lim deg(i — 2(-,0), BE(0,7,))
/"_’0+ u—»O_
= lim deg(i — ¥,(-,0), Be(0,7)) — lim deg(i — X,(-,0), B(0,7))
s p—0~

= lim_deg(ui, B&(0,7)) — lim deg(pi, B&(0,7)) = 2,
p—07F pn—0—

where 7 € (0, 7,) is sufficiently small.

To complete the proof we need only to apply Theorem 3 with the remark
that the set C(2) x R is unbounded, and so the case (b) of Theorem 3 is
imposible. O

Theorem 8. Let conditions (A1) — (A3), (g1) — (¢2) and (1) — (P2) hold.
In addition, assume that

(¢'3) there are numbers ¢y > 0 and [y > 0 such that
gt mlles < exllully,

fOT (uvlu) € BC(O)E:O) X [_50750]r H 7& O;
(®'3) There exist a function £: [—£9,0) U (0,e9] — (0,+00) and a number
0 < a1 < (1 such that

| < O(u, )y w >p, | 2 Lp) [Jull7),
for every (u,p) € Bo(0,e0) X [—€0,€0], p # 0, where
< P(u,p)yw >p,={< fw>r,: f € P(u,p)};
(®4) for a # 0 and p # 0 are such that |ap| is sufficiently small we have

ap < ®(aw, p),w >, C (0,+00).

Then there exists a connected subset C C S with (0,0) € C and either C is
unbounded or (0, 1) € C for some i, # 0.
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Proof. The proof of this theorem is analogous to that given in Theorem 7

with one change when we evaluate the bifurcation index B(F'). In this case,

to evaluate the bifurcation index we will consider the fields i — 22(-,0) and

— i on the sphere 8[)’% (0, 7). These fields are homotopic and hence we obtain

that B(F') = —2. Finally, we apply Theorem 3 to get the global structure of

solutions of family (2). O
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