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INTRODUCTION

The Shadowing theory began in the middle of 70th by the works of
D. V. Anosov and R. Bowen as a powerful tool for studying the behaviour
of diffeomorphisms near hyperbolic sets. Later this concept became itself an
object in its own rights with various applications, mainly for detecting chaos
in concrete dynamical systems (see [8, 9]).

In [6, 7] some criteria for a linear endomorphism to have the Shadowing
Property have been stated; mainly, it was proved that a hyperbolic linear
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operator in a Banach space has the Shadowing Property. The converse is also
true in finite-dimensional vector spaces.

In [3, 4] the authors proposed a generalization of the notion of Shadowing to
set-valued dynamics, including IFS and relations. It was proved that (weakly)
contracting relations have the Shadowing Property. It can be easily checked
that a linear IFS fails to possess the Shadowing Property if the associated
linear semigroup contains an invariant subspace on which it acts equicontin-
uously. In [5] the Shadowing Property for parameterized IFS was studied,
including for affine relations.

The linear and affine cases represent a first step in researching the nonlinear
IFS, although not so powerful as the linearization procedure in the case of a
single mapping, they give us a portrait of the asymptotical behaviour of IFS.

In this connection the problem to find necessary and sufficient conditions
for an affine IFS to have the Shadowing Property arises.

We hope to obtain necessary and sufficient conditions for a linear IFS to
have the Shadowing Property, similar to those for a single linear operator (see,
e.g. [6, 7]).

The notions of pseudo-chains in this paper and in [10] are different. This
conducts to different criteria of Shadowing.

In this paper we consider the case of scalar affine IFS, for which we give a
Shadowing criterion. More precisely, we prove that a scalar affine IF'S has the
Shadowing Property if and only if it is contracting or (strictly) expanding.

We find also a connection with Shadowing in linear skew-products over the
Bernoulli shifts and prove that a scalar linear IFS has the Shadowing Property
if and only if the corresponding linear skew-product has, which, in turn, is
equivalent for the latter to be hyperbolic.

1. PRELIMINARIES

Let (X, d) be a metric space. Consider an Iterated Function System (IFS)
F =A{X; f1, fay -, fm}, consisting of pairwise distinct continuous functions
f[j: X—=X(1<j<m). LetT=ZorT=72Zy=N={neZ:n>0}

A sequence (x,)ner in X is called a chain of the IFS F if for every n € T
there exists j, € {1,2,...,m} such that z,11 = f;, (z,). Given § > 0 a
sequence (Zp)per in X is called a d-chain (pseudo-chain) if for every n € T
there exists j, € {1,2,...,m} such that d(zn41, fj,(zn)) < 0. Denote J =
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(Jn)ner and call it a control sequence for the d-chain (x,)ner, including the
case of chains as 0-chains. Two chains (or pseudo-chains) are called concordant,
if they admit a common control sequence.

Remark 1.1. The control sequence need not be determined uniquely by the

pseudo-chain.

One says that the IFS has the Shadowing Property (on T) if for every € > 0
there exists § > 0 such that for every d-chain (z,,),er there is a chain (y,)ner,
satisfying d(xp,yn) < € for all n € T. In this case we say that (yp)ner e-
shadows (xy)ner. If the chain (y,)ner can be chosen to be concordant with
(zn)ner, then we will speak about the concordant Shadowing Property.

In what follows we are concerned with the Shadowing Property for a com-
plex affine scalar IFS F = {C; f1, fa, ..., fm}, fi(2) = ajz+b; (1 < j < m).
Let Fo = {C;aq,as,...,an} denote the corresponding linear IFS.

Every d-chain (z,)nen of F can be written under the following recurrent
form

Zp+1 = G, 2 + bjn + 6, with |5n‘ <9, (1.1)

or, explicitly,

n—1 n—1 n—1
Zn = ( H ajk)zo + Z [( H ajk)(bji—l + 5i—1)] + bjn71 +0n—1 (n > 0)'
k=0 =1 k=i

Lemma 1.1. For every scalar affine IFS there exist reals v > 0,6 > 0 and
R > 0 such that two 6-chains (zp)ner and (wp)ner are concordant, provided

they satisfy:

|zn| > R, |zn—wn| <~y (neT). (1.2)
Proof. Denote ¢ = 1%zis)§rl|aj|, M, = 131?,?%(771’% —ajl, My = 13111‘1,?%(m|bi — bjl,
and
0, if M, =0, 0, if M, =0,
a= min fa; —agl, i M >0, B= uin [b; — byl, if My > 0.

Notice that « and § are not both 0. Put

7:{ﬁ/(4+4c), if 840, 5:{ 5/8, it B#0,

: ] (1.3)
1, if =0, 1, if g=0.
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Similarly, put

R_{ (v + e+ My +20)/a, if a#0,

1.4
1, if a=0. (14)

Suppose the lemma is false. Then we could find two nonconcordant d-chains
(Zn)n€T7 Zntl = G4, 2n + bzn + 57/—” and (wn)n€T7 Wnp41 = Gj, Wn + bjn + 6;{?
satisfying (1.2). Nonconcordance means that there is a natural k such that
ix, # jk, or, which is the same, (ai,,b;,) # (aj,,bj,)-

One has

Zn4+1 — Wnp41 = Ay, (Zn - ’an) + (ain - ajn)zn + bin — bjn + (% - (5;{ (1.5)

If a;, # aj,, then (1.2), (1.4) and (1.5) give

aR <|ai, — aj| - |2k| < |21 — wiga] + lag, | - [z — wil+
103, — by | + 103, + 107 < v+ vye+ My +26 = aR,
a contradiction.
If a;, = aj,, then (1.2), (1.3), (1.5) and the inequality b;, # b;, imply
0 < B < |biy, = bji| < l2ks1 — W] + |agy| - [25 — wi| + |03 + |55 <
v+ye+26=5/2,

also a contradiction.
Hence, i,, = jj for all n € T, which means that (z,)nen and (wy,)nen are
concordant. a

Remark 1.2. One can state the analog of Lemma 1.1 for a segment of values
n € [ni,ng) C T.

Lemma 1.2. If the sequences (zn)neN, (Un)nenN, (Wn)nen and (vn)nen satisfy
the relations

20 = U0, Zn4l = Qj, 2+ bj, +0n,  Uny1 = ajun+0, (n>0), (1.6)
Wo =0, Wpt1 = A, Wn +bj,,  Vpng1 = aj,v, (n>0), (1.7)

then |z, —wy| < e (n>0) if and only if |u, —v,| <e (n>0).
Proof. One can prove by induction that z, — w, = u, — v, (n > 0). O

Lemma 1.3. An affine IFS has the concordant Shadowing Property on Z4 if
and only if the corresponding linear IFS has.
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Proof. Suppose the linear IFS F;y has the concordant Shadowing Property.
Fix an arbitrary ¢ > 0 and take the respective § > 0 given by the definition
of Shadowing.

For every d-chain (zy,)nen of the affine IFS F one can construct a concordant
(with (zn)nen) 0-chain (uy,)nen of Fo, satisfying both relations (1.6).

The 6-chain (up)nen is e-shadowed by a concordant (with (u,)nen) chain
(vn)nen of Fo. Construct a concordant chain (wy,),en of F, satisfying to-
gether with (vy,)nen the relations (1.7). By Lemma 1.2 (wy)nen e-shadows
(zn)nen and these sequences are concordant. Therefore the affine IFS F has
the concordant Shadowing Property as well.

The converse follows the same scheme. (|

Remark 1.3. If all functions of an affine IFS are invertible, then Lemma 1.3 is

true on Z as well.

2. SHADOWING IN AFFINE IFS

Recall that a continuous function f : X — X is said to be expanding if there
exists 7 > 0 such that the inequality d(f"(x), f"(y)) < r(Vn € Z4) implies
Tr=y.

We call an IFS contracting or, respectively, strictly expanding, if each its
component is contracting or, respectively, expanding.

The next theorem completes similar results, obtained for contracting or
strictly expanding IFS (see, e.g. [1, 5]), by putting in evidence the concordant
attribute of Shadowing.

Theorem 2.1. Every contracting or strictly expanding affine scalar IFS has

the concordant Shadowing Property on Z .

Proof. Let (2n)nen be a d-chain written under the form (1.1). Given € > 0 we
have to find ¢ and wp such that the concordant (with (2, )nen) chain (wy,)pen
satisfies |z, — wy,| < e for n > 0.

For contracting IFS we put 6 = (1 — ¢)e/2, where ¢ = nax laj| < 1. It
is easily seen that (zp)nen is e-shadowed by every concordant (with (2, )nen)
chain (wy,)nen, satisfying |wg — 20| < e/2.

For strictly expanding IFS put 6 = (a — 1)e > 0, where a = 1Lr]n<nm laj| > 1.

In this case there exists a unique concordant (with (zp)nen) chain (Wn)neN,
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which e-shadows (z,)nen. The value wg is given by

wo = 2o + i [( iﬁl aj:cl)éi,l] . (21)
i=1 k=0

g

Remark 2.1. In [5] the authors have stated the Shadowing Property on Z for
affine relations on C.

Remark 2.2. Isometrical changes of coordinates do not affect the Shadowing

Property.

Lemma 2.2. If an affine IFS contains an isometry, then it does not possess

the Shadowing Property on Z .

Proof. Assume that an affine IF'S with an isometry possesses the Shadowing
Property. After making a translation, if necessary, we may assume that this
isometry is linear, say f(z) = az with |a| = 1.

Choose 7, d and R as in Lemma 1.1. Givene € (0,7) and ¢ € (0,8) construct

a d-chain (zn)nens,
|z0| > R, zpnt+1 = f(zn) +0n = azn + dp, o = Sazn/|zn| (n>0).
This -chain is unbounded, since
2] = |2n—1] + 6 = | 20| + nd — +00 as n — +oo. (2.2)

If there existed a chain (wy)nen, e-shadowing (zn)nen, we would have
wp+1 = f(wy) = aw, by Lemma 1.1 and |w,, — z,| < € for all n > 0. However,
in this case |wy,| = |wp|, which contradicts (2.2). O

Lemma 2.3. If an affine IF'S consists of expanding and constant components,

then it does not possess the Shadowing Property on Z. .

Proof. Assume that the IFS F consists of functions f;, fi(z) = a;z+b; (1 <1i <
m), where a; = ... =ar =0 and 1 < |ag41]| < -+ < |am|. Denote a = |ag41]
and B = {b1,...,b;}. We may assume that f,, is linear, say fn(z) = amz;
otherwise we can obtain this by a translation.

Given ¢ > 0 and § > 0, take a natural p > 2 such that

SaP™% > ¢ (2.3)
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Choose a finite chain (wp)1<n<p of length p with w; € B and with maximal
|wpy|. Let wy =b, € B (1 <r <k)and

wp = (fi,_y © fi,_o 00 fiy)(wr). (2.4)

We need to consider the following two cases: w, = 0 and w,, # 0.
If w, = 0 we claim that b; = 0 for all 1 < i < m. If there exists b; # 0,
J < k, we may take another chain (@,)1<n<p with

wy = bj € B, @p = fﬁl_l(@l) = afn_lbj, (2.5)

otherwise we have B = {b1} = {0}, k = 1, and for some b; # 0, j > 2, we may
take the chain (wy,)1<n<p with

B =b=0€B, =420 f)d)= a2, (2.6)

In both cases (2.5) and (2.6) we get a new chain (@y,)1<n<p With |0, >
|wp| = 0, which contradicts the selection of |wy| to be maximal.

Hence, b; =0 for all 1 <i < m.

Given § > 0 and zy with |zg| large enough, define an unbounded d-chain
(zn)nen as follows:

zZ1 :f1(20)+6:5a Zn+1 :fm(zn) = AmZzn (712 1)
If there existed a chain (uy)nen, e-shadowing (zp,)nen, then we would have
ur = fi(uwo) =0, upt1 = fi,(un) = aij,un =0 (n >1).

The chain (u,)nen, being eventually constant, cannot shadow (zp)pen, 2
contradiction.

If w, # 0, we claim that all the functions involved in (2.4) are expanding.
If not, some of them are constant, and there exists i; = ¢ < k in (2.4), for
which wj1 = fy(w;) = by and wy, = (fi,_, 00 fi,,,)(wjt1). In this case we
may take another chain (wy)1<n<p with w; = by € B and

(| = [(F 0 fipr © 0 fir ) (bg)| = | (wp)| = lam|” - [wp| > |wp],

a contraiction with the selection of |wy]|.
Hence, |a;;| > a>1forall 1 <j<p-—1in (2.4).
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Now construct a d-chain (2, )nen as follows:

21 = fr(Z()) =b, € B7

p—1 p—1
2= fi(z1) + 61 =ayz1+ 61, 61=06-|I] a;|-wp/(lwpl - IT ay;),
j=2 Jj=2
Znt1 = fi,(2n) (0 >2), (2.7)

where b, and the functions f;, (1 <n < p— 1) are stated above by (2.4).
Fasily seen that zo = wo + 1 and

|2p] = |(fip -1 00 fin)(22)] =

p—1 p—1
(fip—r 0+ 0 fin)(w2) + 61 - ,HQ% wp +9 - | ,H2“ij| ~wp/|wp|| =
J= J=

p—1
|wp| 40 - | H2 ai,| > Jwp| + 6aP72 > |wy| + €. (2.8)
]:

If there existed a chain (uy, )nen, e-shadowing (2, )nen With |2zg| large enough,
then, following the proof of Lemma 1.1, it would satisfy uy = f,.(ug) = b, € B,
|up| < |wp| by the selection of |wp| and, by (2.8) we get

lzp — upl > |2p| — [up| > [2p| — [wp| > ¢,

a contradiction with the assumption of shadowing. This completes the proof.
O

Corollary 2.4. The affine IFS F = {C; f1, fo}, with fi(z) = az + b and
f2(2) = ¢, has the Shadowing Property on Z. if and only if |a] < 1.

The following two theorems consist the main result of this paper.

Theorem 2.5. If a linear scalar IFS has the Shadowing Property on Z, then
it is either contracting or strictly expanding.

Proof. Suppose, contrary to our claim, that there exists a linear IFS Fg =
{C;ay, ...,an} with the Shadowing Property, and which is neither contract-
ing, nor strictly expanding.

In virtue of Lemmas 2.2 and 2.3 one has a; # 0 and |a;| # 1 for 1 <i <m.

Let, say, |a1] < |ag| < ... < |ap| with 0 < |a1| < 1 < |am].

Choose 7,0 and R as in Lemma 1.1. For ¢ = 7 take ¢’ from the Shadowing
Property of Fy and put 6 = min{#’,d}. Due to Shadowing Property every
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d-chain (y)neny with |u,| > R (n > 0) is e-shadowed by a chain, which,
in turn, must be concordant with (u,)neny by Lemma 1.1. In what follows
we will construct an unbounded d-chain (Un)nen such that |u,| > R for all
n > 0. Since every chain, e-shadowing (uy)n,en and concordant with it, must
be bounded, we will have a contradiction.

We will use only two functions for this construction. So, without loss of
generality we may consider a linear IF'S, consisting of two functions, say Fy =
{C;a1,a2} with 0 < |a1] < 1 < |ag|.

The proof falls naturally into 2 parts.

1) "Resonance”: |ai|P - |az|? = 1 for some integers p,q > 1. In this case
define the sequence (ty)ren by: to = 0,tar41 = top + ¢ tory2 = torp1 +p
(r > 0). Take the d-chain (un)nen with the (p + ¢)-periodic control sequence

J=(2,...,2,1,...,1,2,...,2,1,...,1,...), and defined as follows:
—_——— —— ——— ——
q P q P
‘UO’ > R,
asly, for o, <m < torq1,
Up+1 = a1Up, for tor+1 <n < topgo — 1, (29)
a1y, + daquy, /|auy), for n=tyia—1 (r>0).

Easily verified by induction that |u,| > |ug| > R (n > 0), and
lug,, | = ‘uo + rguo/\uoy} = |uo| + ro (r>0).

Thus, the 4-chain (un)nen is unbounded. At the same time every concordant
(with (un)nen) chain (vy)nen takes the form

for to, <n<t
Vni1 = { agVp, 1I0r 12y =N 2r41, (210)

a1vp, for top1 <n<toyqo—1 (r>0),

and, thus, is bounded (moreover, (v,)nen is (p + q)-periodic). Hence, (vy,)nen
cannot shadow any unbounded pseudo-chain, in particular (u,)nen, a contra-
diction.

2) ”"Non-resonance”: |a1|P-|az|? # 1 for all integers p, ¢ > 1. This is the same
as to say that Inlai|/In |ag| is irrational. According to Kronecker’s Theorem
the subset {|a1|™ - |az|™ : m,n € Nym,n > 1} is dense in Ry := [0, +00).

1< lap|Pr - |ag]t < (22%)/(2 27%). (2.11)

Hence, for every r > 1 there exist naturals p,, g > 1 such that
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This, in turn, imply

T .
1< ‘a1’p1+p2+---+pr . |a2‘QI+q2+'”+QT < Z 2=t —9 _ 9T (2_12)
i=0
Define the sequence (t)ren as follows: tg = 0,tor41 = tor + ¢rt1,tor+2 =
tor+1 + pry1 (r > 0). Take the 5-chain (Un)nen with the control sequence
J=(2,...,2,1,...,1,2,...,2,1,...,1,...), and defined as in (2.9).
—— —— —— ——

q1 p1 g2 P2
Using (2.11), we obtain :

tor—t2r—1 agzrf 1—t2r—2

|ut2r| = | Uy, ot

tor—tar—1 tor—1—tor—2

S tor—tor—1 tor—1—t2r—2 _
5&1 ay ut2'r72/‘a1 ay ut2r72‘ -

|a1‘pr : |a2‘qr : |ut2'r72‘ + S > |ut2r72‘ +S (r > 1)'

Easy to see that |u,| > |ug| > R and |uy, | > |ug| + 6 for all r > 1. As a
result, the subsequence (uy,, )ren is unbounded.

At the same time, every chain (v, )nen, concordant with (u,)nen, has the
form (2.10) and, due to (2.12), satisfies

-1 —1
TZ (t2i42—t2i41) TZ (t2i+1—t2i)
vty | = lax|=0 Jag|=0 “Jvo| =

Se Y
ar[=t - Jagf=t - ool < (2 —277)vo| < 2luvo.
The subsequence (vy,, )ren, being bounded, prevents the chain (v, )pen to
shadow (uy,)nen; a contradiction, which completes the proof. O

Theorem 2.6. If an affine scalar IFS has the Shadowing Property on Z.,

then it is either contracting or strictly expanding.

Proof. Assume the contrary and let F = {C; fi,..., f} be an affine IFS
with the Shadowing Property, and which is neither contracting, nor strictly
expanding.

Due to Lemmas 2.2 and 2.3 the IFS F does not contain isometries and
constant functions.

Take v > 0, > 0 and R > 0 from Lemma 1.1 for the IFS F and for its
associated linear IFS Fy. Following the proof of Theorem 2.5, for € = v and for
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every 0 < § < & one can construct a d-chain (ty, )nen of Fo with |u,| > |ug| > R
(n > 0), for which there is no chain to e-shadow it.

Consider a concordant (with (uy,)pen) 0-chain (z,)nen of F, which satisfies
(1.6). By choosing |ug| large enough, one can ensure that |z,| > R (n > 0). In
virtue of Shadowing Property and of Lemma 1.1 there exists a chain (wy,),en of
F, which, firstly, e-shadows (2, )nen, and, secondly, is concordant with (2, )nen
and (U )neN-

By Lemma 1.2 the chain (vy,)nen of Fo, satisfying (1.7), e-shadows (uy, )nen,
a contradiction. g

The previous results we collect into the following theorem.

Theorem 2.7. Let F be an affine scalar IFS and let Fy be the corresponding
linear IFS. The following assertions are equivalent:

(1) F is contracting or strictly expanding.
(2) F has the Shadowing Property on Z .
(3) F has the concordant Shadowing Property on 7.
(4) Fo has the Shadowing Property on Z. .
(5) Fo has the concordant Shadowing Property on Z.. .

Remark 2.3. Theorem 2.7 shows that an IFS need not have the Shadowing
Property even in the case, when each its mapping has.

In what follows by a parameterized IFS we understand an IFS with an

arbitrary index set.

Theorem 2.8. [5] If a parameterized IFS F = {X; fx| X € A} has the Shad-
owing Property on Z, then it has the Shadowing Property on Z.., provided it
satisfies the equality: |J U f(zx) = X.
AEA zEX

Theorem 2.9. Let F = {C; f1, fo,..., fm} be an affine IFS with f;(z) =
a;z +bja; #0(1 < j <m), and let F~' = {C; f;7 4 5, fal}. The
following assertions are equivalent:

(1) F is contracting or strictly expanding.

(2) F has the Shadowing Property on Z. .

(3) F~! has the Shadowing Property on Z. .

(4) F has the Shadowing Property on Z.
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Proof. The assertions 1) and 2) are equivalent by Theorem 2.7.

Since aj # 0 (1 < j < m) the IFS F is contracting or strictly expanding
if and only if ! is strictly expanding or respectively contracting. It follows
that 1) and 3) are equivalent.

The assertion 4) implies 2) due to Theorem 2.8.

Let us show that 1) implies 4). Assume that F is contracting (analogously
if it is strictly expanding). Then F~! is strictly expanding. Both have Shad-
owing property on Z .

Fix e > 0. Let (2,)nez be an arbitrary d-chain of F with § > 0 to be chosen
later. Easily seen that the sequence (up)nen, Un = z2—p (n > 0) is a 5-chain of
F~! with 6 = ¢ 16 and a = lg}i<nm laj|. Given v = g/2, for F~1 there exists
91 > 0 such that (up)nen is y-shadowed by a chain (vy,)nen, provided 5 < 8.

For F there exists d2 > 0 such that (z,)nen is e-shadowed by a chain
(wp)nen with wy = vg, provided § < da, since |wg — 29| < €/2. Put 6 =
min{d1,ads}. The sequence (wy)nez, defined for n < 0 as w, = v_y,, is a
chain of F, e-shadowing the d-chain (z,)nez. O

3. AFFINE IF'S AND AFFINE EXTENSIONS OF BERNOULLI SHIFTS

Consider a linear IFS Fy = {C; f1, fo,..., fm} with distinct functions
fi(2) = aj2(1 < j < m). Denote ¥,,, = {1,2,...,m}%? and endow it with
the product topology.

Given a non-zero chain (x,),ez, there exists a unique control sequence

J = ( "aj—ka"’ 7j—17j0)j17" . 7jkaj]€+1)' ) S Zma

such that z,41 = aj,2, (n € Z).
Let o : 3,, — %, denote the Bernoulli shift: (0(J))n := jn+1 (n € Z) and
consider the linear extension A : Yim X C — X, x C, defined by

A(J, 2) == (o(J), aj,2).

Thus, A"(J,z) = (6™(J),aj,_, - -+ - ajaj,z). Denote A"(J) =aj,_ - -
Ajy Ajo- . .

Every orbit (A"(J, z))neN of the homeomorphism A : ¥, x C — %,, x C
covers the orbit (U”(J ))n cy Of the shift transformation ¢. In other words, the

sequence (zp)nez, with z,4+1 = A™(J)z0, represents an orbit of A, starting at
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(J,20). We call such orbit a J-chain (or a (J,0)-chain). In this setting, we
will say that the sequence (yn)nez is a (J,0)-chain if

|Yn+1 — A(J"(J))yn\ <6 (nez).

We say that the linear extension A has the Shadowing Property if given
e >0 and J € X, there exists 6 = d(¢,J) > 0 such that every (J,§)-chain is
e-shadowed by a (J,0)-chain. In case ¢ does not depend on J € 3, we say
that the extension A has the uniform Shadowing Property.

Our goal is to prove the following statement.

Theorem 3.1. A linear IFS Fy = {C; f1, fa,..., fm} with pairwise distinct
functions fj(z) = ajz (1 < j < m) has the concordant Shadowing Property if
and only if the associated linear extension has the uniform Shadowing Prop-

erty.

Proof. Let Fy have the concordant Shadowing Property. So, given € > 0 there
exists § > 0 such that for every d-chain (z,)necz there is a chain (wy)nez,
verifying |z, —wy| < e (n € Z). The fact that (z,)nez is a d-chain means that
for every n € Z there exists j, € {1,2,...,m} such that

|Znt1 — aj, 2n| <6 (neZ). (3.1)

For (wp)nez to be a chain concordant with (z,)nez means that wy,41 =
a;,wy for all n € Z.

Denote J = (jn)nez. Fix e > 0 and take ¢ from (3.1). Hence, (z,)nez is
a (J,0)-chain for the linear extension A and (wy)nez is a (J,0)-chain for A.
Since § does not depend on J € ¥, one has the uniform Shadowing Property
for the linear extension A.

The converse is obtained similarly. Assume that the linear extension A has
the uniform Shadowing Property. So, given € > 0 there exists § = d(¢) > 0
such that for every J € ¥,,, and every (J, §)-chain (z,)nen there is a (J, 0)-chain
(wp)nen, which e-shadows (2, )nen.

By construction, J € 3, represents a control sequence, the same for the
d-chain (z,)nen and the chain (wy,)nen. O

Recall (see [2]) that the linear extension Pry : (X, x C; A) — (S, 0) is
hyperbolic if and only if there exist ¢ > 0 and 0 < A < 1 such that one of the
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following two inequalities holds

|A™(J)z| < cA"|z] or |A™(J)z| > eA™"| 2]
for every J € ¥y, 2 € C,n > 0.

Theorem 3.2. The linear extension Pry : (S, X C; A) — (S, 0) is hyperbolic
if and only if

laj| >1 (1 <5 <m), or laj] <1 (1 <5< m). (3.2)

Proof. Obviously, (3.2) implies hyperbolicity.

Hyperbolicity (over ¥,,) implies hyperbolicity over fixed points J = j =
(s eeesdy--n), 5 €{1,2,...,m}, which, in turn, yields |a;| # 1 (j = 1,m).
We have to prove (3.2). Assuming the contrary, let |a;| < 1 and |ag| > 1.

Consider the point J = (jn)nez € L with

[ it n >0,
=Y o if n<0.

The closure of its orbit is an invariant subset of Y,,, containing the fixed
points 1 and 2. The non-zero (J,0)-chain (wy,)nez, defined by

alz, if n>0,
Wp = .
ayz, if n<O0,

represents a nontrivial bounded trajectory of the linear extension; existence

of such orbits prevents the hyperbolicity. O

Associated to any affine IFS there is an affine extension of the Bernoulli shift
defined similarly as for the linear case. The notion of (uniform) Shadowing
Property is defined similarly.

Theorem 3.3. An affine IFS F = {C; f1, fo,..., fm} with pairwise distinct
functions fj(z) = ajz +b; (1 < j < m) has the concordant Shadowing Prop-
erty if and only if the associated affine extension has the uniform Shadowing
Property.

Proof. The proof is similar to that of Theorem 3.1. g
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