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Abstract. Let (X, d,≤) be a n ordered metric space and A : X → X be an increasing

Picard operator. It is well known that if we have x ≤ Ax for all x ∈ X, then x ≤ x∗, where

x∗ is the unique fixed point of A. In this paper we investigate which concrete Gronwall

lemmas can be derived from this abstract result.
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1. Introduction

In this paper we present some results relative to abstract and concrete
Gronwall lemmas.

We begin our considerations with some notions from Picard operators theory
(see I.A. Rus [11]-[14]).

Let (X,→) be an L-space ([13]), A : X → X an operator. We denote by
FA the fixed points set of A.
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Definition 1.1. (I.A. Rus [12]-[14]). A is a Picard operator (PO) if there
exists x∗A ∈ X such that:

(i) FA = {x∗A};
(ii) An(x) → x∗A as n →∞, ∀ x ∈ X.
We have the following abstract lemma ([11]-[13], see also [3], [4], [7]).
Lemma 1.1. (Abstract Gronwall lemma). Let (X,→,≤) be an ordered

L-space and A : X → X an operator. We assume that:
(i) A is PO;
(ii) A is increasing.

If we denote by x∗A the unique fixed point of A, then
(a) x ≤ A(x) ⇒ x ≤ x∗A;
(b) x ≥ A(x) ⇒ x ≥ x∗A.
In this paper we investigate which concrete Gronwall lemmas can be derived

from this abstract Gronwall lemma.
In a recent paper [11], I.A. Rus has formulated ten research problems of the

theory of Gronwall lemmas. In this paper we concentrate on Problem 5 and
on Problem 6. These problems are presented in the following.

Problem 5. In which Gronwall lemmas the upper bounds are fixed points
of the operator A?

Problem 6. If the answer to Problem 5 is positive, which of them are a
consequence of some abstract Gronwall lemmas?

We use the notations from I.A. Rus [11], [12], [13], [14].
Let (X,≤) be an ordered set, and A : X → X an operator such that the

equation

x = A(x) (1.1)

has an unique solution x∗A.
The operatorial inequality problem (see I.A. Rus [11], [12], [13]) is the fol-

lowing:
Find the conditions under which

(i) x ≤ A(x) ⇒ x ≤ x∗A;
(ii) x ≥ A(x) ⇒ x ≥ x∗A.

(1.2)

To have a concrete result for this problem it is necessary to either determine
the solution x∗A of the equation (1.1), or to find y, z ∈ X such that x∗A ∈ [y, z].
In the former case we have a Gronwall type inequality.
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2. Some consequences of Abstract Gronwall Lemma

The following concrete Gronwall lemmas are well known (see for instance
[1], [8], [9], [16]).

Lemma 2.1. ([8]) We assume that:
(i) x,K, a and b are continuous functions on J = [α, β];
(ii) b and K are nonnegative on J .

(a) If x ∈ C([α, β]) satisfies the inequality

x(t) ≤ a(t) + b(t)
∫ t

α
K(s)x(s)ds, ∀ t ∈ J (2.1)

then

x(t) ≤ a(t) + b(t)
∫ t

α
a(s)K(s) exp

(∫ t

s
b(r)K(r)dr

)
ds. (2.2)

Moreover, equality holds in (2.2) for a subinterval J1 = [α, β] of J if equality
holds in (2.1) for t ∈ J1.
(b) The result remains valid if ≤ is replaced with ≥ in both (2.1) and (2.2).

Theorem 2.1. The concrete Lemma 2.1 is a consequence of the abstract
Gronwall Lemma 1.1.

Proof. Let (X,→,≤) := (C[α, β],
‖·‖τ→ ,≤) be as in Lemma 1.1, where ‖ · ‖τ

is the Bielecki norm on C[α, β]:

‖x‖τ := max
t∈[α,β]

(|x(t)| exp(−τ(t− α))), τ ∈ R∗
+. (2.3)

We consider the operator A : X → X defined by

A(x)(t) = a(t) + b(t)
∫ t

α
K(s)x(s)ds. (2.4)

The fixed point of the operator A is

x∗(t) = a(t) + b(t)
∫ t

α
a(s)K(s) exp

(∫ t

s
b(r)K(r)dr

)
ds.

The operator A is increasing and

‖A(u)−A(v)‖τ ≤
1
τ
MbMK‖u− v‖τ (2.5)

where
Mb = max

t∈[α,β]
|b(t)|,

MK = max
t∈[α,β]

|K(t)|.
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We can choose τ > 0 such that
MbMK

τ
< 1, so the operator A is a contrac-

tion with respect to ‖ · ‖τ . This implies that A is PO and applying Lemma
1.1 gives the conclusion. �

Lemma 2.2. (Bihari-type inequality, see [9], [16]). We assume that
(i) c ∈ R, p ∈ C([α, β], R+)
(ii) V is a continuous, positive, increasing, and Lipschitz function.
If y ∈ C[α, β] is a solution of the inequality

y(x) ≤ c +
∫ x

α
p(s)V (y(s))ds, x ∈ [α, β] (2.6)

then

y(x) ≤ y∗(x) (2.7)

where y∗(x) = F−1(φ(x) + F (c)).
Here we have:

F (y) =
∫ y

α

dy

V (y)
, φ(x) =

∫ x

α
p(s)ds

and F−1 is the inverse of F .
Theorem 2.2. The concrete Gronwall Lemma 2.2 is a consequence of the

abstract Lemma 1.1.
Proof. Let (X,→,≤) := (C([α, β],

‖·‖τ→ ,≤), where ‖·‖τ is the Bielecki norm
defined by (2.3).

We consider the operator A : X → X

A(y)(x) = c +
∫ x

α
p(s)V (y(s))ds, x ∈ [α, β]. (2.8)

The fixed point of the operator A is

y∗A(x) = F−1(φ(x) + F (c)).

Since A is contraction with respect to ‖ · ‖τ , with τ > 0 suitably chosen,
and A is an increasing Picard operator, the result of Lemma 2.2 follows.

Lemmas 2.1 and 2.2 are of Gronwall-type, as the right-hand side terms of
(2.2) and (2.7) are fixed points of the corresponding operators.
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3. Improvement of some concrete Gronwall lemmas

In some concrete Gronwall lemmas only the following implication holds:

x ≤ A(x) ⇒ x ≤ y∗ 6= x∗A.

Such a result is presented in the following.
Lemma 3.1. (Wendorff-type inequalities) ([2], see also [1], [4], [8], [9], [10]).

We assume that
(i) v ∈ C([0, a]× [0, b], R+), α ∈ R+

(ii) v is increasing.
If u ∈ C([0, a]× [0, b]) is a solution of the inequality

u(x, y) ≤ α +
∫ x

0

∫ y

0
v(s, t)u(s, t)dsdt, x ∈ [0, a], y ∈ [0, b] (3.1)

then

u(x, y) ≤ α exp
(∫ x

0

∫ y

0
v(s, t)dsdt

)
. (3.2)

We consider (X,→,≤) := C(D,
‖·‖τ→ ,≤) where D = [0, a] × [0, b] and ‖ · ‖τ

is the Bielecki norm on C(D):

‖u‖τ := max
D

(|u(x, y)| exp(−τ(x + y))), τ ∈ R∗
+. (3.3)

The corresponding operator A : X → X is defined by

A(u)(x, y) := α +
∫ x

0

∫ y

0
v(s, t)u(s, t)dsdt, (x, y) ∈ D. (3.4)

This operator is an increasing Picard operator, but the function:

(x, y) 7→ α exp
(∫ x

0

∫ y

0
v(s, t)dsdt

)
(3.5)

is not a fixed point of the operator A. Therefore we have proved the following
remark.

Remark 3.1. The right hand side of (3.2) is not a fixed point of the
operator A, so the concrete Lemma 3.1 is not a consequence of the abstract
Gronwall Lemma 1.1.

On the other hand, Lemma 1.1 allows us to obtain a theoretical upper bound
of the type of the right-hand side of (3.2).

Lemma 3.2. We assume that:
(i) v ∈ C([0, a]× [0, b], R+), α ∈ R+
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(ii) v is increasing.
If u ∈ C([0, a] × [0, b]) is a solution of the inequality (3.1) then u(x, y) ≤

u∗A(x, y), where u∗A(x, y) is the unique fixed point of the corresponding operator
A, defined by (3.4).

Proof. We consider (X,→,≤) := C([0, a]× [0, b],
‖·‖τ→ ,≤) where ‖ · ‖τ is the

Bielecki norm on C([0, a]× [0, b]) defined in (3.3). Consider also the operator
A : X → X defined by (3.4).

Operator A is an increasing Picard operator, so applying Lemma 1.1 gives
the conclusion. �

In general, it is difficult to determine the unique fixed point of A. For two
particular cases in which the fixed points can be found we obtain upper bounds
for the inequalities’ solutions which are stronger than those of Lemma 3.1.

Example 3.1. (Wendorff’s inequality for v(x, y) ≡ 1)
Let α ∈ R+ and c ∈ R be given. If u ∈ C(D, R+) is a solution of the

inequality

u(x, y) ≤ α + c2

∫ x

0

∫ y

0
u(s, t)dsdt (3.6)

with conditions:

u(x, 0) = u(0, y) = α, x ∈ [0, a], y ∈ [0, b]

then:
u(x, y) ≤ α exp(c2xy), ∀ x ∈ [0, a], y ∈ [0, b]. (3.7)

In this case the corresponding operator A : X → X is given by:

A(u)(x, y) := α + c2

∫ x

0

∫ y

0
u(s, t)dsdt, x ∈ [0, a], y ∈ [0, b]. (3.8)

This operator is an increasing Picard operator, but the function

(x, y) 7→ α exp(c2xy)

is not a fixed point of the operator A.
Using Lemma 3.2 we can obtain:

u(x, y) ≤ u∗A(x, y), (3.9)

where the fixed point u∗A(x, y) is (see [4], [7]):

u∗A(x, y) = αJ0(2c
√

xy). (3.10)

Here J0(2c
√

xy) is the Bessel function.
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Example 3.2. (Wendorff’s inequality for v(x, y) = xy)
Let α ∈ R+ be given. If u ∈ C(D, R+) is a solution of the inequality:

u(x, y) ≤ α +
∫ x

0

∫ y

0
st u(s, t)dsdt, (3.11)

with conditions:

u(x, 0) = u(0, y) = α, x ∈ [0, a], y ∈ [0, b]

then:

u(x, y) ≤ α exp(x2y2/4), ∀ x ∈ [0, a], y ∈ [0, b]. (3.12)

In this case the corresponding operator A : X → X given by:

A(u)(x, y) := α +
∫ x

0

∫ y

0
st u(s, t)dsdt, x ∈ [0, a], y ∈ [0, b] (3.13)

is an increasing Picard operator. However, the function

(x, y) 7→ α exp(x2y2/4)

is not a fixed point of the operator A. From here on the argument is similar
to the one in the previous example, but the fixed point is now:

u∗A(x, y) = αJ0(xy). (3.14)

Here J0 is the Bessel function.
In conclusion, we have seen that concrete Lemmas 2.1 and 2.2 can be derived

from the abstract Lemma 1.1, while Lemma 3.1 cannot. However, we improved
on Lemma 3.1 in the spirit of Lemma 1.1.
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