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1. INTRODUCTION

Let X be a real Banach space with norm || - || and let X™* be its dual. The
value of z* € X* at x € X will be denoted by (z, z*). The (normalized) duality
mapping J from X into the family of nonempty (by Hahn-Banach theorem)
weak-star compact subsets of its dual X* is defined by

J(@) ={p € X*: (z,¢0) = |2|* = |olI’}, VaeX.

It is known that the norm of X is said to be Gateaux differentiable (and X is
said to be smooth) if

lim W (11)
exists for each z,y in U = {x € X : ||z|| = 1} the unit sphere of X. It
is said to be uniformly Géateaux differentiable if for each y € U, this limit is
attained uniformly for € U. Finally, the norm is said to be uniformly Fréchet
differentiable (and X is said to be uniformly smooth) if the limit in (1.1) is
attained uniformly for (z,y) € U x U. Since the dual X* of X is uniformly
convex if and only if the norm of X is uniformly Fréchet differentiable, every
Banach space with a uniformly convex dual is reflexive and has a uniformly
Gateaux differentiable norm. The converse implication is false. A discussion
of these and related concepts may be found in [21].

Recall also that if X is smooth then J is single-valued and continuous
from the norm topology of X to the weak star topology of X*, i.e., norm-to-
weak™® continuous. It is also well-known that if X has a uniformly Gateaux
differentiable norm, then J is uniformly continuous on bounded subsets of X
form the strong topology of X to the weak star topology of X*, i.e., uniformly
norm-to-weak™ continuous on each bounded subset of X. Moreover, if X is
uniformly smooth then J is uniformly continuous on bounded subsets of X
form the strong topology of X to the strong topology of X*, i.e., uniformly
norm-to-norm continuous on each bounded subset of X. See [13] for more
details.

Let C' be a nonempty closed convex subset of a real Banach space X. A
mapping f : C — C is said to be a contraction if there exists a constant
a € (0,1) such that

1f(2) = fW)ll < allz —yll, Va,yeC.
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We use Il - to denote the collection of all contractions on C. That is,
Ilc ={f: f:C — C a contraction}.

Let D be a nonempty subset of C. A retraction from C' to D is a mapping
@ : C — D such that Qr = x for all z € D. A retraction @ from C to
D is nonexpansive if @ is nonexpansive (i.e., |Qz — Qy|| < ||z — y]|| for all
z,y € C). A retraction @ from C to D is sunny if () satisfies the property:
Q(Qx+t(x—Qx)) = Qx for each x € C and t > 0 whenever Qx+t(x—Qx) € C.
A retraction @ from C to D is sunny nonexpansive if ) is both sunny and
nonexpansive.

It is well known that in a smooth Banach space X, a retraction ) from C' to
D is a sunny nonexpansive retraction from C to D if and only if the following
inequality holds:

(r—Qx,J(y—Qx)) <0, Vrel, yeD.

If C' is a nonempty closed convex subset of a Hilbert space H, then the nearest
point projection Pg from H onto C' is a sunny nonexpansive retraction. This
however is not true for Banach spaces. It is known that if C is a closed convex
subset of a uniformly smooth Banach space X and there is a nonexpansive
retraction from X to C, then there exists a sunny nonexpansive retraction
from X to C. See [1, 5, 11, 15] for more details.

A mapping T : C — (' is said to be nonexpansive if

|2~ Ty| < lle —yll, Va,y e C.

Denote by Fix(T') the set of fixed points of T', that is, Fix(T) := {z € C :
Tz = x}. See, e.g., [2, 7]. Let G be an unbounded subset of [0, c0) such that
t+heGforaltheGandt—h e G for all t,h € G with t > h (for
instance, G = [0,00) or G = N, the set of nonnegative integers). Recall that
a one-parameter family 7= {7} : t € G} of self-mappings of C is said to be a
nonexpansive semigroup on C' if the following conditions are satisfied:

(H1) Tox = z, Vx € C,

(H2) Tiysx = Ty Tsx, Vi, s € G, z € C,

(H3) for each z € C, T;z is continuous in ¢ € G when G has the relative
topology of [0, 00);
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(H4) for each t € G, there holds
I Tiz = Tiyll < lz —yll, Va,yeC.
Denote by F the set of common fixed points of 7, i.e.,

F={zxeC:Tsx =2z, Vs € G}.

Let C be a nonexpansive retract of a smooth Banach space X and f € Il¢.
The purpose of this paper is to propose and analyze the following iterative
scheme for a family 7= {7} : t € G} of nonexpansive nonself-mappings from
C to X, that is,

Algorithm 1.1. Let {a,}, {f.} and {v,} be three sequences in (0, 1)
satisfying a,, + B, + v, = 1 and let {r,} be a sequence in G with r,, — oo.
For an arbitrarily initial zp € C define a sequence {x,} recursively by the

following explicit iterative scheme:

Tn4+1 = Oénf(xn) + Bn:En + 'YnQTrnxna n > 07

where @ is the nonexpansive retraction of X onto C.

If the family 7= {T™ : n € N}, where T is a nonexpansive self-mapping on
C, then Algorithm 1.1 reduces to the following algorithm of Benavides, Acedo
and Xu [11]:

Algorithm 1.2. Take a sequence {r, } in Ny with r, — oo and a sequence
{an} in [0,1]. Starting with an arbitrarily initial g € C, define a sequence
{zy} recursively by the following explicit iterative scheme

Tyl = Qpu+ (1 — )Ty, n >0,

where w is an arbitrary but fixed point in C. For the convergence analysis of
Algorithm 1.2; see [11].

First, under the lack of the assumptions that every weakly compact convex
subset of X has the fixed point property for nonexpansive mappings and that
the family 7= {T; : t € G} of nonexpansive mappings is a semigroup which
were imposed in [20], we prove that as s — oo, z, converges strongly to a
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common fixed point of 7 in a uniformly convex Banach space with a uniformly

Gateaux differentiable norm, where
zs = asf(zs) + (1 — as)QTszs.

Second, we establish the strong convergence of the sequence {z,} generated
by Algorithm 1.1 under some control conditions in a uniformly convex Ba-
nach space with both a uniformly Gateaux differentiable norm and a weakly
sequentially continuous duality mapping. Moreover, we deduce that these
strong limits are solutions of certain variational inequality. Results in the re-
cent literature related to the results of this paper can be found, e.g., in [3-5,
20, 23-27].

Notation: — stands for weak convergence and — for strong convergence.

2. PRELIMINARIES

Let X be a real Banach space with the dual X*. We denote by J the
normalized duality mapping from X to 2X" defined by

J(x) ={p € X"t (z,0) = || = l¢?}, VaeX,

where (-, -) denotes the generalized duality pairing between X and X*. Let C
be a nonempty closed convex subset of X and let T : C' — C' be a mapping.
Then we denote by Fix(7T) the set of fixed points of T, i.e., Fix(T') := {x €
C :Tx =x}. A mapping f: C — C is said to be a contraction on C' with a
contractive constant a € (0, 1), if

|f(x) — fy)| < allzr—y|, Vr,yedl.

In the sequel, we always use Il to denote the collection of all contractions on
C with a suitable contractive constant o € (0,1). That is,

Ilc :={f : C — C, a contraction with a suitable contractive constant}.
A mapping T : C' — C is said to be nonexpansive if
[Tz =Tyl < ||z —yll, Vao,yeCl.

Let U ={z € X : ||z|]| = 1} be a unit sphere of X. Then the Banach space

X 1is called smooth if
et ) o]
t—0 t
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exists for each x,y € U. It is also said to be uniformly smooth if the limit
is attained uniformly for xz,y € U. Recall also that if X is smooth then J is
single-valued and if X is uniformly smooth, then J is uniformly norm-to-norm
continuous on bounded subsets of X. We shall still denote the single-valued
duality mapping by J.

If Banach space X admits sequentially continuous duality mapping J from
the weak topology to the weak star topology, then by [22, Lemma 1], we know
that duality mapping J is single-valued. In this case, duality mapping J is
also said to be weakly sequentially continuous, i.e., for each {x,} C X with
T, — x, then J(z,) = J(z) [22, 23].

Before starting the main results of this paper, we also include some lemmas.

Lemma 2.1. [12] Let X be a real Banach space. Then for all z,y € X
-+ yl* < llell* + 20y, (@ + v)),

for all j(x +y) € J(z + y).

Lemma 2.2. (See [6]) Let {z,} and {y,} be bounded sequences in a
Banach space X and let {a,} be a sequence in [0, 1] with 0 < liminf,, . @, <
lim sup,,_, ., an < 1. Suppose 11 = anxn + (1 — o)y, for all integers n > 0
and lim sup,, oo ([Yn+1—Ynl — | Znt1—2n) < 0. Then, lim, o [|yn —2n | = 0.

Lemma 2.3. [13] Let X be a reflexive Banach space, C' be a nonempty
closed convex subset of X, and T : C' — X be a nonexpansive mapping.
Suppose that X admits a weakly sequentially continuous duality mapping.
Then the mapping I — T is demiclosed at zero, i.e.,

Ty — T

implies = = Tx.
Ty —Txy, — 0

Here I is the identity operator of X.

Lemma 2.4. [10, 14] Let {a,} be a sequence of nonnegative real numbers
satisfying the property

An+1 < (1 - Sn)an + Sptn, n 2> O,
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where {s,} C (0,1) and {¢,} are such that
(i) >0 sn = 00,

(ii) either limsup,, o tn < 0 0r Y 7 |spty| < 0.

Then lim,, . a, = 0.

Recall that u is said to be a mean on the set Ny of all positive integers if u
is a continuous linear functional on [*° satisfying ||u|| = 1 = p(1). It is known
that p is a mean on N4 if and only if

inf{a, : n € Ny} < p(a) <sup{a, :n € N;}

for every a = (a1, ag,...) € I*°. According to time and circumstances, we use
tn(ay) instead of p(a). A mean p on Ny is called a Banach limit if

fin(an) = pn(ani1)

for every a = (a1, ag,...) € *°. Using the Hahn-Banach theorem, we can prove
the existence of a Banach limit. It is also known that if p is a Banach limit,
then

liminf a,, < pn(a,) < limsupa,
n—oo n—00

for every a = (a1,as,...) € [*°. Let {x,} be a bounded sequence in X. Then
we can define the real valued continuous convex function ¢ on X by

() = pn |y — CCHQ

for all x € X.
The following proposition is actually a variant of Lemma 1.2 in Reich [1].

Proposition 2.1. Let C' be a nonempty closed convex subset of a Banach
space X with a uniformly Gateaux differentiable norm and let {z,} be a
bounded sequence in X. Let u be a Banach limit and p € C. Then

Monn - pH2 = IJggNonn - yH2

if and only if
Mn<37 - D, J(xn _p)> <0

for all z € C', where J is the duality mapping of X.
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3. MAIN RESULTS

Let X be a smooth Banach space, C be a nonexpansive retract of X and f €
Ilc. Now we first consider the existence of Q(f) which solves the variational
inequality

(I—=1HQ),JQ(f)—p) <0, fells, peF.

Let {as}seq be a net in the interval (0,1) such that lims_,o s = 0 and let
T={T;:t € G} be a family of nonexpansive nonself-mappings from C to X.
By Banach’s contraction principle, for each s € GG, we have a unique solution
zs € C of the equation

zs = asf(zs) + (1 — ) QT s 2s. (3.1)

Theorem 3.1. Let X be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm. Let C' be a nonempty closed convex subset of
X and 7= {Ts : s € G} be a family of nonexpansive nonself-mappings on C.
Suppose that C' is a nonexpansive retract of X, that for a fixed contraction f €
Ilo, {zs}seq is the net generated by (3.1), and that 7 satisfies the uniformly
left asymptotically regular condition on bounded subsets of C, i.e., for each
bounded subset C of C, there holds

lim sup ||T,QTsx — QTsz|| =0, req. (ULARC)
seG,s—0 el
Then F = {x € C : Tex = x, Vs € G} is nonempty if and only if {zs}scq is
bounded and in this case, z5 converges strongly as s — oo to a common fixed
point of 7. If we define Q) : llo — F by
Q) = lim =, f eIl (3:2)

S

then Q(f) solves the variational inequality

(I =R, JQ(f) —p) <0, fellp, peF.

In particular, if f = u € C'is a constant, then the limit (3.2) defines the sunny
nonexpansive retraction @) from C to F,

(Qu) —u, J(Q(u) —p)) <0, ueC, peF.
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Proof. If the common fixed point set F' of 7 is nonempty, then {z;}seq is
bounded. Indeed, take p € F' arbitrarily. Then we have for each s € G

Izs = pll - < asllf(zs) = pll + (1 — ) [|QTszs — p|
< aasllzs = pll + ol f(p) — 2l + (1 — as)lzs — -
which implies that
1
_ < - _
Iz = pll = 7= llf () = 2ll,

and hence {zs}seq is bounded.

Suppose conversely that {zs}seq is bounded. Let us show that F is
nonempty and that z; converges strongly as s — oo to a common fixed point
of 7. Next we divide the proof into several steps.

Step 1. We claim that for each {s,} C G with s, — 00 (n — o0) the
following set

D={ueC: pn|z, — uH2 = min i |25, — 517”2}
zeC

consists of one point, where p is a Banach limit.
Indeed, let {s,} be a sequence of G such that lim, .~ s, = co. Define a
function ¢ : C' — [0, 00) by
$() := pn| 25, — ],z €C.

Since ¢ is continuous and convex, ¢(x) — oo as ||z|| — oo, and X is reflexive,
¢ attains its infimum over C' (cf. [8, p. 79]), that is, there exists z € C such
that

pnllzs, —2|* = min fin 25, — ||,

Then
D={ueC:¢(u)=min¢(z)}.
zeC
is nonempty because z € D. From Proposition 2.1 we know that z € D if and
only if
pn(z — 2, J (25, — 2)) <0

for all z € C. Now let w € D such that w # z. Then, by [9, Theorem 1], there

exists a positive number k& > 0 such that

(25, — 2 — (25, — W), J (25, — 2) — J(2s, —w)) > k>0
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for every n. Therefore we get
pnw — z,J (25, — 2) — J(25, —w)) >k > 0.
Furthermore, since z,w € D, from Proposition 2.1 we have
pn{w — 2z, J(zs, —2)) <0 and pnp(z —w,J(zs, —w)) <O0.
Hence we have
pnw — z,J(zs, — 2) — J(25, —w)) <O0.

This leads to a contradiction. Therefore z = w and so D = {z}.

Step 2. We claim that for a given {s,} C G with s,, — 00 (n — o0) we
have D = {z} C F.

Indeed, since C'is a nonexpansive retract of X, the point z is also the unique
global minimum point (over all of X) and hence Tsz = z for all s € G. As
a matter of fact, let () be a nonexpansive retraction from X to C'. Then for
each x € X we have

fnll2s, — xHQ > pin||Qzs, — QxHZ
= pnl|zs, — QxHQ > pinll2s, — ZHZ
and hence

zeM={ueX:¢u) = gg}gqﬁ(x)}

Repeating the same argument as in Step 1, we can conclude that the above
global minimum point z is also unique, that is, M = {z}. Note that {z}scc is
bounded. So it is easy to see that both { f(zs)}sce and {Tszs }seq are bounded.
Consequently, we have

Iz = QTszs]| = as|| f(25) = QT2 = 0 (s — 00). (3-3)
Utilizing (ULARC) we conclude that for each r € G
$Tr2) = pnllzs, — Trzl|* < pndllzs, — QTs, 25, + 1QTs, 25, — Tr2|}?
= | QT 70, = Toz|® < i {I1QTs, 20, — ToQTw 200l + |1 T QT s 2, — Tr2]}
= 1| TQTs, 26, = To2|)* < |l QT 26, — 211

< i {1QTs, 26, — zsull + |25, — 21132 = pnll 2, — 201> = (2).
This implies that T,z € M = {z} for all r € G. Therefore z € F.
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Step 3. We claim that z; converges strongly as s — oo to a common fixed
point of 7.
Indeed, take w € F arbitrarily. Then we have

(zs, — QTs, 25, , J (25, —w))

= (25, — QTs,w+ QTs, w — QTs, 25, , J (25, — w))

= |25, — QTs,wl||* — (QTs, zs, — QTs,w, J(zs, —w))
> |25, — QTs, w|]* = [|QTs, 25, — QTs,wll||zs, — w]|
> ||zs, — QTs,w|* — ||zs, — QTs,w[* =0

for all n. Since zs, — QT5s, 25, = s, (f(zs,) — QTs, 25, ), we get from the last
inequality
O S <Z5n - QTS’ILZSTL7 J(ZS'IL - w)>
- asn <f(z$n) - QTSnZSn’ J(zsn - ’U))>,

and hence
<QT8nZSn - f(ZSn)7 ‘](an - w)> S 0
for all n. This implies that
/’Ln<QT5n25n - f(ZSn)7 J(an - w)) S 0 (34)

Thus from (3.3) and (3.4), we obtain

pin(zs, — f(2s,), I (25, — w))

= pin(zs, — QTs, 2, + QTs, 25, — f(2s,), J (25, —w))

= pn{zs, — QTs, 25, J (25, — W) + un(QTs, 25, — f(2s,), J (25, — w))
= pn(QTs, 25, — f(25,), I (25, —w)) <0,

and hence
tin(2s, — f(2s,)s I (25, —w)) <0 (3.5)

for each w € F. From Proposition 2.1 it follows that
pnlx — z,J(zs, —2)) <0
for all x € C. In particular, we have

pnlf(2) = 2, J (25, = 2)) <0. (3.6)
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Since f € Il¢, by combining (3.5) with (3.6) we obtain

apin|lzs, = 2|* > pn(f(2s,) = f(2), T (25, — 2))

> i {(f(zs,) = f(2), I (25, = 2)) + (f(2) = 2, J (25, — 2))}

= pn(f(2s,) — 2, I (25, — 2))

= :un{<f(zsn) - ZSn’ ‘]<25n - Z)> + <25n -z J(an - Z)>}

> ,Un<zsn -z, J(an - Z)>

= pinllzs, — 2%,
and hence

tnllzs, — z||2 < 0.

Therefore, there exists a subsequence {anj} of {zs, } which converges strongly
to z. In order to show z;,, — 2z (n — 00), suppose that there is another
subsequence {zs,, } of {2s,} which converges strongly to (say) y € C. Then y
must be a common fixed point of 7. In fact, observe that

ly =Tyl < lly — 250, | + |25, — @T5,,, 25,
QT 2o, — ToQTs 2o | + ITQT 20, — Tozs, |
T 25,,, — Tryll
<2y - Zsm, |+ 2”25mi - QTsmizsmi |
+|QT,,, 25, — TrQTs,,,. 25, |I-

Thus, (ULARC) together with (3.3) implies that y = T,y for all r € G. That
is, y € F. Consequently, from (3.5) it follows that

(z=f(2),J(—y)) <0
and
(y—f(y),J(y—2)) <0.

Adding these two inequalities yields

(IT—a)llz—yl* <(z—y,J(z—y)—(f(2) = f(¥),J(z—y))
= (2= f(2),J(z —y)) +{y— f(y), J(y — 2)) <0,

and thus z = y. Therefore, z; converges strongly as s — oo to a point in F.

Step 4. We claim that if we define Q) : Il — F by

Q(f):sli)rgoZS? fGHC,
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then Q(f) solves the variational inequality
(I =HR(),J(Q(f) —p) <0, [fellg, peF.
Indeed, define Q : Il — F
Q)= lim =, fellc.

Since zs = asf(zs) + (1 — a5)QTszs, we have

1— oy

(I —f)zs =— (I — QTs)zs.

S

Hence for each p € F,

(I = f)zs, J(2s —p)) = — — (I =T5)zs — (I = Ts)p, J (25 — p)) < 0.
Letting s — oo yields

(I =HA), JQ(f) —p)) <0.

In particular, if f = u € C' is a constant, then
(Qu—u,J(Qu—p)) <0, ueC, peF

Therefore @ is a sunny nonexpansive retraction from C' to F. This completes
the proof. O

We remark that the important condition (ii) in Theorem 3.2 was introduced
by Suzuki [6].

Theorem 3.2. Let X be a uniformly convex Banach space with a uniformly
Gateaux differentiable norm. Let C be a nonempty closed convex subset of X,
f € llc and T= {Ts : s € G} be a family of nonexpansive nonself-mappings on
C such that F' # (). Suppose that C' is a nonexpansive retract of X and that
X admits a weakly sequentially continuous duality mapping. Let {c,}, {6n}
and {~,} be three sequences in (0, 1) and {r,} be a sequence in G. Let {a,}
satisfy the control conditions (C1) lim, .oy, = 0 and (C2)X2° ja, = 0.
Assume that

(i) an + B+ = 1;

(ii) 0 < liminf, o B < limsup, o On < 1;

(iii) rp, — oo such that T, ,xz, — T}, x, — 0, V{x,} bounded in C;

Tn41N
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(iv) 7 satisfies (ULARC) on bounded subsets of C, i.e., for each bounded
subset C of C , there holds
lim sup [|1;QTsz — QTsz|| =0, reG. (ULARC)

s€lG,s—00 el

Then the sequence {z,,} generated by

(3.7)

xg € C chosen arbitrarily,
Tn41 = O‘nf(xn) + ann + ’7nQTrnxna

converges strongly to Q(f) € F, where Q(f) is a solution of the variational

inequality

(I—=HQ),JQ(f)—p) <0, fells, peF.

Proof. We divide the proof into several steps.

Step 1. We claim that {z,} is bounded.
Indeed, take p € F' arbitrarily. Then we have

|Znt1 —pll = llanf(zn) + Buzn + WmQTr, zn — p|
< anllf(zn) = pll + Bullzn — pll + ¥l QTr, 20 — pl|
< ol f(@n) = F(R) I + anllf(p) — pll
+Bnllzn —pll + mllzn — pl
< aap|zn —pll + (1 — an)l|zn — pll + anllf(p) — pll
= [1 = (I = a)an]|lzn = pll + anll f(p) — pll

< max{ |z — p], LRI},
By induction we have
p
o~ pll < mase{fag — ol =2y g

Thus, it follows that {z,} is bounded, and so are {7, z,} and {f(zy)}.

Step 2. We claim that lim,, o ||Zp+1 — 2p|| = 0.
Indeed, define a sequence {z,} by

Tnt+1 = Bnn + (1 - ﬁn)yn- (3'8)
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Then we observe that

_ _ Tnt+2—Bnt1Tnt1 _ Tpnt1—Pnn
Yntl = ¥n = TR =P
_ang 1 f(@nt 1) Fm1QTr, Tl _anf(@n)+mQTr, Tn
1_ﬂn+1 1_/6n

Qn41

= 157 (@nt1) — 125 f(an)

n

+’_YHT+7:~_1 (QTTn+1 T+l — QTTn+1xn)

+QTrn+1$n - QTrnl'n + ﬁﬁQTrnxn - 1?%:_11 QTT‘n+1xTL'

It follows that

Y41 = ynll = Zns1 — @0l
< ey @)+ QT zall) + 1285 (1S (@) |+ 1QT 5 1)
+1Z%:irl ”QT7’n+lxn+1 - QTT’n+1an

(3.9)
HIQTr, 120 — QT zn| — [[Tnt1 — 24|
< oy I @) | + 1QT y2nll) + 125 (1f ()| + 1QT )
ATy 0 — Ty |-
According to condition (iii) and a;, — 0, we conclude from (3.9) that
lmsup(f|yn1 = ynll = lZns1 — zal]) < 0.
n—oo
Thus, by Lemma 2.2, we have
lim ||y, — z,|| = 0.
n—oo
Consequently, it follows from (3.8) that
lim [|zp+1 — 2] = lm (1 — 8,)||lyn — znl| = 0. (3.10)
n—oo n—oo

Step 3. We claim that for each fixed s € G, Tsx),, — z, — 0 (n — 00).
Indeed, observe that

|’$n+1 — QTrnCUn” < Oéan(ﬁUn) — QT xn|| + 5onn - QTrnan
< an”f(l‘n) - QTrnan + ﬁn”xn - $n+1||
+BnllTni1 — QTr, x|,

and hence

|zn — QT xnll < |20 — Tpgall + 2041 — QT 24|
< lan — 2naa (3.11)
+ﬁ(an||f($n) = QT x| + Bollzn — Tnsall)-
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So, from (3.10), (3.11) and conditions (C1), (ii), we derive

lim ||z, — QT,, zn|| = 0. (3.12)
n—oo

Let C be any bounded subset of C' which contains the sequence {z,}. It
follows that for each fixed s € G

| Tsxn — xn|| < ||Tsxn — TsQTy, xn|| + [|TsQTy, xn — QT xn|
+H|QT:, w2 — |
< 2|QTy, an — an|| + (| T5QTr, xn — QT @n |
<2(|QT, xn — xn| + Sup 1T:QT;, v — QT z||.

zeC
So (ULARC) together with (3.12) yields
lim ||Tsx, — x,|| = 0. (3.13)

Step 4. We claim that limsup,_, (I — f)Q(f), J(Q(f) — zn+1)) < 0,
where @ : IIo — F' is defined in Theorem 3.1.

Indeed, the mapping @ : IlIo — F is defined well by virtue of Theorem 3.1.
Since X is reflexive and {z,} is bounded, there exists a subsequence {1}

of {x,,} such that z,,, 41 — ¢ and

limsup((1 = HQUF), JQU) = 2as1)) = lim (L= Q) HQF) = wy1)).

n— 00 J—00

It follows from (3.13) that lim; .o ||75, 41 — Tszn,+1]|| = 0. Hence, by Lemma
2.3 we get ¢ € F. On the other hand, since Q(f) € F satisfies

((I—=HRf),J(Q(f)—p) <0, fellg, peF,

utilizing the weakly sequential continuity of duality mapping J, we have

liisogp((f = NR), J(Q(f) — xnt1))

J(
= lim (1 = Q) J(QUf) = ;1)

= (I = R, J(Q(f) = q)) < 0.

Step 5. We claim that lim,, . ||z, — Q(f)] = 0.
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Indeed, utilizing Lemma 2.1, we obtain

2041 — Q(f)I?

= llanf(@n) + Buwn + 1 QTr, w0 — Q(f)|?
< |Ba(zn — Q) + 1 QT 20 — Q())|I?
20 (f(2n) — Q(f), J(@nt1 — Q(f)))

< (Ballzn = QAN + Wl QTr, 2 — QUA)I)?
+2an(f(zn) — F(Q(S)), J(@nr1 — Q(f)))
20 (f(Q(S)) = Q) J(@n41 — Q(S)))
< (L= an)?zn = QUAI? + 200nllzn — QU Hznt1 — QUF)
+2an (f(Q(f)) = Q(Sf), J (znt1 — Q(f)))

< (1= an)?lzn = QAP + acn(llzn — QUAIP + lznt — QUAI?)
200 (f(Q(S)) = QUf), J(@n41 — Q(S)))-

It then follows that

QS
QUf
QS
QUf

/-\A/\/—\

l2ns1 — Q)|

< gnm QU2

+1—o¢2vn <f(Q(f)) _Q(f)v‘](xn—l—; _Q(f))> (314)
< e 1 Q(f)|2 + 2

2 (F(QU) = QU I (a1 — Q(N))),

where M := sup,q [l — Q(f)|%. Put

21— a)ay,
L aoy,
and v .
by = s (F(QU) — Q) I (a1 — QL))

2l—-a) 1-«
From Step 3 and conditions (C1), (C2) it follows that s, — 0, Y 07 sp = 00
and limsup,,_, . tn, < 0. Observe that in this case, (3.14) reduces to

lzn1 = QAN < (1 = sn)llzn — QUAI? + sntn.

Therefore, utilizing Lemma 2.4, we have
lim [lz, — Q(f)| = 0.
n—oo

This completes the proof. O

The following result is immediate from Theorem 3.2.
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Corollary 3.1. Let X be a uniformly convex Banach space with both a
uniformly Gateaux differentiable norm and a weakly sequentially continuous
duality mapping. Let C be a nonempty closed convex subset of X, f € Ilo
and 7= {Ts : s € G} be a semigroup of nonexpansive mappings on C' such
that F' # (0. Let {a}, {On} and {7} be three sequences in (0,1) and {r,} be
a sequence in G. Let {ay,} satisfy the control conditions (C1), (C2). Assume
that

(i) an + B+ =1;

(ii) 0 < liminf, o By < limsup,,_,. On < 1;

(iii) rp — oo such that T} ., x, — T, 2, — 0, V{z,} bounded in C;

(iv) T satisfies (ULARC) on bounded subsets of C, i.e., for each bounded
subset C of C , there holds

lim sup ||T,Tsx — Tsz|| =0, req. (ULARC)
s€G,s—00 weC

Then the sequence {z,,} generated by

xzg € C chosen arbitrarily,
Tn4+1 = O‘nf(xn) + ann + ’YHTrn:Ena

converges strongly to Q(f) € F, where Q(f) is a solution of the variational

inequality

(I =HR(),JQ(f) —p) <0, [fello, peF.

Proof. Whenever 7 is a semigroup of nonexpansive mappings on C, by the
careful analysis of the proof of Theorems 3.1 and 3.2, it is easy to see that, the
restriction that C' is a nonexpansive retract of X can be removed. Therefore,
by Theorem 3.2 we obtain the desired conclusion. This completes the proof.
O

Note that in the case when X = H a Hilbert space, the nonempty closed
convex subset C' is a sunny nonexpansive retract of H, the nearest point
projection P of C onto F' is a sunny nonexpansive retraction and the duality
mapping J is the identity mapping I. It is clear that the following results
immediately follow from Theorems 3.1 and 3.2.



APPROXIMATE COMMON FIXED POINTS FOR ONE-PARAMETER FAMILY 217

Corollary 3.2. Let H be a Hilbert space and C' be a nonempty closed
convex subset of H. Let 7= {T : s € G} be a family of nonexpansive nonself-
mappings on C. Denote by Po the nearest point projection of H onto C.
Assume that for a fixed contraction f € IIo, {zs}scc is the net generated by

Zs = asf(zs) + (1 - as)PCTsZ57 s € G,

and that 7 satisfies the uniformly left asymptotically regular condition on
bounded subsets of C, i.e., for each bounded subset C of C , there holds
lim sup ||, PcTse — PcTsz|| =0, red. (ULARC)
s€G,s—0o0 =
zeC
Then F = {x € C : Tyx = x, Vs € G} is nonempty if and only if {zs}scq is
bounded and in this case, z5 converges strongly as s — oo to a common fixed
point of 7. If we define Q) : llc — F' by

Q(f) = lim z,, f € Ilg, (3.15)
S§— 00
then Q(f) is the unique solution the variational inequality

(I=5Q(f),Q(f)—p) <0, fellp, peF.

In particular, if f = u € C is a constant, then (3.15) reduces to the nearest
point projection P from C onto F,

(P(u) —u,P(u) —p) <0, uweC, peF.

Corollary 3.3. Let H be a Hilbert space and C be a nonempty closed
convex subset of H. Let f € IIo and 7= {Ts : s € G} be a family of
nonexpansive nonself-mappings on C such that F # (). Denote by P the
nearest point projection of H onto C. Let {a,}, {8,} and {7,} be three
sequences in (0,1) and {r,} be a sequence in G. Let {a,,} satisfy the control
conditions (C1), (C2). Assume that

(1) an+ B+ =1

(ii)) 0 < liminf,, o B, < limsup,,_,., On < 1;

(ili) 7, — oo such that T, ., xp — Tp, @ — 0, V{z,} bounded in C;

(iv) T satisfies (ULARC) on bounded subsets of C, i.e., for each bounded
subset C of C , there holds

lim sup |, PcTse — PoTsz|| =0, reG. (ULARC)

s€G,s—00 zeC
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Then the sequence {z,} generated by

xg € C chosen arbitrarily,
Ip+1 = anf(xn) + Bnxn + 'YnPCTrnajna

converges strongly to Q(f) € F, where Q(f) is the unique solution of the
variational inequality

(I =1Q),Q(f)—p) <0, fellp, peF.

Let D be a subset of a Banach space X. Recall that a mapping T : D — X
is said to be firmly nonexpansive if, for each x,y € D, the convex function
¢ :[0,1] — [0, 00) defined by

¢(t) = |(1 = t)x + 1Tz — (1 — )y + tTy)]],

is nonincreasing. Since ¢ is convex, it is easy to check that a mapping T :
D — X is firmly nonexpansive if and only if

[Tw = Tyll < |(1 = t)(x —y) + t(Tx = Ty)|,

for each z,y € D and ¢ € [0,1]. It is obvious that every firmly nonexpansive

mapping is nonexpansive.

Corollary 3.4. Let X be a uniformly convex and uniformly smooth Banach
space. Let C' be a nonempty closed convex subset of X and 7= {Ts : s € G}
be a family of firmly nonexpansive nonself-mappings on C' such that F #
(). Suppose that C' is a nonexpansive retract of X, and that 7 satisfies the
(ULARC) on bounded subsets of C, i.e., for each bounded subset C of C,
there holds

lim sup [|1,QTsz — QTsz|| =0, reG. (ULARC)

s€G,s—00 el

Then the net {zs}sec generated by (3.1) converges strongly to Q(f) € F,
where Q(f) is a solution of the variational inequality

(I =R, JQ(f) —p) <0, fellp, peF.
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