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Abstract. We investigate the two-point boundary value problem for second order differential
D
dt
a couple of points, non-conjugate along at least one geodesic of Levi-Civita connection,

where 2 is the covariant derivative of Levi-Civitd connection and F(t,m,X) is convex-

valued and satisfies the upper Carathéodory condition or is almost lower semi-continuous
set-valued vector field such that ||F(¢t,m, X)|| < a(t,m)||X||*> with continuous a(t,m) > 0.

Some conditions on certain geometric characteristics, on the distance between points and on

inclusions of the form =m(t) € F(t,m(t),m(t)) on a complete Riemannian manifold for

a(t,m) are found, under which the problem is solvable on any time interval. The solution
is constructed from a fixed point of a certain integral-type operator, acting in the space of
continuous curves in the tangent space at initial point. The existence of fixed point is proved
by application of Bohnenblust-Karlin and Schauder theorems.
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1. INTRODUCTION

Let M be a finite-dimensional complete Riemannian manifold and TM be
its tangent bundle with the natural projection # : TM — M. Consider a
set-valued map F : R x TM — TM such that for any point (m,X) € TM
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(this means that X € T,,M, i.e., X is a tangent vector to M at the point
m € M) the relation 7F (t,m, X) = w(m, X) = m holds.
We investigate the differential inclusion of the form

Din(t) € F(t,m{r), (1) 1)
where % is the covariant derivative of Levi-Civita connection. Such inclusions
arise in description of complicated mechanical systems on nonlinear configu-
ration spaces where the set-valued right-hand side F' is generated by an es-
sentially discontinuous force field or by a force with control (see, e.g., [4, 5]).
That is why everywhere below we call F' a set-valued force field.

In this paper we deal with the two-point boundary value problem for in-
clusion (1). For differential equations and inclusions of this sort with various
kinds of F' this problem was investigated in many publications (see, e.g., ref-
erences in [8]). An important feature of this problem on manifolds is that if
two points are conjugate along all geodesics of Levi-Civita connection, joining
them, there may not exist a solution of this problem even for single-valued
smooth uniformly bounded force fields (as well as for force fields with linear
and quadratic growth, see examples in [4, 8]). Recall that for F' with quadratic
growth this problem may not be solvable also for non-conjugate points (even
in Euclidean spaces, see an example in [8]).

The set-valued force field F(t,m,X) is said to have quadratic growth in
X if for any compact ® C M and any finite interval [0,{] the relation

I Cm X)L a(t,m) holds uniformly in ¢ € [0,{] and m € © where

lim
X112

[[X[|—o00
a(t,m) > 0 is a continuous real-valued function on [0,!] x © that is not iden-

tically equal to zero. As usual, here |[F(t,m,X)|| = sup ||y| where the
yEF(t,m,X)
norms of vectors are generated by the Riemannian metric.

In [8] some conditions on F' with quadratic growth, on the two points and
on some geometric characteristics of the manifold were found, under which for
the points, that are not conjugate along at least one geodesic, the problem is
solvable on a small enough time interval.

Obviously, if the estimate ||F(t,m, X)| < a(t,m)(1 + || X||?) holds for F
for a certain continuous real function a(¢,m) > 0, it is a particular case of

quadratic growth and so the results of [8] are valid for such F.
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The main result of this paper is that if the following more restrictive estimate
1E(t,m, X)|| < alt,m)|| X|*

holds and the conditions of [8] are satisfied, a solution of two-point boundary
value problem for (1) exists on arbitrary finite time interval.

It should be pointed out that the effect of existence of the above-mentioned
solution on arbitrary finite time interval was previously known for uniformly
bounded F' in Euclidean spaces and for single-valued quadratic fields F' on
manifolds that correspond to vector fields of geodesic sprays of connections
on the tangent bundles. In the latter case, applying linear change of time
along the solution on a given time interval, one obtains a solution on another
time interval and by this method a solution on arbitrary finite interval can
be constructed. Notice that this approach is absolutely not applicable for our
general set-valued case.

We construct the above mentioned solution from a fixed point of a special
integral-type operator that acts in the space of continuous curves of the tangent
space at initial point.

Preliminaries from set-valued analysis can be found in [2, 3, 10], and those
from geometry of manifolds in [1, 4, 5, 9, 11].

2. TECHNICAL STATEMENTS

In this section we modify some constructions from [4, 5] for the problem
under consideration.

Let M be a complete Riemannian manifold. Consider mg € M, [0,1] C R
and let v: [0,1] — T,,,M be a continuous curve. It is shown in [4, 5] that
there exists unique Cl-curve m : [0,1] — M such that m(0) = mg and the
vector m(t) is parallel along m(-) to the vector v(t) € T,,,M at any t € [0, 1].

Denote the curve m(t), constructed above from the curve v(t), by the symbol
Sv(t). Thus, we have defined a continuous operator S that sends the Banach
space C°([0,1], T}, M) of continuous maps (curves) from [0,1] to Ty, M into
the Banach manifold C([0, 1], M) of C'-maps from [0, 1] to M.

By Ui, C C°([0,1], Tyny M) we denote the ball of radius k centered at the
origin in C°([0, 1], T}y M).
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Let a point m; € M be non-conjugate to the point my € M along a geodesic
g(t) of the Levi-Civitd connection. Without loss of generality we postulate that
the parameter ¢ on g(t) is taken so that g(0) = mg and g(1) = m;.

Lemma 1. There exists a ball U. C C°([0,1], T}y M) with a radius ¢ > 0 and
centered at the origin such that for any curve a(t) € U. € C9([0,1], Ty M)
there exists a unique vector Cg, belonging to a certain bounded neighborhood
V' of the vector (0) in Ty, M, that is continuous in 4 and such that S(u +
Cﬁ)(l) =mj.

Proof. By the construction of operator S its value Svy(1) on the constant
curve vy(t) = ¢(0) coincides with exp.,,g(0) = my. Since mg are m; are
not conjugate along g, expy,, is a diffeomorphism of a certain neighborhood of
g(0) € T\, M onto a neighborhood of the point m in M. Applying the implicit
function theorem, one can easily show that the perturbation of exponential
map, that sends X € T,,,M to S(X + 4)(1), is also a diffecomorphism of a
certain neighborhood V' of ¢(0) onto a neighborhood of m; in M for any curve
(t) from a small enough e-neighborhood of the origin in C°([0, 1], Ty, M). O

Introduce the notation (sjul‘)/ |C|| = C where V is from Lemma 1.

€

Remark 2. One can easily show that ¢ < C'.

Lemma 3. In conditions and notations of Lemma 1 let R > 0 and t1 > 0 be
such that t7'e > R. Then for any curve u(t) € Ug C CO([0,t1], Tyng M) there
exists an unique vector Cy in a neighborhood t;lv of the wvector t;lg(o) in
T M, continuously depending on u and such that S(u + Cy)(t1) = my.

Proof. For u(t) € Ug C C°([0,t1], Tyn, M) introduce a(t) = tju(t; - t) €
U. C C°([0,1], Ty M) and C,, = t]*Cy4. From Lemma 1 we get S(0+Cy)(1) =
my and %S(ﬂ + Cy)(t) is parallel to 4(t) + Cy. For the curve g(t) = S(u +
Cyu)(t - t1) we have %g(t) = t1_1%8(7l + Cy.)(t - t1) and this vector is parallel
along the same curve to the vector t*(i(t) + Cy) = u(t) + Cy. Thus g(t) =
S(u+ C,)(t) = S(a + Cy)(t - t;") for t € [0,t1]. Hence S(u + C,)(t1) =
S(u+ Cg)(1) =my. O

Lemmas 1 and 3 give a modification of theorem 3.3 from [4].
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Lemma 4. For specified t; > 0 and R > 0 as above all curves S(v(t) + Cy)(t)
with v € Up C C°([0,t1], Ty M) lie in a compact set = C M where = depends
on € and C introduced above.

Indeed, since the parallel translation preserves the norm of a vector, for any

v( ) as above the length of S(v(t)+C,)(t) is not greater than ftl (R+]Cydt <

tl_l(a +C)dt = fo e+ C)dt = e+ C. Since M is complete, by Hopf-Rinow
theorem any metric ball of finite radius € + C' is compact.

Lemma 5. For 0 < § < 0

equation

€+C)2 and for any t > 0 both roots Kio of the

S(Kt+Ct ™) =K
are positive.

Prof. Transform the equation §(Kt+ Ct~1)? = K into the form (§t2)K +
(2C05—1)K+C?*725 = 0. Tts discriminant is equal to D = 1—4C43. This means
that for § < % the roots are real and take the form Ko = 1= 205;5;21 —4Cs
Since (1 —2C06) > V1 —4CH626t%, we have K12 > 0. But as it is pointed out

in Remark 2, ¢ < C and so ﬁ < %. O

Lemma 6. For0<(5<(

1-2C0—+/1-4Co
7 A— holds.

T and for all t > 0 the inequuality t~

Proof. In order to prove this statement, consider the following system

0 < o
1-2C5—y/1-4C3 _
2 €

By means of elementary transformations, taking into account Remark 2, this
system can be transformed into the following form

€
o< 62+261’s+02
0> 2(e+C)

1
§ < 16

Since by Remark 2 ¢ < C, from the last system it follows that § < ﬁ O



268 YURI E. GLIKLIKH AND PETER S. ZYKOV

3. THE MAIN RESULTS

Everywhere below M is a complete Riemannian manifold. Without loss
of generality we consider t € [0,]] = I where [0,]] = I C R is an arbitrary
specified finite interval.

Definition 7. By a solution of (1) we mean a C*-curve m(t) with absolutely
continuous derivative m(t) such that inclusion (1) holds for almost all t.

We suppose that the estimate || F(t,m, X)|| < a(t,m)||X||? is satisfied where
a(t,m) > 0 is a continuous real-valued function on I x M.

Let mg and my be two different points in M that are not conjugate along a
geodesic g(-) of the Levi-Civita connection. So, all constructions of previous
Section are valid. In particular, numbers € and C' from Lemma 1 are well-
posed for mg and m;. Denote by Z the compact set from Lemma 4. Notice
that on the compact set I x Z for the continuous function a(¢,m) there exists
a certain constant ¢ such that 0 < a(t,m) < 6 for all (t,m) € I x =.

The main assumption, under which the existence theorems will be proven,

is that § < € fC)Q on I x = where € and C are from Lemma 1.

We deal with F' of the following two types:

Definition 8. We say that F(t,m, X) satisfies upper Carathéodory conditions
if:
1) for every (m,X) € TM the map F(-,m,X) : I — T, M is measurable,
2) for almost all t € I the map F(t,-,-) : TM — TM is upper semi-

continuous.

Definition 9. Let I = [0,1] C R. The set-valued force field F : IXTM — TM
1s called almost lower semi-continuous if there exists a countable sequence of
disjoint compact sets {1}, I, C I such that: (i) the measure of I\Uy Iy, is equal
to zero; (ii) the restriction of F' on each I, x TM s lower semi-continuous.

Theorem 10. Let F(t,m,X) have convexr closed bounded values, satisfy the

upper Carathéodory condition and | F(t,m,X)| < a(t,m)||X||*> with a con-

tinuous function a(t,m) > 0. Let the points mi and mgy be non-conjugate

along a certain geodesic g(-) of the Levi-Civitd connection and let the estimate

a(t,m) < ¢ hold on I x 2, where the compact set = is from Lemma 4 and § > 0
£

satisfies the inequality § < 1oz Then for any t1 > 0, t1 € I there exists a

solution m(t) of inclusion (1), for which m(0) = mgy and m(t1) = my.
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Proof. For a Cl-curve v(t) = Sv(t), v(-) € C°I, T, M), consider the
set-valued vector field F'(t,~(t),%(t)). Denote by I' the operator of parallel
translation of vectors along 7(-) at the point v(0) = mg. Apply operator I'
to all sets F'(¢,y(t),7(t)) along v(-). As a result for any v € CO(I, Ty, M) we
obtain a set-valued map I'FSv : [0,1] — T,,,M that has convex values. It is
shown in [7] that the map TFS : C°([0,1], Tn, M) x [0,1] — Ty, M satisfies
upper Carathéodory conditions. Denote by PI'F'Sv the set of all measurable
selections of 'F'Sv : [0,1] — T,, M (such selections exist, see e.g., [2]). Define
on C°([0,t1], Ty M) the set-valued operator [ PTFS by the formula

/PFFSU _ {/0 F(r)dr|f(-) € PTFSu}.

It is shown in [7] that [PT'FS is upper semicontinuous, has convex values
and sends bounded sets from C°([0,#1], T}, M) into compacts ones.

Specify a time instant ¢1, 0 < t; < [. Taking into account the hypothesis of
Theorem, we obtain from Lemma 5 that K = % W is positive and
from Lemma 6 that tfle > Kt;. Consider the ball Uk, of radius Kt; with
center at the origin in Banach space C°([0,t1], Ty, M). Since t;'c > Kty,
by Lemma 3 for any v(-) € Uky, the vector C, is well-posed. Thus we can

introduce the operator Z : Ugy, — CY([0,t1], Tyn, M) by the formula:
Z(v) = /PFFS(U + Cy).

As well as [ PTF'S, this operator is upper semi-continuous, convex-valued and
sends bounded sets from C°([0,t1], Ty, M) into compacts ones (see [8]).
Since parallel translation preserves the norms of vectors, from the construc-
tion of S and from the hypothesis we derive that for any v € Uy, and t € [0, ¢1]
the estimate
Sl + )l < dllo(t) + Cul?
holds. By construction ||v(t) + Cy||> < §(Kt; + Ct;')? = K. Since parallel
translation preserves the norms of vectors, for any curve u(t) € Zv(t) and
for any t € [0,¢1] the inequality ||u(t)|| < Kt < Kt; holds. Thus Z sends
the ball Uk, into itself and from the Bohnenblust-Karlin fixed point theorem
(see, e.g., [2, 10]) it follows that it has a fixed point u* € Uky,, i.e. u* € Zu*.
Let us show that m(t) = S(u*(t) + Cy+) is the desired solution. By the

| E(t, S(v(t) + Cy)



270 YURI E. GLIKLIKH AND PETER S. ZYKOV

construction we have m(0) = mg and m(t;) = my, m(t) is a Cl-curve and
m(t) is absolutely continuous. Note that @* is a selection of I'F(t,S(u* +
Cu+), %S(u* + Cy+)) because u* is a fixed point of Z. In other words, the
inclusion @*(¢) € TF(t,S(u* + Cy+), 2S(u* + Cy+)) holds for all points ¢ at
which the derivative exists. Using the properties of the covariant derivative
and the definition of u*, one can show that @*(t) is parallel to %m(t) along m(-)
and T'F(t, S(u* + Cy+), LS(u* + Cy+)) is parallel to F(t,m(t),(t)). Hence,
Bin(t) € F(t,m(t),m(t)). O

Theorem 11. Let F(t,m,X) be almost lower semicontinuous, have closed
bounded values and ||[F(t,m, X)| < a(t,m)|| X|?> with a continuous function
a(t,m) > 0. Let the points m; and mgy be non-conjugate along a certain
geodesic g(-) of the Levi-Civitd connection and let the estimate a(t,m) < ¢

holds on I x 2, where the compact set = is from Lemma 4 and 6 > 0 satisfies

(erEC)2 ’
m(t) of inclusion (1), for which m(0) = mgo and m(t;) = m;.

the inequality § < Then for any t1 > 0, t1 € I there exists a solution

Proof. Here we use the same notation as in the proof of Theorem 10. No-
tice that from the hypothesis it follows that for all v € C°([0,1], T}, M) the
curves from PI'FSv are integrable. Hence the set-valued map PI'F'S sends
CY([0,1], Ty M) into L*(([0,1], A, 1), Tyng M), where A is Borel o-algebra and
w is the normalized Lebesgue’s measure. Since F' is almost lower semicon-
tinuous, in complete analogy with [10] one can easily show that the operator
PTFES : C°([0,1], TrnyM) — LY(([0,1], A, i), Tyng M) is lower semicontinuous
and has decomposable images (for the definition see, e.g., [2, 3, 10]). Then by
Fryszkowski-Bressan-Colombo theorem (see, e.g., [2, 3]) it has a continuous
selection that we denote by pI'F'S.

Choose the numbers t; and K as in the proof of Theorem 10. Then on the
ball U, € C°([0,t1], Tyno M) the operator

Gu = /thFS(v(S) + Cy), %S(U(S) +Cy))ds : Urt, — C°([0,11], Ting M)
0

is well posed. As a corollary to Lemma 19 of [6] we obtain that G is completely
continuous. Since parallel translation preserves the norm of a vector, from the

construction of S, from Lemma 5 and from Lemma 6 for any u € Uk, with
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given F' we get

t
d
1Goll = H/O PLE(s,8(v(s) + Cu), 5,8(v(s) + Co))dsllco(jo,11], Ty vy <

§(Kty + Oty = Kty.

Hence the completely continuous operator G sends Ugy, into itself and by
classical Schauder’s principle it has a fixed point u* € Uky,. Using the same
arguments, as in the proof of Theorem 10, one can easily prove that m(t) =
S(u* 4 C7)(t) is a solution of (1) such that m(0) = mg and m(t;) = my. O

Remark 12. Notice that if a geodesic, along which mg and my are not conju-
gate, is a length minimizing one, the number C characterizes the Riemannian
distance between these points. The numbers C and € together provide a certain

characteristics of the Riemannian geometry on M in a neighborhood of my.

REFERENCES

[1] R.L. Bishop, R.J. Crittenden, Geometry of Manifolds, New York - London, Academic
Press, 1964.

[2] Yu.G. Borisovich, B.D. Gel’'man, A.D. Myshkis, V.V. Obukhovskil, Introduction to the
theory of set-valued mappings and differential inclusions, Moscow, KomKniga, 2005. (in
Russian)

[3] K. Deimling, Multivalued differential equations, Berlin - New York, Walter de Gruyter,
1992.

[4] Yu.E. Gliklikh, Global Analysis in Mathematical Physics. Geometric and Stochastic
Methods, New York, Springer-Verlag, 1997.

[5] Yu.E. Gliklikh Yu.E. Global and stochastic analysis in the problems of mathematical
physics, Moscow, KomKniga, 2005 (in Russian).

[6] Yu.E. Gliklikh, A.V. Obukhovskil, 4 viable solution of a two-point boundary value prob-
lem for a second order differential inclusion on a Riemannian manifold, Proceedings of
Voronezh State University, series Physics, Mathematics, 2(2003), 144-149 (in Russian).

[7] Yu.E. Gliklikh, A.V. Obukhovskii, On differential inclusions of velocity hodograph type
with Carathéodory conditions on Riemannian manifolds, Discussiones Mathematicae.
Differential inclusions and optimal control, 24(2004), 41-48.

[8] Yu.E. Gliklikh, P.S. Zykov, On the two-point boundary value problem for quadratic
second order differential equations and inclusions on manifolds, Abstract and Applied
Analysis, Article ID 30395(2006), 1-9.

[9] D. Gromoll, W. Klingenberg, W. Meyer, Riemannsche Geometrie im GrofSen, Berlin et
al., Springer-Verlag, 1968.



272 YURI E. GLIKLIKH AND PETER S. ZYKOV

[10] M. Kamenskii, V. Obukhovskii, P. Zecca, Condensing Multivalued Maps and Semilinear
Differential Inclusions in Banach Spaces, Berlin-New York, Walter de Gruyter, 2001.
[11] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, Vol. 1, New York -

London, Interscience Publishers, 1963.

Received: March 7, 2007; Accepted: June 15, 2007.



