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1. INTRODUCTION

The problem of fixed point principles in a set with two metrics has been
investigated by several authors. See for example M.G. Maia [10], I.A. Rus
[16], M. Albu [2], B. Rzepecki [23], D.K. Bayen [4], R. Precup [13], I.A. Rus,
A.S. Muregan and V. Muresan [20], I.A. Rus, A. Petrusel and G. Petrusel [21]
and the references therein (S.P. Singh (1970), B.K. Ray (1975), B. Rzepecki
(1980), V. Berinde (1997), A.S. Muregan (1988), V. Muregan (1988), R. Precup
(1988),...).

The aim of this paper is to study the data dependence of the fixed points in
a set with two metrics. For this a new variant of Maia fixed point theorem is
presented for generalized contractions in the generalized metric spaces. Some
applications to integral equations are given.

Throughout of the paper we follow the notations and terminologies in [18].
See also [17] and [21].
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2. GENERALIZED CONTRACTIONS IN METRIC SPACES

We begin our considerations with

Theorem 2.1. Let X be a nonempty set, d and p two metric on X and
A: X — X an operator. We suppose that:

(i) (X,d) is a complete metric space;

(ii) there exists k € N such that A* : (X, p) — (X, d) be uniformly continu-
ous;

(iii) A : (X, d)

(iv) A: (X, p)
Then:

(a) Fa ={x}};

(b) A™(x) <, %, asn— oo, VrelX;

(c) A"(z) 2 %, asn —oo,VreX, and

(X,d) is closed;

N
— (X, p) is a a-contraction.

p(A™(x),2%) < a"p(z,2%), Y neN', VaelX,

(@) pla ) < = plar, A(e), ¥ € X.

Proof. The implication, (i)-(iv) = (a)+(b) is the fixed point theorem of
Maia (see Maia [10], Rus [16] and Precup [13]).

(c) In the relation

p(A"(x), A"(y)) < a"p(x,y)
we take y = a7
(d) We have
ple,23) < pl, A2)) + p(A(z), 253)
< plz, A(z)) + ap(z, 27).
So,
(.37 < T plr, Ala))

Remark 2.1. In the terms of Picard operators (see [18] and [21]) the
conclusions of Theorem 2.1 take the following form:

e (a)+(b). The operator A : (X,d) — (X,d) is Picard operator.
e (c¢)+(d). The operator A : (X, p) — (X, p) is 1

—Picard operator.
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Remark 2.2. Condition d(A*(z), A*(y)) < Cp(x,y) implies condition (ii)
in Theorem 2.1.

From Theorem 2.1 we have

Theorem 2.2. Let X,d,p and A : X — X be as in Theorem 2.1. Let
B:X — X andn > 0 be such that

p(A(z), B(z)) <n, Vz € X.

Then:

n
1—a

€ Fp = plah) <

Proof. We take in the relation (d) of Theorem 2.1, x = z7;. We have

1
1l -«

- L (Bp). Awh) <

Theorem 2.3. Let X,d,p and A: X — X be as in Theorem 2.1. Then we
have:

(e) The fized point problem for A : (X, p) — (X, p) is well posed;

(f) The operator A : (X, p) — (X, p) has the limit shadowing property.

Proof. (e). By definition (see, for example, [19]) the fixed point problem
for A: (X, p) — (X, p) is well posed iff:

o Fa={z}}

p(rp, 24) < p(xp, Alzg))

and

oz, € X, p(an, Alxn)) = 0asn — o0 = p(x,,x%) — 0asn— oo.

So, let x,, € X, n € N be such that p(z,, A(x,)) — 0 as n — oco. We have

p(@n, 2%) < p(@n, A(zn)) + p(A(zn), 74)
< p(zp, A(zn)) + ap(x,, ©h).

Since, p(xn,z%) < ﬁp(mn,fl(xn)) — 0 asn — o0.

(f). By definition (see, for example [19]) the operator A : (X, p) — (X, p)
has the limit shadowing property iff z, € X, n € N, p(zp41, A(zy)) — 0 as
n — oo imply that there exists z € X such that p(z,, A"(x)) — 0 as n — oo.
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In our case, Fy = {z%} and p(A"(z),z%) - 0asn — oo, V2o € X. We
have

Tn-1)) + p(A(zn-1,77))
Tn-1)) + ap(xp_1,2%) < ...
Tn-1)) +ap(xp—1,A(xp—2)) + ...
"p(ar, A(zo)) + o p(xo, 7).

(

IA A
Qb}\b

8

3
/\}i/—\

From the Cauchy’s lemma (see [18], p.208) we have that p(xy,z%) — 0 as
n — 00. S0,

p(en, A™(20)) < plan, ¥4) + p(e, A"(20)) = 0

as n — 00.

There are many types of generalized contractions. See, for example B.E.
Rhoades [15], W.A. Kirk [9], I.A. Rus [17], I.LA. Rus, A. Petrugel and G.
Petrusgel [21] and references therein. The above considerations give rise to

Problem 2.1. Extend the above results for the case when A : (X, p) —
(X, p) is a generalized contraction.

For example

Theorem 2.1°. Let X be a nonempty set, d,p two metrics on X and
A: X — X an operator. We suppose that:

(i) (X,d) is a complete metric space;

(ii) There exists k € N such that A* : (X, p) — (X,d) be uniformly contin-
Uous;

(i1i) A: (X,d) — (X,d) is closed;

(iv’) There exists a strict comparison function ¢ : Ry — Ry (see [17], p.69)
such that

p(A(z), A(y)) < pld(z,y)), ¥ 2,y € X.

Then:
(¢) Fa={x}};
(b) A™(z )sz asn — o0, VaoelX;
(¢’) A*(x) 25 2% asn — 00,V 2 € X and

p(A"(2),273) < " (pl,23)), ¥ n € N', ¥ 2 € X

(@) pla, a) < supft € R | ¢ — p(t) < pla, A(x))}.
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Theorem 2.2°. Let X,d,p and X — X be as in Theorem 2.1°. Let B :
X — X and n > 0 be such that

p(A(), B(z) <n, ¥z € X.

Then:
v € Fg = p(ah,ah) < supft € Ry | ¢ - o(t) < n).

Theorem 2.3°. Let X,d,p and A : X — X be as in Theorem 2.1°. Then
we have:

(e’) The fized point problem for A: (X, p) — (X, p) is well posed.

Remark 2.2. For to have a (f’) as in Theorem 2.3 we need some supple-

mental conditions on the comparison function ¢.

3. GENERALIZED CONTRACTIONS IN GENERALIZED METRIC SPACES

We begin with the following suggestive example.

Theorem 3.1. Let X be a nonempty set, d and p two generalized metrics
on X (d(z,y) € R, p(x,y) € RT) and A: X — X an operator. We suppose
that:

(i) (X,d) is a complete metric space;

(i4) There exists k € N such that A* : (X, p) — (X, d) be uniformly contin-
uous;

(iii) A: (X,d) — (X,d) is closed;

(iv) A:(X,p) — (X, p) is a S-contraction, i.e., the matriz S is convergent
toward zero (see [17], p.96) and

p(A(x), A(y)) < Sp(z,y), ¥V x,y € X.

Then:
(a) FA:{‘TZ};
(b) A”(m)Lm”A asn —oo,VaoelX;
(¢c) A%(z) 25 2% asn — o0,V € X and

p(A"(z),z4) < S"pl(x,24), VneN, VzeX;

(d) p(x,2%) < (E - S) tp(x, A(z)), Vz € X.
Proof. The proof is similar with that of Theorem 2.1.
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Theorem 3.1. For the case when £k = 1 and A : (X,d) — (X,d) is
continuous see A.L. Perov [12], M. Albu [2] and R. Precup [13]. See also, D.
O’Regan and R. Precup [11].

Theorem 3.2. Let X,d,p and A : X — X be as in Theorem 3.1. Let
B:X — X and n € R be such that

p(A(z),B(z)) <n, VreX.

Then:

zh € Fg = plai,zh) < (E—-S)"n.

Theorem 3.3. Let X,d,p and A: X — X be as in Theorem 3.1. Then we
have:

(e) The fized point problem for A : (X, p) — (X, p) is well posed;

(f) The operator A : (X, p) — (X, p) has the limit shadowing property.

The above results give rise to

Problem 3.1. Extend the above results for the case of K-metric spaces
and generalized contractions.

References: P.P. Zabreiko [25], V. Berinde [4], I.A. Rus, A.S. Muresan
and V. Muresan [20], I.A. Rus, A. Petrugel and M.A. Serban [22].

Problem 3.2. Extend the above results for the case of generalized metric
spaces (ultrametric space, partial metric space, 2-metric space, probabilistic
metric space,...) and generalized contractions.

References: W.A. Kirk [9], M. Frigon [7], R. Precup [13], D.K. Bayen,
V. Radu [14], I.A. Rus [17], I.A. Rus, A. Petrusel and G. Petrusel [21], B.
Rzepecki [23], E. Schorner [24].

Problem 3.3. Extend the above results for the case of gauge spaces and
generalized contractions.

References: W.A. Kirk [9], I.A. Rus [17], Precup [13], R.P. Agarwal and
D. O’Regan [1], V.G. Angelov [3], A. Chig and R. Precup [6], M. Frigon [7],
N. Gheorghiu [8], B. Rzepecki [23].
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4. APPLICATIONS TO INTEGRAL EQUATIONS

Let © C RP be a bounded domain. We consider the following integral

equations

2(8) = k(1) + / K(t, 5, (s))ds (4.1)
Q

and

(1) = h(t) + / Ht, s, 2(s))ds (4.2)
Q

We suppose that
(i) k,heC(Q), K,He C(1 x Q xR);
(ii) there exists L € C(Q x Q) such that

|K(t,s,u) — K(t,s,v)| < L(t, s)|u — v

for all t,s € Q and u,v € R;

(iii) / |L(t, s)|dtds < 1;
QxQ
(iv) there exist 71 > 0, 72 > 0 such that

k(t) = hO] <m,  [K(Es,u) = H(t, s,u)| <ne

for all t,5 € Q, u € R.
We have
Theorem 4.1. In the above conditions:
(a) equation (4.1) has in C(Q) a unique solution, z*.

(b) if y* € C(Q) is a solution of the equation (4.2), then
(m(Q)>

I L] L2 (x0)

2" =y L2 ) < 17— [ + n2m(2)].

Proof. We take X = C(Q), d(z,y) = Hx—y”c@) and p(z,y) = |[r—y| r2(q)-

Let A, B : C(2) — C(Q) be given by

A() (1) = k(1) + / K(t, 5, 2(s))ds
Q

B()(t) = h(t) + /H(t,s,a:(s))ds
Q
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Then we are in the conditions of the Theorem 2.1 and 2.2. The proof follows

from these theorems.

Remark 4.1. If the function H is bounded then the equation (4.2) has
in C(Q) at least a solution. Indeed, if h € C(Q), H € C(Q2 x Q x R) and H
is bounded then the operator B : (C(Q),|| - lc) — (C(Q),] - ||¢) is complete
continuous and bounded. So, we are in the conditions of the Schauder fixed

point theorem.
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