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Abstract. We apply the coincidence degree theory for compact multivalued perturbations of
Fredholm operators to obtain necessary and sufficient conditions for the existence of solutions
for an equation containing a linear Fredholm operator with an one-dimensional kernel and a
discontinuous nonlinearity. Further we consider the extension to the case when the kernel is
multi-dimensional and the Fredholm operator is not necessarily self-adjoint. Some examples
are given.
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1. INTRODUCTION

In the work of E.M. Landesman and A.C. Lazer [14] it was observed that
the boundary value problem for a nonlinear elliptic equation at the presence
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of resonance is solvable not for each nonlinear part even in case when this
term is bounded. The authors of this work presented necessary and sufficient
conditions for the solvability of such problems for the case of one-dimensional
degeneracy of the linear part of equation. In the sequel these ideas and meth-
ods were widely extended to the cases of equations of higher order and multi-
dimensional degeneracy (see, e.g., [17]) as well as to equations with discon-
tinuous nonlinearities (see, e.g. [1], [2], [15], [18], [20], [21] and others). Let
us mention that equations with discontinuous nonlinearities are the subject of
interest of many researchers since they find interesting applications to prob-
lems of mathematical physics (free boundary problems, in particular, obstacle
problem, the seepage surface problem etc.)(see, e.g. [5]-[7], [11]-[13]).

In the present paper we consider a new class of equations containing an
abstract linear Fredholm operator with one-dimensional kernel and a discon-
tinuous nonlinearity. Such equation is reduced to an operator inclusion and
the topological coincidence degree theory for compact multivalued perturba-
tions of Fredholm operators is applied to justify the Landesman-Lazer type
conditions for the existence of solutions to the initial problem. We present
two examples of problems of mathematical physics in which such equations
appear. The first example deals with the equilibrium position of membrane at
the presence of resonance and nonlinear deformation, the second one concerns
the Lavrentiev’s problem on detachable currents. In conclusion we give, in
terms of topological degree for multivalued maps, the extensions of conditions
for solvability to the case when the degeneracy is multi-dimensional and the
Fredholm operator is not necessarily self-adjoint.

2. PRELIMINARIES

By € we will denote a bounded open set in R™ with Lipschitz boundary.
For p > 1, we let L,(12) denote the Banach space of p-integrable functions on
Q with the norm

Jully = Nz, = (| fup da)'.
Q
For an integer k > 0 the Sobolev space WIf(Q) is defined by

W;(Q) = {u € L,(Q) : D%u € L,(Q) for all |a| < k},
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where D%u denotes the distributional derivative of u of order oo. We will assume
that W;(Q) is equipped with the norm

p7k = Z HDaqu'

| <k

[

By W;f(Q) we will denote the subset of Wf(Q) consisting of all functions
vanishing on the boundary 9f).

Let us recall (see, e.g. [8]) that in accordance with the Sobolev embedding
theorem in case pk > n the space szf(Q) is compactly embedded into C(£2).

Let X and Z be Banach spaces; Cv(Z) [Kv(Z)] denote a collection of
all nonempty closed convex [respectively, compact convex| subsets of Z. A
multivalued map (multimap) ® : X — Cv(Z) is said to be: (i) upper semi-
continuous (u.s.c.) if for every open set V' C Z, the set

' (V)={reX:®(x)CV}
is open in X; (ii) closed if its graph
I'e ={(u,f) e X xZ:fecd(u)}

is the closed subset of X x Z.
For a linear operator A:domAC X - Z let P: X - X and Q:Z — Z
be projectors such that ImP = KerA and Ker(Q = ImA. If the operator

Ap :domAN KerP — ImA

is defined as the restriction of A on domAN KerP then it s clear that Ap is an
algebraic isomorphism and we may define Kp : ImA — domA by Kp = A;l.
Now let Coker A = Z/ImA and Il : Z — Coker A be canonical surjection:

II(z) = z+ ImA
and Kpg : Z — X be defined by
Kpq=Kp(I-Q).
Let us recall (see, for example, [4], [9], [16]) that a linear operator A :
domA C X — Z is called Fredholm of zero index if
(i) ImA is closed in Z;
(7i) KerA and CokerA have finte dimension and

dimKerA = dimCokerA.
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We will assume also that

(i73) the operator Kpg : Z — domA is continuous.

Now, let U C X be an open bounded subset, ® : U — Cv(Z) a multimap,
and A : domA C X — Z a linear Fredholm operator of zero index. Let
A : CokerA — KerA be any isomorphism. Suppose that the pair (A, ®) is
compact on U, i.e. the composition (AIl + Kpg)o ® : U — Kuv(X) is the
compact u.s.c. multimap.

The set of coincidence points

Coin(A,®) = {u € domA: Au € ®(u)}
is equal to the set of fixed points of the multimap F : U — Kv(X) defined by
F(u) = Pu+ (AIl+ Kpg) o ®(u).

From the definition and properties of multivalued maps (see, e.g. [3], [10]) it
follows that the multimap F' is compact and u.s.c.

Now under assumption that Coin(A, ®) N OU = (), the coincidence index
Ind(A,®,U) is defined as

Ind(A,®,U) = deg(i — F,U),

where the right-hand part of the above equality denotes the topological degree
of the compact multivalued vector field ¢ — F' corresponding to the multimap
F (see, e.g. [3], [10]).

It is known (see, e.g. [9], [16], [19]) that the coincidence index has all usual
properties of topological characteristic of that type. Let us select two of them.

(i) If Ind(A,®,U) # 0 then () # Coin(A, ®) C U.
(ii) If U : U x [0,1] — Cv(Z) is a multimap such that
Coin(A,¥(-,\))NoU =0
for all A € [0,1] and the pair (A4, ¥) is compact on U x [0, 1] then

Ind(A,¥(-,0),U) = Ind(A,¥(-,1),U).
3. RESuLTS

3.1. The statement of the problem. We will study the existence of gen-
eralized solutions to the following equation

(Au)(2) + g(u(x)) = ¢(z, u(x)) (1)
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where x belongs to a bounded domain {2 € R" with a smooth boundary.
We assume that the following main hypothesis are satisfied:
(A1) A domA = WE(Q) N I/IZ}(Q) — L}J(Q)
is a linear Fredholm operator of zero index, p > 2, 2p > n.
Further, we suggest that
(A2) A is selfajoint in the sense that

(Au,v)r, = (u, Av),
for all u,v € domA, where (u,v)r, = [, uv dz;
(A3) dimKerA =1 and w € domA is the basic element of KerA.
Concerning the function g : R — R we assume that

(g) g is continuous; there exist finite limits

g(—o0) = lim g(r);  g(+o0) = lim g(r),

r——o0 r—+o0
and
g(=00) < g(r) < g(+o0)
for all r € R.
At last, the function ¢ : 2 x R — R satisfies the following conditions:
(pl) for a.e. z € 2 there exist finite limits

o(z,6) = liminf o(x,&);  P(x,€) = limsupp(x, &)
§'—¢€ §'—¢€

and the functions ¢, @ are superpositionally measurable;
(¢2) there exist functions f, f* € Ly(€2) such that

fe(@) < o(2,€) < fH(2)
for a.e. x € ) and all £ € R.

Remark 1. Let us recall (see, e.g. [12]) that Carathéodory functions, point-
wise limits of continuous functions, and Borel measurable functions belong to
the class of superpositionnaly measurable measurable functions.

Denote by [f«, f*] C Ly(€2) the interval

[f, 1 ={f € Lp(Q) : fu(z) < f(z) < f*(x) fora.e. x € Q}.
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Now define the multimap ® : C(Q2) — Cv(Lp(€2)) by the rule

D(u) = [p(z, u(x)), p(z, u(z))]- (2)
According to [5], Theorem 1.1 let us mention the following property.
Proposition 2. The multimap ® is u.s.c.
So, denoting by g : C(2) — C(9) the function
g(u)(z) = g(u(z)), €
we may substitute equation (1) by the following operator inclusion
Au+g(u) € O(u) (3)

Definition 3. A function u € domA satisfying inclusion (3) is called the
generalized solution to equation (1).

Suppose that function u € domA is a generalized solution to the problem.
Then for some f € ®(u) we have

Au+g(u) = f. (4)

Multiplying the both sides of equality (4) by w in Ls(€2) and using property
(A2) we obtain

(g(u)vw)Lz = (f=w>L2

Denoting
Qp={zeQ:wx)>0}; Q- ={reQ:w() <0}

we can rewrite the last equality in the integral form

/wadx:/Q+§(u)wd:v+/_§(u)wd:c

from which it obviously follows that

/ fwdz < g(+0) / wdzr + g(—oo)/ wdx (5)
Q Q. _
and
/ fwdx > g(—o0) / wdz + g(400) / wdz. (6)
Inequalities (5) and (6) form the necessary conditions for the solvability of

problem (1).
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3.2. Sufficient conditions for the solvability of the problem. We will
show that relations similar to (5) and (6) but written in the form of strong
inequalities are sufficient for the existence of a generalized solution to our
problem. In fact, suppose that for functions f, and f* from condition (¢2)
the following relations hold true:

f*wda:—k/ﬂ f*cudgz?<g(—i—oo)/Q wda:—i—g(—oo)/ wdr  (7)

Q. N _

and

fewdx + f*wd:z:>g(—oo)/ wdm—i—g(+oo)/ wdz.  (8)
Q4 QO Q, _

It is easy to verify that these two relations are equivalent to the following

condition:

Ry Y

</wad:n<g(+oo)/ﬂ+wdx+g(—oo)/ wdz 9)

for each f € [f., f*].
Now we may formulate the following existence result.

Theorem 4. Under conditions (A1)-(A3), (9), (¢1)-(¢2), and (7)-(8) (or,

equivalently (9)) there exists a generalized solution to problem (1).

Before proving the theorem let us mention that from the properties of the
operator A it follows that the spaces E = domA and Z = L,(2) may be
decomposed as

E = FEy® Fy,
where Ey = KerA and
Z =Zy®D 7y,

where Zy = KerA and Z; = ImA. The corresponding decompositions of
elements u € F and f € Z will be denoted by

U = Ug + uy

and

f=fo+ f1.
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Consider the multimap ¥ : C'(2) x [0,1] — Cv(Z) given by

U(u, A) = a(®(u), ) — go(u) — Agi(u),
where o : Z x [0,1] — Z is defined as

a(fo+ f1,\) = fo+ Afi1.

Lemma 5. For each bounded set D C C(Q) the multimap ¥ : D x [0,1] —
Kv(C(9)),

Y(u,\) = Pu+ (AIl+ Kpg) o ¥(u, \)

18 compact u.S.c.

Proof. Denote by Z,, the space Z endowed with weak topology. From the
definition of multimap ® and condition (¢2) it follows that the multimap ®
and hence U, ¥(u, \) = a(®(u), \) have w-compact values and are w-compact.
From Proposition 2 we have that the multimap ® : C'(2) — Kv(Z,) is u.s.c.
Decomposing U as

(u, \) — ®(u) x {A} =5 U(u, \)

and using the properties of operations over multivalued maps (see, e.g. [3],
[10]) we come to the conclusion that the multimap ¥ : C'() x[0,1] — Kv(Zy,)
and hence ¥ : C'(2) x [0,1] — Kv(Z,) are u.s.c.

Now, let us demonstrate that the multimap © o U : C(Q2) x [0,1] — C(Q2),
where © = AIl + Kpg is closed. In fact, let {(un,A\n)} C C(Q) x [0,1],
(Un, An) — (20, X0), {yn} C C(), yn € O 0 ¥(uy, \,), and y, — yo. Take
a sequence z, € W(uy,,A,) such that y, = O(z,). We may assume w.l.o.g.
that z, — zg. Since O is the continuous linear operator, we have that yy =
O(20). F;"Uom the other side, the multimap ¥ is closed with respect to the
weak topology of Z (see, e.g. [3], [10]) and hence zy € ¥(ug, \g). So yo €
O o U(ug, \o).

Further, the range of ¥ is a bounded subset of Z. But then the range of
O o V¥ is a bounded subset of F, and by the Sobolev embedding theorem it
is relatively compact subset of C(€). Closed and compact multimap © o ¥ is
u.s.c. (see, e.g. [3], [10]) and now the assertion follows from the fact that P is
continuous and have a finite-dimensional range. (|
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Lemma 6. The set of coincidence points Coin(A, V) is a priori bounded in
the space C(Q).

Proof. In fact, suppose that for any (u,\) € E x [0, 1] we have that
Au € U(u, N). (10)

Decomposing u = ug + u1 we can write this inclusion in the following compo-

nent form:

{ Aup + A (u) = My an

go(uo +u1) = fo,
where f = fo+ f1 € ®(u). In turn, the first equality may be expressed as

ur = AKpq(fi — g1(u))

and since f1 — g1 (u) belongs to a bounded subset of Z, applying the embedding
theorem we come to the conclusion that the component w4 is a priori bounded
in C(9).

Further, multiplying the both sides of the second equality from (11) by w
in Lo and using the orthogonality of w to components ¢g; and f; we come to

/Qﬁ(uo—l—ul)wd:c:/ﬂfwdm

Expressing up = aw we can write the above relation as

/ g(aw+u1)wdm+/ ﬁ(aw+u1)wdx:/fwdx
Q. Q

the equality

Now suppose to the contrary that there exist sequences a,, — +oo, {ugn)} C
Ep, and f € ®(a,w + ugn)) such that

/ g(anw + ugn))w dx + / g(anw + ugn))w dr = / My da (12)
Q Q

Since the sequence {ugn)} is bounded it is easy to see that the first integral
in (12) tends to

g(+00) /Q+wd:n

while n — 400 whereas the second one has the limit

s | i
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From the other side, the sequence { f(™} belongs to a bounded subset [f,, f*]
and so we may assume w.l.o.g. that it weakly converges in Ls(2) to a function
f € [f«-f*]. Passing to the limit in (12) we obtain

9(‘1‘00)/Q+Wd3:+g(—00)/ de—/ﬂfwdx

that contradicts to the right part of condition (9).
Assuming that a,, — —oo we analogously obtain he contradiction to the left
part of (9). O

Proof of Theorem 4. Let U C C(f2) be a bounded open domain contain-
ing the set Coin(A, V). Let us mention that while A = 1 inclusion (10) turns
into initial inclusion (3).

Applying Lemma 5 and the property of homotopy invariance of the coinci-

dence index we obtain
Ind(A, V(. 1),U) = Ind(A, \I/(~,0),U).

Let us evaluate Ind(A, ¥(-,0),U). To do this, notice that the map W(-,0)
has the form

Do (u) — go(u),
where &5 = Q o .

By definition, Ind(A,¥(-,0),U) = deg(i — F,U), where deg(i — F,U) is the
topological degree of a compact multivalued vector field ¢ — F' corresponding
to the multimap F

F(u) = Pu+ (AII+ Kpg)¥(-,0) = Pu+ (AIl + Kp)(Q o ®(u) — go(u))

= Pu+ AII(®0(u) — go(u)).

W.lo.g. we may assume that the maps II|z, and A are identities. Then the
multimap F' has it range in Ey, and in accordance with the principle of map
restriction (see, e.g. [3], [10])

deg(Z - F7U) = deg(Z - F07U0)5

where Ug = U N Ey and Fy is the restriction of F' to Uy. The multifield i — Fy
has the form

Po(uo) — go(uo)-



ON SOME GENERALIZATIONS OF THE LANDESMAN-LAZER THEOREM 79

A point ug may be expressed as ug = aw, a € R, where we may assume
w.lo.g. that |w| = 1. Take any fy € ®o(up) and let f = fo + f1 € (up). Let

fo— QZ)(uo) =lw, l eR.

To estimate the coefficient [ we can use the following:

L= ()i = [ (fo=Go(w)wds = [ furde~ [ Gluopwdo

_ /Q fowdz — /Q s - / F(aw)w dx

< ffwdx + fewdx — / g(aw)w dr — / g(aw)w dz.
Q4 Q. Q. _

And now from (7) it follows that I < 0 for a sufficiently large. At the same
time applying (8) we have

[ > frw dx —i—/ ffwdx — / g(aw)w dx — / J(aw)wdxr >0
Q4 Q- Q4

if a < 0 and |a| is sufficiently large.
From the properties of the Brouwer degree it follows now that

deg(i — Fy,Ug) = —1
and hence Ind(A, ¥(-,1),U) = —1 and Coin(A, ®) # () proving the theorem.H

Remark 7. [t is easy to see that under above conditions the set Coin(A, ®)
18 compact. So we can guarantee the existence of a generalized solution of our

problem optimizing a given continuous quality functional j : C(2) — R.

Example 8. Consider a membrane with fized boundary, acted on by an ex-
ternal force f € Ly(S2), and obstructed by a fized obstacle ¢ € Wg(Q) satis-
fying ¥)aq > 0. Nonlinear effects of deformation are simulated by a function
g : R — R. At the presence of resonance the equilibrium position of membrane
u € Wg(Q) ﬂWI}(Q) satisfies the following partial differential equation with
discontinuous nonlinearity (cf. [5], [7]).

—Au(z) + du(z) + g(u(@)) = p(z, u(z))
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where X\ is the first eigenvalue of Laplasian A and
min{f(z), (A +NY(x)}, = ¢();
f(z), £ <().

It is clear that here f.(x) = min{ f(z), (—A+A)(x)} whereas f*(z) = f(x),
and sufficient conditions for the existence of a solution may be written in form

of (7)-(9).

p(z,§) =

Example 9. Lavrentiev’s problem on detachable currents at the presence of

resonance and nonlinear perturbations may be described by the following equa-

tion (cf. [13]):

—Au(x) + Mu(z) + g(u(x)) = psign(u(z)),

u(z)|aq = 0,
where p > 0.
We have
K, §>0,
o(r,8) =
and
28 §=>0,
?(x,8) =
So

fol@) == @) =p
and conditions (7)-(8) may be written in the following form

,u(/mwdm—/_wda:)<g(+oo)/ﬂ+wdx+g(—oo)/ wdx

and

,u(/ wdw—/g+wdx)>g(—oo)/ﬂ+wd:1:+g(+oo)/ wdx.
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4. ON SOME GENERALIZATIONS

In this section we will consider the situation when the Fredholm operator
A has a multidimensional kernel (i.e. dimKerA > 1) and is not necessarily
selfadjoint. First we apply the coincidence degree theory to prove the abstract
existence result for an operator inclusion which is the extension of Theorem
4.1.4 from [17] to the case when the Fredholm operator is not necessarily
continuous and the nonlinear part is multivalued and not necessarily compact.

Let X be a Banach space; Z a reflexive Banach space;

A:domAC X — Z

a linear Fredholm operator of zero index with dimKerA = d > 1. We will
suppose that the Banach space E = domA is compactly embedded into X. As
earlier, we may consider the decompositions

E = FEy® Fi,
where Fy = KerA and
Z = Zy® 2,

where Z1 = ImA and dimZy = d.
For a continuous linear operator Kpg : Z — X, let C = ||Kpg|.
Denote by Z,, the space Z endowed with the weak topology and let

O X — Kv(Zy)
be an u.s.c. multimap.

Theorem 10. Assume that the following conditions hold true:

(1) the mutimap ® is bounded, i.e. there exists a constant M > 0 such
that

|@ )] == sup{|lf]| : f € B(w)} < M

for allu e X;
(7i) there exists a constant N > 0 such that for each u = ug+u; € E with
lluillx < CM and |lupl|x > N we have

0¢ Qo ®(u);



82 VALERI OBUKHOVSKII, PIETRO ZECCA AND VICTOR ZVYAGIN

(id)
deg(Q o ®|sy,Sn) # 0,
where Sy = {up € Ey : ||uwol|x = N}.
Then the inclusion

Au € O(u)

has a solution.

Remark 11. [t is easy to see that that the multimap
Qo ®lsy : Sy — Kv(Zp \ {0})
is u.s.c. and hence the topological degree in condition (iii) is well-defined.
Remark 12. Conditions (i) and (iti) are fulfilled if
(iv) there exists an wu.s.c. multimap
G:S1 CEy— Kv(Zy\{0})
with
deg(G, 51) # 0
with the property that for each € > 0 there exists R > 0 such that
Q o ®(rug +u1) C Vo(G(up))

for allu = vy +uy € E with ug € S1, ||u1]|x < CM, and r > R, where
V. denotes the e-neighborhood of a set.

Proof of Theorem 10. Since we will follow the main lines of the proof
of Theorem 4 we will restrict ourselves to the sketch. The multimap ¥ :
X x [0,1] = Kv(Zy),

U(u,A) = a(®(u),A)
is u.s.c. and for each bounded D C X the multimap ¥ : D x [0,1] — Kv(X),
Y(u,\) = Pu+ (AIl+ Kpg) o ¥(u, \)

is compact u.s.c. The inclusion

Au € U(u, \) (13)
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is equivalent to the system

A =

up = Af1 (14)
0= f07

where u = up + uy and f = fo + f1 € ®(u). The first equality of (14) results

ur = AKpq(fi)

and hence ||u1]|x < CM. Applying condition (i) we conclude from the second
equality of (14) that ||ug||x < N.

So the ball By, C X centered at the origin of radius L = CM + N + 1 a
priori contains all solutions v € X of inclusion (13) and we have

ind(A, ¥(-,1), Bp) = ind(A, ¥(-,0), By).

Applying condition (iii), the map restriction principle and other basic prop-
erties of topological degree we obtain

an(A7 \I/<’ O)a EL) #0
that concludes the proof. B

Corollary 13. Let

A :domA = Wg(Q) N Wpl(Q) — L;(Q)

be a linear Fredholm operator of zero index, p > 2, 2p > n. Let a function
v : QxR — R satisfies conditions (¢1) and (p2). If the multimap

P :C(Q) — Cu(Ly())

generated by ¢ (see (2)) satisfies conditions (ii) and (iii) (or, respectively,
(1v)) of Theorem 10 (for X = C(2) and Z = L,(Q2)) then the equation

(Au)(z) = (2, u(x))

has a generalized solution.
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