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1. Introduction

The notion of directionally non-expansive mapping on a non-empty subset of
a Banach space was introduced by W.A.Kirk in [1]. In this paper,we introduce
the concept of strongly directionally non-expansive map and use it to prove
a fixed point theorem for the map which takes Rx into itself where Rx :=
{(1− λ)x + λTx : λ ∈ R}.

Notations

Let X be a Banach space and K be a non-empty subset of X. Let T : K → K

be a mapping. Let [x, y] := {(1 − λ)x + λy : λ ∈ [0, 1]} and (x, y) := {(1 −
λ)x + λy : λ ∈ (0, 1)}. For any x1, x2 ∈ Rx, we say that x1 ≤ x2 when λ1 ≤ λ2

where x1 = (1−λ1)x+λ1Tx and x2 = (1−λ2)x+λ2Tx for some λ1 , λ2 ∈ R.
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Basic definitions

Definition 1.1. Let X be a Banach space and K be a non-empty closed
bounded convex subset of X. A mapping T : K → K is said to be non-expansive
if for each pair of elements x and y of K, we have
‖Tx− Ty‖ ≤ ‖x− y‖.

Definition 1.2. (W.A. Kirk [1])[Directionally non-expansive mapping] Let X

be a Banach space and K be a non-empty subset of X. A mapping T : K → K

is said to be directionally non-expansive if
‖Tx− Ty‖ ≤ ‖x− y‖ for all x ∈ K and y ∈ [x, Tx].

We now give the following definition:

Definition 1.3. Let X be a Banach space and K be a non-empty closed convex
subset of X. A mapping T : K → K is said to be strongly directionally non-
expansive if for each x ∈ K, there exist yx, zx ∈ X such that (i). (yx, zx)

⋂
K ⊇

[x, Tx] and (ii). ‖Tx− Tm‖ ≤ ‖x−m‖ for all m ∈ (yx, zx)
⋂

K.

Remark: Every strongly directionally non-expansive mapping is a direc-
tionally non-expansive mapping. But the following simple example tells us
that the converse is not true.
Example: Define a map T : [0, 1] → [0, 1] by T (0) = 0 and T (x) = 1 for
0 < x ≤ 1. We observe that T is directionally non-expansive but not strongly
directionally non-expansive.

2. Main Results

Theorem 2.1. Let X be a Banach space and K be a non-empty closed bounded
convex subset of X. Suppose T : K → K is a strongly directionally non-
expansive mapping such that for every x ∈ K, Rx

⋂
K is invariant under T.

Then T has a fixed point.

Proof. Assume Tx 6= x for every x ∈ K. Now, it is sufficient to prove that for
some x ∈ K, [x, Tx] is invariant under T.

Suppose not, then for every x0 ∈ [x, Tx], there exists x1 ∈ [x0, Tx0] such
that Tx1 /∈ [x0, Tx0]. Let Gx0 = Rx0 ∩ K. Now we can easily prove that
A = {λ ∈ R : (1−λ)x0+λTx0 ∈ K} is bounded. Let α = inf A and β = supA.
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Let a = (1−α)xo + αTxo and b = (1− β)xo + βTxo. Therefore, there exists a
sequence {αn} ∈ A such that {αn} converges to α. Hence (1−αn)xo + αnTxo

converges to (1 − α)xo + αTxo. Therefore it is easy to see that a ∈ Gxo and
b ∈ Gxo . Hence
Gxo = {(1 − λ)a + λb : 0 ≤ λ ≤ 1}. Let xo = (1 − λo)a + λob and Txo =
(1− αo)a + αob, where α ≤ λo ≤ β, α ≤ αo ≤ β. We first prove that λo < αo.

‖b− Txo‖ = ‖[(1− β)xo + βTxo]− Txo‖

= ‖[(1− β)xo + βTxo]− Txo‖

= |1− β|‖xo − Txo‖

‖b− xo‖ = ‖[(1− β)xo + βTxo]− xo‖

= |β|‖xo − Txo‖

Therefore, ‖b− Txo‖ ≤ ‖b− xo‖
That is, ‖b− [(1− αo)a + αob]‖ ≤ ‖b− [(1− λo)a + λob]‖
which implies ‖a− b‖(1− αo) ≤ ‖a− b‖(1− λo) and therefore,
λo ≤ αo. Since λo 6= αo, we get λo < αo. Let x1 = (1 − λ1)a + λ1b where
λ0 < λ1 ≤ α0, x1 ∈ [x0, Tx0]. Let Tx1 = (1−α1)a+α1b. Now Tx1 /∈ [x0, Tx0]
implies either

α1 < λ0 or α0 < α1 (2.1)

‖Tx0 − Tx1‖ ≤ ‖x0 − x1‖ since T is directionally non-expansive in (y, z) ⊃
[x0, Tx0] 3 x1. This gives,

|α1 − α0| ≤ (λ1 − λ0) (2.2)

From (2.1) and (2.2) we get α0 < α1. Thus λ0 < λ1 < α0 < α1. Now choose
x1 ∈ [x0, Tx0] such that

d(Tx1, [x0, Tx0]) ≥ sup
x∈[x0,Tx0], Tx/∈[x0,Tx0]

d(Tx, [x0, Tx0])− 1

Proceeding this way, choose x2 ∈ [x1, Tx1] such that Tx2 /∈ [x1, Tx1] and

d(Tx2, [x1, Tx1]) ≥ sup
x∈[x1,Tx1],Tx/∈[x1,Tx1]

d(Tx, [x1, Tx1])−
1
2

Having chosen xn in a similar way, choose

xn+1 ∈ [xn, Txn]
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such that Txn+1 /∈ [xn, Txn] and

d(Txn+1, [xn, Txn]) ≥ sup
x∈[xn,Txn],Tx/∈[xn,Txn]

d(Tx, [xn, Txn])− 1
n + 1

.

Let xn = (1− λn)a + λnb and Txn = (1− αn)a + αnb

where λn < λn+1 < αn < αn+1 and λn, αn being bounded increasing sequences
converge to some µ and ν respectively.
Let

u = (1− µ)a + µb

and

v = (1− ν)a + νb

Since λn < αn for every n, we have µ ≤ ν.

Case 1: µ < ν. There exists a positive integer N such that
λn ≤ µ < νn, for all n ≥ N, hence u ∈ [xn, Txn], for all n ≥ N. Therefore
‖Tu− Txn‖ ≤ ‖u− xn‖ for all n ≥ N.

This implies Txn → Tu. Let w ∈ [u, Tu]. Then there exists a positive integer
N0 such that w ∈ [xn, Txn], for all n ≥ N0.

Now d(Tw, [xn, Txn]) ≤ supx∈[xn,Txn]d(Tx, [xn, Txn]) ≤ d(Txn+1, [xn, Txn])+
1

n + 1
. Taking limit as n → ∞, we get d(Tw, [u, Tu]) = 0. Therefore, Tw ∈

[u, Tu]. This implies [u, Tu] is invariant under T , contradicting our assumption.
Case 2: µ = ν. That is, u = v.

There exists a positive integer N1 such that xn ∈ (yu, zu), for all
n ≥ N1 and ‖Txn − Tu‖ ≤ ‖xn − u‖, for all n ≥ N1.

Therefore, Txn → Tu.

Hence v = Tu = u, contradicting our assumption. This proves the theorem.
�

Example 2.2. Let K be a closed bounded convex subset of a strictly convex
space X. Let A and B be two disjoint closed convex subsets of K. By Hahn
Banach separation theorem, there exists a hyper plane
{x ∈ X : Ref(x) = α} such that A ⊆ {x : Ref(x) ≤ α} and
B ⊆ {x : Ref(x) > α}.
Let A1 = {x : Ref(x) < α}

⋂
K, B1 = {x : Ref(x) > α}

⋂
K and C1 = {x :

Ref(x) = α}
⋂

K.

Define T : K −→ K by T (x) = PA(x), for all x ∈ A1, T (x) = PB(x), for all
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x ∈ B1, T (x) = I(x), for all x ∈ C1, where PA(x) is the unique nearest point
in A to x. Then T is a strongly directionally non-expansive mapping which is
also discontinuous.
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