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1. INTRODUCTION

Among all nonlinear mappings, those defined on function spaces by nonlin-
ear pseudodifferential operators play a special role in mathematical physics.
Every boundary value problem for a nonlinear elliptic equation (or system
of) may be transformed into the language of infinite-dimensional geometry.
This program requires the development of infinite-dimensional geometry and
topology for its use to solve the geometrical problem obtained. For instance,
to find the pre-image of a point under a nonlinear map we need a degree the-
ory for maps on a Banach space or manifold analogously to the degree theory
for finite-dimensional maps. Recall that in the finite-dimensional case, a de-
gree is defined in the class of continuous maps, which has the following basic
properties:

Let Q be a bounded domain in R™ and let f : Q@ — R™ be continuous with
0¢ f(092). Then
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1. degp(f,2,0) # 0 implies that f(z) = 0 for some z € Q;
2. if fi(x) is a homotopy with 0 ¢ f,(09) for t € [0, 1], then degg(f;, 2,0)
is independent of ¢;
3. degp(1d,Q,0) =1 (if 0 € ).
The Borsuk-Ulam theorem implies that an odd map f has a nonzero degree
— therefore f(x) = 0 has a solution. More precisely:

The Borsuk-Ulam theorem [10] Let £ be a symmetric bounded open set
in R" containing the origin. Suppose that f : © — R” is continuous with
0 & f(09) and satisfies f(—z) = —f(z). Then degg(f,2,0) is odd.

Unfortunately, the degree theory does not admit a direct generalization
to infinite-dimensional maps, as the following theorem shows. Let H be an
arbitrary infinite-dimensional (real) Hilbert space and By = {z| |z|| < 1} in
H.

Proposition 1.1. There exists a C*°— diffeomorphism h : By — H\{0}
with 0 ¢ h(0B1), such that one cannot define a degree deg(h, B1,0) with the
properties 1.-3.

PROOF. The proof is based on the construction of a C°°-diffeomorphism
h : By — H\{0}, which admits a linear homotopy to the identity map Id.
Assume for a moment that such a map h can be constructed. If, for such a
map, deg(h, B1,0) could be defined with the properties 1.-3., then we would
have:

deg(haBl)O) = deg(IdaBl7O)7éoa

and, as a consequence, the equation h(x) = 0 had at least one solution in Bj.
But this is a contradiction, since h : By — H\{0}. The construction of such
a diffeomorphism h is due to Bessega [1]. O

This example shows that the maps which are admissible in degree theory are
singled out among the general continuous ones by special additional geometri-
cal properties allowing the definition of degree and other topological invariants.
At present there are various degree theories generalizing the classical Leray-
Schauder degree [3, 8, 10]. However, none of the degree theories mentioned
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above are adequate for a nonlinear map, which is defined by nonlinear pseudo-
differential operators. Many of the available degree theories contain a rather
“narrow” class of nonlinear maps and consequently have “narrow” domains of
application. Other theories are based on some “secondary” property of maps,
the so-called properness. We will derive this property from more fundamental
geometrical properties of quasi-ruled Fredholm maps, defined in Definition 2.2
below.

With the notion of quasi-ruled Fredholm maps, our main result is a new ver-
sion of the Borsuk-Ulam theorem for a class of maps between Banach spaces.
The examples in the next section show that this Borsuk-Ulam theorem applies
to a large class of maps.

Theorem 1.2. Let X, Y be Banach spaces with norms ||-||x, ||-||y respectively.
Let ® be a monotonically increasing function on [0,00) with limg_,o ®(§) =
oco. Let & be the set of quasi-ruled Fredholm maps A : X — Y satisfying
|lz|lx < ®(||Az|y). Then, for A € &, a degree d can be defined satisfying
the requirements 1.-3. (with 0 a bounded domain in X ). Moreover, if A(x) =
—A(—x) and Q is a symmetric neighborhood of 0 € X, then d(A) is odd.

2. DEFINITIONS AND EXAMPLES

Let X and Y be real Banach spaces and 7, : X — X, be a linear map of X
to the v-dimensional space X,, C X. We denote by X} the inverse image of
the point o € X, under this map; this will be a closed plane of codimension
v in X, and for different «, the planes are parallel. Based on the work by
A. Snirelman [8] (see also [3] and the references therein) we introduce the

following

Definition 2.1. Let A be a continuous map of the bounded domain 2 C X to
Y. We call A Fredholm-ruled, in short F-R map, if

1. there are linear maps m, : X — X,,;
2. restricted to each plane XY (a € X)) passing through 2, the map A is

affine, i.e.
AL = Ay, € AFF(XLY),

and the operator family A%, depends continuously on o € X, ;
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3. codim AL(XY) = v for all « € X,, i.e. the image of each plane X
under the affine map A% = A”| v 5 closed in'Y and has there codi-

mension v, i.e. the same as X/ in X.

This definition is illustrated in Figure 1. Note that a Fredholm-ruled map
is affine in all coordinates with the exception of finitely many.

Xz, xz, vz,

\

a;

\
|

FIGURE 1. A maps the family of parallel codimensional v-
planes {X%} to codimensional v-planes {YY}. For different

a, the corresponding planes {Y'} may mutually intersect.

In the following, the planes X} will be called fibers and two F-R maps will
be considered to be different if they have different fibers, even if they coincide
as maps. Thus we shall denote a F-R map A by the symbol A”, where v is the
codimension of the fiber. Let A be an affine map defined on the closed plane
X C X mapping X to Y. Then we set

IA| = nf{C| |Az[ly < C(1 + ||z|x)Vz € X}.
The notion |A~!|| has the traditional meaning if A is invertible.

Definition 2.2. A continuous map A : X — Y is called quasi-ruled Fredholm
if there exists a sequence of F-R maps AYF with v, — 0o as k — oo such that

1. limg_,o0 AYF = A uniformly on every bounded domain Q) C X; and
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2. |A% | < C(Q), |(A%) 7Y < C(2) for k > ko(2), if a € my, (Q), where
C(Q) is independent of k > ko(£2).

We denote the class of quasi-ruled Fredholm maps A : X — Y by F-QR

(X,Y). In this section we consider just two specific examples of F-QR maps.

More complex and other important examples of F-QR maps in connection
with nonlinear boundary value problems will be considered further below.

Lemma 2.3. Let X =Y = H*(S') be the Sobolev space of real functions u(r)
on a circle, where 0 < 7 < 27 and 2 < s € N (natural number); f(r,u) is a
smooth real function of u € R and T with f)(7,u) # 0 for all (t,u). Then the
Nemytzki operator

A:u(r) — f(r,u(r))
defines a F-QR map of X toY for s > 2.

PROOF. Recall that H*(S!) consists of functions u(7) with the norm

2m
* du
iz = [ 3150k
o 1=0

It is not difficult to see that A is a continuous map of X to Y. The F-R

approximations of A : u(7) — f(7,u(7)) are chosen by

.
A%y = f | 10, E Uy €O —i—/f; o, Z ume™° | do +
0

|m|<pg |m|<ps,

.
+/f; o, Z U™ | -4/ (0)do,
TO |m|§pk
2 )
where v, = 2pi + 1 and u,, = % [ w(r)e™""dr with u_p, = U,. In this case
0

m=—0oQ

+oo
ng = {U(T) = Z UmeimT ‘ U = Oy for ‘m’ Spk}’

with A% |y v € Aff (XZF,Y). Obviously, codimps(s1) X5k = vg. O

Let

™

1 2 .
Hou(r) = 2p.v./ u(o)cth 5 7 do
0
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(where p.v. stands for the Cauchy principal value) be the Hilbert transform.

Lemma 2.4. Let X =Y = H%(S1),0 <7 < 27,2 < s € N and let f(7,u,0)
be a smooth real function of T € [0,27) and u,v € R with grady,f # 0 for all
(1,u,v). Moreover we assume that wind|[f, +if,] := % 027r darg(fl+if)) =0
for all 7 — (u(7),v(r)) € H*(SY) @ H*(S'). Then the operator

Au(t) = f(1,u(r), Hyu(T)) (2.1)
defines a F-QR map of X to Y.

PROOF. Aswas shown in [3, 4, 8, 9], A defines a continuous map of H*(S*) into
itself. As before we set u =" g Upne™ with u,, = 5- fo% u(T)e” ™7 dr for
u € H%(SY). Tt is well-known that Hy is a pseudo-differential operator (1»DO)
of order zero with the symbol ¢ sgn &, i.e.

(How),, = 1580 M " Up.

One can easily check that F-R approximations of the operator A defined by
(2.1) take the form of

Azk = f(70, Z U €70, Z isgn(m)-umeimm)

Im|<pk Im|<py
-
+/ fi(o, Z i sgn(m) - ume™?)do
o |m|<pr
.

+ A e Z Uy €™, Z i sgn(m)u,e™ | u'(o)do

T0

+/ | o, Z Uy €™, Z i sgn(m)u,e™ | Hou'(0)do
70
where v, = 2p; + 1. O

3. DEGREE FOR QUASI-RULED FREDHOLM MAPS

We now present a new approach to define a degree for F-QR (X,Y") which
has advantages over that of [3, 6, 8] as we shall see below. Our approach is
based on the concept of subdivisions of a special category of bundles introduced

below.
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Throughout this paper we assume that for A € F-QR (X,Y) the following
a priori estimate is satisfied:

lz]lx < @([Az]ly) (3.2)

where @ is a positive monotonically increasing function on [0, co) with ®(§) —
oo as £ — oo.

In what follows, we shall significantly make use of the following property.

Proposition 3.1. Let A € F-QR (X,Y). Then A maps bounded sets in X to
bounded sets in'Y .

PROOF. Let 2 be a bounded domain in X and A” : X — Y be a sequence
of F-R maps as in Definition 2.2. First we prove that every A" is a bounded
map. Let

B=m,(Q) :={ac X,|r, (a)NQ # 0}. (3.3)
Clearly, B is a bounded region in the finite-dimensional space X,,.

Let {a1,...,an} be a d-net of the compact set B. Since A = A xy €
Aff (X7.,Y),i=1,..., N, we have that there exists M > 0 such that Z
[Ac, (@) < M
forall z € X3 NQ,i=1,...,N. Note that Ay, is in Aff (X},Y’) and depends
continuously on «. Hence, we may use the Heine-Borel arguments; i.e. to
every € > 0, there exists > 0, so that for all 1 € X[, NQ 22 € X; NQ,

satisfying |lz1 — x2|| < 4 it follows that ||Ay, — A7, || <e. As a result, for all
o € B,z € X} NQ, there exists o; and 2’ € X[ with

[ A (@) < [|Ag, (@) + (A4 (2) — AL, (&) < M +e.
So, AY is a bounded map. In consequence, for all x € 2, we obtain
[A()[] < A" ()] + |A"(z) — A(z)|| < M + 2.
So, A is a bounded map, too. O

Lemma 3.2. Let A: QC X — Y be a F-R map in the Banach spaces X and
Y. Then there exists a sequence of maps A% : Q — Y, bundles

Cuy, :{ U chvk’ﬂ-lfk?Xl’k} and :{ U Yﬁyk’pyk’yuk}’
aEka ﬁEYuk

with codimx Xt = v and COdimyYﬁV k = v, such that
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1) limg 00 A% = A uniformly in Q and
2) AY is an affine bundle morphism between the bundles (,, and 1,

with ) C Uanylc XU A(Q) C UBEYuk Yg*. (For definitions see [11].)

PROOF. Let { U XY, m,X,} be a bundle, which corresponds to the F-R map

OéEXU
A. Then to the bundle there belongs a family of parallel planes {X%}. It is

obvious that for " > {v} there holds ey , X% D Q. Let
U, = {aeX,|XZNQ#0D}.

Note that U, is bounded. Let Y = A(XY). Since A} = A}Xg depends
continuously on a € X, so does the family of planes {Y?} in Y, with
codimy Y = v".

Let {a1,...,an} be a d-net of U, so that any plane Y with o € U, lies
in an e-neighborhood of some Y, {i =1,..., N} restricted to a sufficiently
large ball B(0, R) in Y. Hence, for all Y} there exists Y, i =1,..., N, such
that

sin(Yy, Yy ) < e
where, by definition,
sin(YY, YY) = sup{|lz —xi|;| € 'Yy N B,z € 'Y) N B},
T,T;
with By = {z; [z|| <1} and with 'Y}, 'Yy denoting the parallel shifts of Y7/,
Y, to the origin in Y. Let

N
ym o= ('
i=1
It is clear that Y™ is a subspace of Y. We decompose each Y, i =1,..., N
into planes with codimension m which are parallel to Y. By orthogonal
projection we decompose each Y, into a family {Y;} with (o, 3) € U, x R™™
which satisfies the following conditions:
1) for every a and every pair (1,32 we have Y5 || Y75,
2) {Y[;} is an (Ne)-parallel family.

The last fact means that for all (aq, 51) and (g, 32), we have

sin(Y" 5, Y 5 ) < sin(YY, YY) < e.

e} « 1) T Qa2
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Since AY, is an affine isomorphism for every «, it follows that each X can be de-
composed (by the use of (4%)~1) into parallel sub-planes Xig = (AZ)*l(YC:”ﬂ)
with codimension m, see Figure 2.

FIGURE 2. The codimension-v-planes {Y?} are subdivided
into codimension-m-planes {YO%}, with m > v, so that any two
planes Y ; and Y are (Ne)-parallel. The bundle {X['5} of
codimension-m-planes in X is defined by X['; = A‘l(YoTﬁ).

Since {Y/3} is (Ne)-parallel, it follows that there exists a plane Y,;, C Y
(for sufficiently small ) with dim Y;,, = m, such that Y,, is transversal to all
oy (in short Vi, o Y.7s) if Yy, is orthogonal to some Y7 5 . Hence, each
plane Y; will intersect Yy, only at exactly one point v = (e, B). The family
{YOTB} depends continuously on («, ), hence, v = v(a, 3) is a continuous
function.

Let Y be a plane which passes through the intersection point v = (e, B)
and is parallel to some Yoo 5, In this way we obtain a family of parallel planes
{va}. According to the above construction, these approximate the family
{Y73} in the ball B(0, Rz) in Y. Since A(Q2) is bounded due to Proposition
3.1, we can choose Rs at the beginning of our proof sufficiently large such
that B(0, Ry) D A(Q). Let A: UXZ; — |J Y" be a map defined in the
following way: to every x € ngﬁ there corresponds a point z € Y™ which
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m

is the intersection of the plane Y7, 5 with Yin(y), where Y, (y) is the plane

which passes through the point y Az and is parallel to Y, i.e. fl(m) =

{Yo, + A(x)} f Y, s (See Figure 3.)

FIGURE 3. II maps the planes {YC:’;‘B} to a collection of parallel
planes. So A = ITo A maps the bundle {X&l5} to a bundle of
parallel planes.

Thus we obtain a continuous map A:U ngﬁ — U Y], which is sufficiently
close to A in Q) due to the construction. Moreover, A is an affine invertible
map from the space X'z to the image Y“;?(loc, ) This completes the proof of
Lemma 3.2. U

Now we are in the position to define a degree for A € F-QR (X,Y). We
assume that the a priori estimate (3.2) holds. Then it follows from (3.2) that
all solutions of Ax = y lie in the ball

Br = {z|llz]| <R}, R=2(|[yl])- (3-4)

Let A”* be a sequence of maps due to Lemma 3.2, which approximate of A
uniformly in Bg (in fact A”* approximates A uniformly in each bounded do-
0 Xo)
and (UgY”’“, pP,, Yyk), where codimy X2 = codimy Y;*, for all « € 7, (Bg),
B € YY*, respectively. First we define a concept of degree for A¥*. To this end

Vk

main). Note that A** is an affine bundle morphism between (U, X%*,

T
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consider
A (x) = vy, for yeY. (3.5)

We shall look for solutions of (3.5) in Br, with Ry = ®(||y|| + 30), where § is
given by
sup ||A%(z) — A(z)|| < o. (3.6)
2€BR,

Our goal is to reduce problem (3.5) to the finite-dimensional case. This
will be done in the following way: Let m,, be the projection of X onto the
fibers of A” and BT := 7, (Bg,). For each a € B we define the plane
Y/ = A% (Xa"™) with codim Y* = 1. Let us consider the factor space
Y/Yyr =Y, with dimY,’ = ;. Note that Y;7 does not depend on a € X,
due to Lemma 3.2.

We set

E,, = {(057/3)|05 € Wuk(BRo)vﬁ € Yzj;} .

A topology is here introduced by means of the neighborhood system
WU, V) ={(a,8); o€ m,(U),8€ Py (V)}

where U, V are neighborhoods in B in Y and Pyk 1Y — Y, is the projection
to the factor space Y, . The basis of the bundle is 7, (BRO), the total space
of the bundle is E,,. The projection is P,, : E,, — m,(B™), given by

P, (a,p) =a. (3.7)

The structure of the locally trivial bundle is introduced as follows. For each
oo € B we shall consider some vg-dimensional plane Zy,, contained in Y’
and transversal to Y, * := A" (X}k). Then the plane Z,, is transversal to all
planes Y * for a € U where U is some neighborhood of ay. For each o € U we
define an isomorphism J% 2,0 Zy, — Y, , namely, to every z € Z,, there
corresponds a fiber Y*(z) which is parallel to Y** and which contains the
point z and defines an element of the factor space Y, . Note that J Zyk,U(Z)
is an affine isomorphism, according to the transversality to Z,, and Y *. Let
us define the map U x Z,, — Pl,_kl(ﬁ) which is given by the trivialization in
the following way:

(a,2) — (o, J, 4 p(z) for ac U,z2€2,,.
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This trivialization depends on a,Zl,k,U . It is easy to see that different
trivialization are compatible with each other and give in F,, the structure
of the affine bundle, that is, if U and U’ are two neighborhoods in the basis
of E,,, containing the points ay, af, respectively, Z,, and ZLk are two planes
transversal to Y% and Y_F, for o € U and o/ € U' and oy € U NU’, then

J N o

!
i Ly — 4
o1,Z,,,,0 ~ To1, 2y, U0 Tk Vk

is an affine map, depending on a1 € UNU’ continuously. Since B0 is con-
tractible it follows that the bundle E,, is trivial. We define the following two
sections of E, :

sgk(oz) = Y’*NZ,,
sy () = (Y +ytnZ,.

Note that V¢ and that Y (y) := {y + Y"*} are considered as element of the
factor space Y/Y * ~ Y,r .

Now we are in the position to define the degree for A € F-QR(X,Y) in the
presence of the a priori estimate (3.2). By (3.2), all solutions of Az = y lie
in the ball Bg = {z | ||z]| < ®(||y||) = R}. Let A*® be an F-R map which
approximates A uniformly in the ball Br. Let A”* be a sequence of maps as
in Lemma 3.2.

We now consider the equation
A (x) = y with given y €Y. (3.8)

We shall seek solutions of (3.8) in Bg,, with Ry = ®(||y|| + 3J). Now, the
reduction of problem (3.8) to the finite-dimensional case can be done in the
following way.

Proposition 3.3. For sufficiently large k, finding solutions of A (xz) =y in

Bpr, is equivalent to finding solutions of the equation

s (@) = 5, ()

in my, (BRr,). Moreover, s°(a) # s(a) for a € dm,, (Br,)-

PROOF Let z € Bg, and A% (x) = y with m,, (z) = a. Then the plane Y (y)

coincides with Y2*, s0 59 (a) = s}, (o). Conversely, let s, (o) = s}, (). Hence

y € Y and so A% (x) =y for some x € X. The point =, however, might lie
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outside the ball Br,. We will show that this can not happen. Indeed, from
definition of A € F-QR(X,Y’) and the construction of the maps A" it follows
that there exists C' > 0 such that |[A%||,||(A%)7!]| < 2C for « € m,, (Br,)
and for sufficiently large k. Therefore, each pre-image of the point y under
the affine map AY* lies in the ball Bg,, where C7 = C(1 + ||y||). Recall that
we have to show that © € Bp,, where A% (z) = y. If not so, we would have
Ry < ||z|| < Cy. But then
A% (2)]| = [[Az|| = sup [|Az — A%z[| > [[y|| + 30 — & = [ly[| + 20
z€Bc,

because of (3.2), so that x could not be the pre-image of y. Hence, ||z|| < Ro,
which completes the proof. O

Thus the equation A (x) = y is reduced to the finite-dimensional case. We

now define
d(A%) = degp(s(a) — s'(a),B,0), (3.9)

where degp is the Brouwer degree. Note that d(A"*) is an integer depending
on the orientation in 7, (Bg,) or in Z,. In fact, we have no reason to prefer one
orientation in m,(Bpg,) or in Z, over another, since GL(X,Y") is connected, in
general.

Now let v, — oo and AY* — A. We will show that there exists kg > 0 such
that

|d(A"F)| = const, (3.10)
for k > ko. Assuming (3.10), we can define

Definition 3.4. d(A) = lim |d(A"*)|

k—o0

The next three lemmata will imply (3.10).

The maps A" and A"* are considered equal if and only if ur = vg, the
decomposition of X into parallel planes X4* coincides with the decomposition
X;’“ and Atk(x) = AY(x) for all z € X. Note that two F-R maps are
considered different if they have different fibers, even if they coincide as maps.

Lemma 3.5. Let the F-R-maps A*++1 which approzimate A be such that each
fiber ng“ is contained in some fiber X5* of the F-R map A**. Moreover,
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we suppose that AM+1(x) = Atk (x) in Beo,,C1 = C(1+ ||y|]). Then d(AF*) =
d(A#k+1)_

Proor. Without loss of generality one can assume that px+1 = g+ 1. Then
a= (a1,...,p,) and & = (a1,...,Q,, . 11). Let A’ and AYT1 be the
maps due to our construction in Lemma 3.2, that is, they are F-R maps which
approximate A** and A" 11 respectively, in some sufficiently large ball By in
X. To prove that d(A**) = d(A*+1) it suffices to show d(A**) = d(A¥++1).

Let us recall that corresponding locally trivial bundles E,, and E,, 4 for
A% and A"t respectively, satisfy the following conditions:

A 4 ,
Eyvj = (Uaex,, X m,, Ugey,, ,Y57) for j=0,1,
where o = (ai,...,q,,4;) are the coordinates in the original basis and
(B1,-- ., By.+j) are those in the fiber. By assumption, each plane Xg”l, with
& = (o, ..., 0 +1), lies in some plane X%k where a = (o, ..., ay, ) and so,
+1 _ Avktl +1 _
Yo, o = A8 (XGT) C Yo, = AT (XD).
Hence each plane Yg%ﬂ, is parallel to Y* and lies in some plane YO’; ’f@, parallel

to Yk. As a coordinate 5] = (61, ..., By, +j) we take intersections of the parallel
families Y/YY* and (Y/Y;* 1) with the transversal planes Zy, and Z,, 41,

respectively. Let 5°(&@) and §'(&) be sections of the bundles E,, +1. Then it
Yl/k+1

is not difficult to see that §'(&) = const = B*, since the planes {Y;*""} are

parallel to each other for different @. On the other hand, one can see from

e e YYk and the fact that Ag’“H is an affine isomorphism, that

$a) = (3(a),.... 5, (a),a(@) - a1+ b(a))
with continuous a(a) and b(e) and a(a) # 0. Let §(a) = 5°(a) — B, and
5.(a) = (5Y(a),..., 50 (a),a(@)ay, 11+ b(a)) — B« be a smooth approximation

of 3(&). Then it is clear that for each point a®) with 5(a(®)) = 0, there exists
a unique point &%) = (a¥) a,, 1) at which 5,(&*)) = 0. Hence

959 (k)
65* . Oa :
9ale=a® = [ 0...0  a(a®) |-
Vi
and so,
054 Lk 05
det (=) s a(a®) . det ()
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Hence
1% 83* ( ) v
|d(A+)| = 1) sgn det(—— | = ngndet 2 )| = |d(A)]

since a(a) # 0 for all a € m,, (BRO). This proves the lemma, since d(A"*) is
defined only up to the sign. O

Lemma 3.6. Let A\* be a series of Fredholm F-R maps defined in Be, and

continuous for t € [0,1]. Let sup ||Az — A{*z|| < 6 for all t € [0,1] where §
x€Bcq

is defined as in (3.5). Then d(A}'*) = const.

PROOF. Due to our construction, let A/*(vy > px) be an approximation of
Al'* in some sufficiently large ball. Then d(A/*) is continuous in ¢ and equals
only just integer values. O

Lemma 3.7. Let A** be a sequence of F-R maps which converges to A. Then
there exists ko > 0 such that d(A*») = d(AHe) for p > q > k.

Proor. Without loss of generality one can assume that the decomposition of
X into planes XA” is contained in the decomposition of X into planes X gq.
Let A"» be the map A*e considered as an F-R map with fibers X57. As follows
from Lemma 3.6, we have d(A*?) = d(A*4). Let us consider the family of F-R

maps
AP = (1 —t) A 4 tAM,
Due to the homotopy invariance property in Lemma 3.6, we have
d(AH?) = d(AM).
Hence,
d(Arr) = d(AM),

which proves the lemma. O

This justifies Definition 3.4.

Before proving the Borsuk-Ulam property for A € F-QR(X,Y") we still need
the following propositions. Their proofs are more or less standard and based
on both, compactness and homotopy invariance for F-R approximations. We
omit the proofs.
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Proposition 3.8. (See e.g. [2, Proposition 4.5].) Let A € F-QR(X,Y) and
suppose an a priori estimate ||x||x < ®(||Az|ly) as in (3.2). In addition
assume that d(A) # 0. Then Az =y has a solution for every y € Y.

Proposition 3.9. Let A; € F-QR(X,Y") depending continuously on t € [0, 1].
Assume moreover that an a priori estimate ||z||x < ®(||Awz|ly) holds as in

(3.2). Then d(A¢) = const.

After these preparations we finally can prove the Borsuk-Ulam property for
A € F-QR(X,Y). Indeed, let all the assumptions of Theorem 1.2 be satisfied.
Let A#% : X — Y be a sequence of F-R maps due to Definition 2.2. Because
A(—z) = — Az, one can choose A" : X — Y in such a way that A¥k(—x) =
— Atk (). Indeed, if B** is some sequence of F-R maps approximating A, then
choose A+ (z) = % (—BH(—x) + B#*(z)) which implies A#k(—z) = —AP*(x).
As a result of our construction, we obtain also that A”¢(—x) = — A"k (x). Thus
we have that the map 9 : X,, — Z,, defined by (3.7), is also odd. Hence,
d(A¥*) is odd.

As a result of Definition 3.4, we obtain that d(A) is also odd which proves
Theorem 1.2.

4. NONLINEAR RIEMANN-HILBERT PROBLEMS WITH NONSMOOTH AND
NONCOMPACT BOUNDARY DATA

This section is devoted to the global existence theorem of solutions of non-
linear Riemann-Hilbert problems, when the boundary condition is nonsmooth,
i.e. only Lipschitz continuous and going off to infinity (see below). Let us con-
sider the nonlinear Riemann-Hilbert problem

v(Ee™) = f(r,u(e™)), 0<7<2m, (4.1)

where f : [0,27) xR — R is a given real-valued function and the unknown func-
tion w(z) = u(z) + iv(z) is holomorphic in G; = {z| |z| < 1} and continuous
on the closure Gy. Write v, = {(u,v)|v — f(7,u) = 0} for every fixed 7. The
family of curves ~; is called the boundary data for the (RH P);. We emphasize
that most of the existing results concerning the global existence of solutions
are restricted to the case when ~; is at least C'!' and depends ”smoothly” on
T (see [3, 8, 9] and references therein). The first global existence result for
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nonsmooth boundary conditions goes back to M.A. Efendiev in [2] for com-
pact boundary data (see also [5, 7]). Here we present an existence theorem
for solutions of the nonlinear Riemann-Hilbert problem (4.1) for noncompact
data which is based on the Borsuk-Ulam property of a quasiruled Fredholm
mapping. We impose the following restrictions on the boundary conditions

v = {wv)lv— f(r,u) =0} (42)

Conditions 4.1. Let the function f(1,u) satisfy:

a) f(r+42m,u) = f(r,u) for all (T,u) ER X R
b) f(Ta _u) = —f(T, u)

c) f(r,u) is Lipschitz with respect to both arguments (T, u).

Let C%(S') be the standard Holder space of periodic functions with some
a € (0,1) and 9t be a set of Holder continuous solutions of the nonlinear
(RHP); for some a € (0,1).

Our main result is the following theorem.

Theorem 4.2. Let the family of curves 7y, defined by (4.1) satisfy Conditions
4.1. Then M # ¢. Moreover, if in addition to Conditions 4.1, supp f €
(=R, R) for all (T,u) then either

a) M = {const| |const| > R}
or
b) for all non constant w € 9 there holds ||w(z)||r~ < R.

PrOOF. Case 1: We consider first the case, when supp f C (—R, R) and
f(1,u) satisfies Conditions 4.1. Let f.(7,u) be a smooth approximation of f,
such that

a) supp f- C [-R,R]

b) f&(Ta —U) = _fa(Ta U)
c) ]%fs\ < M and |%=| < M for all (r,u)

T ou

with M independent of €. The existence of such approximations f; is evident
since f can be approximated by the use of a sequence of mollifiers.

Given fc(7,u), we consider the nonlinear Riemann-Hilbert problem

v(eT) = fe(rule), (4.3)
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for the unknown holomorphic function w(z) = u(z)+iv(z) in G1 = {z| |z| < 1}
which is continuous. Note that (4.3) is equivalent to the following family of

nonlinear singular integral equations

AAﬁu = 0, (4.4)

where

(Areu)(€T) = (Hu)(e'T) + A~ fe(r,u(e), (4.5)

for every fixed A € R! where H is the Hilbert transform introduced in Section
2.

We denote by 9. the set of solutions of this nonlinear (RHP).. As a
consequence of the main result in [3, Theorem3.1|, we obtain either M. =
{const| |const| > R} or any nonconstant solution we(z) = us(z) + ivs(z) of
(RH P). satisfies an a priori estimate |[we||s(g1) < C with s > 2 and where C
does not depend on e. Taking into account that A . € F-QR(H*(S'), H*(S),
for every fixed A and e, we conclude that the degree d(A).) for A . is well-
defined. Note that A, is odd, hence d(Agp.) # 0 which yields existence of
at least one solution w.(z) of (RHP).. Due to embedding results there holds
we(eT) € C*(S1) for some a € (0,1). It remains to use convergence argu-
ments. Indeed, due to the a priori estimate ||w:||ce < C' (uniformly with
respect to £) and due to Montel’s theorem, there exists a subsequence We; (2)
which converges to some w(z) = ug(2) + ivo(z) uniformly on every compact
subset K C Gy. Moreover, since w, are uniformly Holder continuous on S,
the subsequence we,(z) is uniformly Hélder continuous on Gi. Hence, wo(2)
is also Holder continuous on G;. We now show that wg(z) € 9. Indeed, let

v = {w = u + | dist(w,~;) < 8}

It is obvious that w.,(e™) € closinty? for all § > 0, since |[we, ||~ < R.
Hence

We; (re'™) € clos inty* (4.6)

for all /o < 7 < 1 and for some 0 < rg < 1 since the family {w.,(2)} is
uniformly Holder continuous on Gp. Then it follows from (4.6) that wo(re'”) €
clos inty? for r € (rg,1). Sending r — 1 we obtain wo(e’™) € clos inty? for
every 0 > 0. Hence, wo(e'") € Ns=oclos inty® = ~,. This proves Theorem 4.2
in the case supp f € (—R, R).
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Remark 4.1. Our arguments are not valid for closed boundary data. For
example, consider v, = vy = {|w| = 1} and wy(z) = 2™. In the above proof
we essentially used the fact that intw‘; is simply-connected, which is not the
case, when ~; is defined by closed boundary data.

General case: Let the given function f(7,u) satisfy Conditions 4.1. Note
that in this case we cannot use the arguments of [3] and we need a different
approach. As in the previous case, let f.(7,u) be some smooth approximation
of f(7,u) which satisfies the following conditions:

1) f. € C=(S x R),

2) fe(r,—u) = = fe(7, u),

3) %\ < M and ]%JE] < M, for all (1,u) € (S x R) uniformly with

respect to €.

The existence of such approximations again is evident. We begin again with
the nonlinear (RH P),, that is

v(e™) = fo(r,u(e)) (RHP).

for the unknown holomorphic function w(z) = u(z) + iv(z) in G, continuous
in Gy. First of all we derive an a priori estimate for solutions of (}%)5
Note that due to the smoothness of f.(7,u), the solutions of w® := u® + v°®
of (}?IET_J/D)E (if they exist) are also smooth (see[3],[8],[9]). Therefore one can
differentiate the boundary conditions (I?IEITD)‘E with respect to the angular
coordinate 7 € [0,27). As a result we obtain

€ e
T Ou

ov

az(e)ie = + b (e )ie' 5 = ce(e'm) (4.4)
where
T 8f€ U eiT T T . AT afE iT
as(e') = —(au()) be(e'") :=1, c.(e'7) := —ie o (1, u(e')).
dwe

Thus, for w.(z) := iz%= we obtain a "quasi-linear RHP” of the form (4.4).
Taking into account the estimate ||ac||fee + ||be||roc + ||ce||ne < M, we obtain
that 0,w® := 0,u® + i0,v° can be extended holomorphically into G; and
vanishes at the origin. Note that, due to Conditions 4.1 the functions ¢, :=
arg(ac + be) satisfy [[pc|[ < g5 for some p > 1 uniformly. Using explicit
expressions for the solutions of the linear (RHP) (see [8, 9]) we obtain the

uniform Ly-estimate ||0,w*||, < C. Taking into account that the initial values
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for w® do not depend on ¢, we obtain that the solutions w.(z) are uniformly
bounded in W)} (if they exist). Since W, is compactly embedded in C*(S!) for
0<a<l- %, we obtain also a uniform a priori estimate for w.(z) in C*(S?).
Using regularity results (see [3, 8, 9] and exploiting for the odd operator

(Acou)(e) = (Hu)(e) = fe(r,ul(e'))

the Borsuk-Ulam property, we find the existence of a Holder continuous solu-
tion we(2) = u:(z) +iv-(2) of the nonlinear (RHP) (4.1). As in case 1, we can
select a sequence €; — 0 so that the corresponding solutions ng(z) converge
to a function wy € C*(S') which satisfies the original boundary condition.
This proves Theorem 4.2. O
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