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1. INTRODUCTION

Let X be a real Banach space with norm |.| and K C X be a closed cone
of X. The goal of this paper is to establish sufficient conditions for the exis-
tence of nonnegative solutions (i.e., with values in K) to the nonlinear integral

equation .
u(t) = / k(t,s) F (u)(s)ds, t€0,T] (1.1)
0

where k : [0,7] x [0,7] — R and F : C([0,7];X) — C([0,T];X) is an
operator. The main tool is Krasnoselskii’s compression-expansion fixed point
theorem. This technique has been extensively applied in the literature to
scalar equations, when X = R, see [1, 2, 3, 5, 6, 8, 9, 10, 12] and references
therein. In this paper, for the first time by our knowledge, Krasnoselskii’s
Theorem is used to discuss nonlinear integral equations in Banach spaces.

Our existence theorems extend to equations in ordered Banach spaces previous
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results established for scalar equations by Meehan and O’Regan [9] and Erbe
and Wang [3].
Let us recall Krasnoselskii’s compression-expansion fixed point theorem.

Theorem 1.1. [7] Let (E, |.|) be a Banach space, and let C' C E be a cone
in E. Assume that Q1, Qg are open subsets of E with 0 € Qq and Q1 C Qo,
and let N : C'N (ﬁg \ Ql) — C' be a completely continuous operator such that
either

(i) IN(w)] < |u|, we CNoIY and |N(u)| > |u|, ue CNINg; or

(ii) IN(u)| > |u|, ve CNIQ and |N(u)| < |u|, u e CNIN.

Then N has a fized point in C' N (ﬁg \ Ql).

Basic facts about ordered Banach spaces can be found in [4] and [11]. Here
we just recall a few of them. Any cone C in E induces a partial order on E.
Thus, z < y if and only if y — 2 € C. We say that the norm |.| is increasing
with respect to C' if |z| < |y| whenever 0 < z < y.

We seek solutions of (1.1) in the space C ([0,T]; X) of all continuous func-
tions from [0,7] to X, which are nonnegative in the sense that their values
belong to the cone K. Hence by a nonnegative solution of (1.1) we mean a
function v € C ([0,T]; K) satisfying (1.1). Here

C(0,7T) K) ={ueC(0,T]; X) s u(t) € K, t € [0,T]}.
Notice C ([0, T]; K) is a cone of C' ([0, 7] ; X) and if the norm of X is increasing
with respect to K, then so is the norm |.|  with respect to C ([0,T]; K') , where

|ul oo = maxyepo,ry |u (t)] -

2. MAIN RESULT

To establish the existence of a solution w in C'([0,7]; K) of the integral
equation (1.1) we introduce the following conditions:

(H1) For each t € [0,T], ky = k (¢,.) € L' (0,T;R4) and the map t — k; is
continuous from [0, 7] to L' (0,T);

(H2) There exists 4 € (0,1), x € L' (0,T) and an interval [a,b] C [0,7],
a < b, such that

kE(t,s) < k(s),te€][0,T], a.e. s€[0,T]; and
pr(s) < k(ts), telad], ae se€l0,T];
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(H3) F : C(]0,T);K) — C([0,T];K) and there exists ¢ : K — K such
that
¢ () < F(u)(t), t€a,b]
whenever u € C ([0,T];K), z € K and x < wu (t) for all ¢ € [a, b];
(H4) There exists a > 0 such that

(0}

sup fOTk‘(t,s) ds
t€[0,T]

for all t € [0,7] and w € C ([0,T]; K) with |u| = a;
(H5) There exists 8 > 0, 8 # « and t* € [0,T] such that

| (u) (8)] <

b
iﬁﬂwwhweKwﬂzwﬂ/kﬁﬂ$@26;

(H6) The operator N defined by N (u) (t) = fOT k(t,s) F (u)(s)ds is com-
pletely continuous from C ([0,7]; K) to C ([0,T]; X) .

Theorem 2.1. If (H1)-(H6) are satisfied, then (1.1) has at least one solution
ue C([0,T]; K) such that

put) <u(t') fortel0,T], t' € la,b]
and either 0 < a < |u| < Bifa<Bor0< B < |ul, SaifB<a.
Proof. Assume a < 3. To apply Krasnoselskii’s Theorem let
E=C([0,T];X),
C={ueC(0,T);K): pu(t)<u(t) for t € [0,T],t € [a,b]}
and let Q1 and Q9 be given by
01 = {ue C(0,7]:X): Jul, < a}
Qo ={ueC([0,T];X) : |ul,, <B}.
From (H1), (H3) and (H6) we have that N maps C ([0,7]; K) into itself and

is completely continuous.
Moreover, if u € C([0,T];K),t € [0,T] and ¢’ € [a,b], then from (H3) we
have

T T
,uN(u)(t)Su/O ﬁ(s)F(u)(s)dsg/O k(t',s) F (u)(s)ds = N (u) (')

Consequently, N : C — C and N is completely continuous.
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Now we prove that condition (i) in Krasnoselskii’s Theorem holds. Let
u e CNoQ. Then uw € C([0,7]; K) and |u|,, = a. Using (H4) we deduce
that

T
N (u) (8)] < /0 k(t,s)|F (u) ()| ds < a

for all ¢ € [0,7]. Hence |N (u)|,, < o = |u|,, that is (i) holds.

Next we show that (ii) is satisfied. Let u € CNIQe. Thenu € C ([0,T]; K),
lulo = B and pu(t) < w(t’) for all t € [0,7] and ¢’ € [a,b]. In particular,
pu(to) <wu(t') for all t’ € [a,b] and tg € [0,T] with |u (to)| = |u|, - Now (H3)
implies that ¢ (pu (tg)) < F (u) (s) on [a,b]. Then

T
N () = /0 k(£ 5) F (u) (5) ds

b
> g (nuto) / k(1" 5) ds

and since |.| is increasing with respect to K, we deduce that

b
IN () ()] > |6 (e (t0))] / k(1" 5) ds.

This together with (H5) guarantees that |V (u)|,, > B = |u|,, . Thus (ii) also
holds.
Therefore, Krasnoselskii’s Theorem applies. O

Remark 2.1. Multiple solutions to equation (1.1) are guaranteed by Theorem
2.1 if the nonlinearity F' satisfies assumptions (H3)-(H5) for several disjoint
intervals [«, 5] (or [B, a]).

In particular, Theorem 2.1 yields the following existence result for the ab-
stract integral equation

T
u(t) = /0 k(t,s) f(u(s))ds, tel0,T]. (2.1)

Theorem 2.2. Assume (H1), (H2) hold and there exists t* € [0,T] with
e = fabk:(t*,s) ds > 0. In addition assume that f : K — K is completely
continuous and increasing with respect to K, there exists o > 0 such that

[f (2)] <

(2.2)
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for all x € K with |z| < o, and

@)l 1 @l 03

lim ——~— > — or lim .
jz[—0  |z| pe* |z o0 |2 pe*

Then (2.1) has at least one non-zero solution in C ([0,T]; K).

Proof. Obviously (H3) is true with ¢ (x) = f (x) and (H4) is implied by (2.2).
If the first inequality in (2.3) holds, then there is § > 0 such that |f (z)| >
|| < 0. Now (H5) is true if we choose any 0 < # < % with
0 <o If the second inequality in (2.3) is true, then we may find a 6 > 0 with
If ()] > ua* |z| for |x| > 4. So (H5) holds for any 5 > é with 8 > a. Thus
Theorem 2.1 applies. 0

Remark 2.2. In case that both inequalities in (2.3) hold, the existence of two
non-zero solutions u; and ug is guaranteed, with 0 < |u1| < a < |ug|

Theorem 2.2 immediately yields existence results for two point boundary
value problems in Banach spaces.
As an example, we can extend to abstract equations the results from [3]

concerning the problem

u” (1) + () (u(®) =0, 0<t<1
Au(0) B (0) =0 (2.4
Cul(l )+Du (1) =

Theorem 2.3. Assume g € C([0,1];R+), ¢(t) >0 on (0,1) and A, B, C,
D e Ry and CB+ AC + AD > 0. In addition assume that f: K — K is
completely continuous, increasing with respect to K and
lim I @)l =0 and lim 1L @) = 00. (2.5)
el—0 |z el 00 ||

Then (2.4) has at least one non-zero solution in C ([0,1]; K).

Proof. In this case k = G, the Green’s function for the boundary value problem

—u"=h, 0<t<1
Au(0)—Bu/ (0) =0
Cu(l)+Du'(1)=0

and [a,b] = [1, 2] (see [3]). Also, the first equality in (2.5) implies that for

every € > 0, there exists . > 0 such that |f (z)| < e|z| for |z| < d.. Now take
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I S
sup f()l G(t,s)ds
t€[0,1]

equality in (2.5) guarantees the second inequality in (2.3). Thus Theorem 2.2

e=¢gy = and a = 0, to obtain (2.2). Furthermore, the second

applies. O

REFERENCES

[1] R. Agarwal, M. Meehan, D. O’Regan and R. Precup, Location of nonnegative solutions
for differential equation on finite and semi-infinite intervals, Dynamic Systems Appl.
12 (3-4) (2003), 323-341.

[2] L. H. Erbe, S. Hu and H. Wang, Multiple positive solutions of some boundary value
problems, J. Math. Anal. Appl., 184 (1994), 640-648.

[3] L. H. Erbe and H. Wang, On the existence of positive solutions of ordinary differential
equations, Proc. Amer. Math. Soc., 120 (1994), 743-748.

[4] D. Guo, V. Lakshmikantham and X. Liu, Nonlinear Integral Equation in Abstract
Spaces, Kluwer Academic Publishers, Dordrecht-Boston-London, 1996.

[5] A. Horvat-Marc, Nonnegative solutions for boundary value problem, Bul. Stiint. Univ.
Baia Mare, Ser. B, Mat.-Inf., 18 (2002), no. 2, 223-228.

[6] G. L. Karakostas and P. Ch. Tsamatos, Multiple positive solutions of some Fredholm
integral equations arisen from nonlocal boundary-value problems, Electron. J. Differential
Equations, 2002 (2002), no. 30, 1-17.

[7] M. A. Krasnoselskii, Positive Solutions of Operator Equations, Noordhoff, Groningen,
1964.

[8] W. Lian, F. Wong and C. Yeh, On the existence of positive solutions of nonlinear second
order differential equations, Proc. Amer. Math. Soc., 124 (1996), 1117-1126.

[9] M. Meehan and D. O’Regan, Multiple nonnegative solutions of nonlinear integral equa-
tion on compact and semi-infinite intervals, Applicable Analysis, 74 (2000), 413-427.

[10] D. O’'Regan and R. Precup, Theorems of Leray-Schauder Type and Applications, Gordon
and Breach, Amsterdam, 2001.

[11] R. Precup, Methods in Nonlinear Integral Equations, Kluwer Academic Publishers,
Dordrecht-Boston-London, 2002.

[12] J. Sun, H. Huo and W. Li, Positive solutions to singular nonlinear three point boundary
value problems, Dynamic Systems Appl., 12 (3-4) (2003), 275-283.



