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Abstract. Using a classical result on linear differential inequalities are established some results for
Riccati inequality and the second order linear differential inequality.

1. INTRODUCTION

In [3], [4], [5] are given some operatorial inequalities and some applications to
differential inequalities. All this results use the monotonicity of an operator and
this fact implies various conditions on the coefficients of the considered differential
inequality. E. Zeidler [6] gives also an operatorial inequality for a continuous, linear,
positive operator with spectral radius less than one. The goal of this paper is to
obtain some inequalities for the solutions of Riccati inequality and the second order
linear differential inequality using a classical results for the first order differential
inequality. This method implies few conditions on the coefficients of the inequality
but the inequality has a locally character.

2. MAIN RESULTS

The following best known lemma will be used in the sequel.

Lemma 1. [1] Let zg,yo be real numbers I = [xg,+00) and a,b € C(I). Suppose
that y € C1(I) satisfies the following inequality
(1) y'(2) < a(x)y(z) +b(x), = >0, Y(20) = Yo.

Then

2)  yla) <yoexp (/m:a(t)dt) + /w b(s) exp (/:a(t)dt) ds, > .

If the converse inequality holds in (1), then the converse inequality holds in (2) too.

First we consider Riccati inequality.

Theorem 1. Let g,y be real numbers, I = [xg,+00) and f,g,h € C(I) be such
that f(x) > 0 for all x > x¢ and the Cauchy problem

(3) y' = f2)y* + g(x)y + h(z), y(zo) =To. yeC'()
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has a unique solution denoted by § in an interval Iy = [xo, 1), 21 € R.
If y € CY(I) satisfies the following inequality

(4) Y < f@)y? 4+ g@)y+ h(z), y(xo) =0, Yo < Tos

then there exists an interval Iy = [xg,z2), T2 € R, such that

) ) <900+ |t ([ etar) = [ sess ([ ctoar) as

for all x € Iy, where c = —2fy —g.

If the converse inequality holds in (4) with yo > Y, then the converse inequality
holds in (5) too.

Proof. Let y be a solution of the inequality (4). We have y(z¢) — 7(zo) < 0, so
there exists an interval J' = [z, x}), 2§, € R, such that y(x) —y(z) < 0 for all z € J'.
Putting

-1

(6) y:y—k%, 2e O, az) <0, meld,
in the inequality (4) we get
(7) 2+ (f(2)g(z) + g(x)z + f(z) 2 0

and using Lemma 1 we obtain

(8) +(2) > 2 exp ( /x c(t)dt) _ / I F(5) exp ( / ’ c(t)dt) ds

where ¢ = —2fy — g and 29 = 2(z0) = (yo — Yo) -
The right hand of the relation (8) is negative because f(z) > 0 for z € I so there
exists an interval J"” = [xo,z(), 2( € R, where z(z) < 0 for = € J”. Putting

(9) L=nnJnJ’
we obtain by (6) and (8)

(10)  y(z) = y(z) + L/o i% exp (/;: c(t)dt) — /mj f(s)exp (/j C(t)dt) dS] B

for all x € I5. The converse inequality results analogously.
Corollary 1. If the conditions of Theorem 1 are satisfied then

(11) y(x) <y(z), =€

or

y(x) 2 y(x), =€z
if the converse inequality holds in (4) with yo > Y.
Proof. It follows from (10) taking account that the second term of the right hand
is negative.
In the sequel we deal with the linear differential inequality of the second order.
Theorem 2. Let I = [xg,+00) be a real interval and p,q € C(I). If y € C*(1)
satisfies the following inequality

(12) y' +p@)y +q@)y <0, yl@o) =yo, ¥ (z0) =y wyo#0
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and Y is the unique solution of the Cauchy problem

(13) Y+ @)y +ql@)y =0, yxo)=wo, ¥'(x0) =710,
then there exists an interval I) = [xg, 1), v1 € R, such that
(14) y(r) <y(x), =€l

If the converse inequality holds in (12) then the converse inequality holds in (14).

Proof. By the continuity of 7 and yg # 0 it results that there exists an interval
I = [x9,71), 71 € R, such that (x) # 0 for all z € I;.

Suppose that yg > 0 and F(x) > 0 for all € I;. Let y be a solution of (12) and
let z be defined by

@,
The inequality (12) becomes

(16) ()" + (27 (2) + p(2)y(2))z' <0, we by,

and denoting z' = u we obtain

(17) Y(@)u' + (27 (x) + p(2)g(z))u <0, € L.
Denoting

_ 2 @) +p@)yle)

(18) a(z) = ) , el

we get

(19) u'(z) < a(z)u(x), =€,

and taking account of Lemma 1 it results

(20) u(z) < u(xo) exp (/ﬂf a(t)dt) , wel.
o "(20)¥(wo) — y(w0)Y'(z0)
— () = LA\F0)Y To) — YiTo)Y (To) _
u(zo) = 2'(o) @(@0))? 0

and in view of (20) we have z/(z) < 0 for every x € I;. The function z is decreasing
on Iy, hence

(1) ue) (M) g e,
y(xo)
which is equivalent with y(z) < g(z) for every x € I.
Now if yg < 0 we have y(x) < 0 for every x € I; and the function z and u defined
by (15) satisfy
(22) W' (2) > alz)u(z), =€,

where a is given by (18). From Lemma 1 we get

(23) ulz) > ulzo) exp < /

a@ﬁ)& zel,

0
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so the function z is increasing on I;. It results

(24) ,L(I) > g(%) =1, ze€l,
y(x) ~ Y(zo)
and since 7 is negative on I; we have
(25) y(z) <y(z), xe€l.
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