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Abstract. Let us consider the following equation:
(1) z(t) — az(t — h) + Bx(t) + ayz(t — h) = 0.

Our main purpose is to obtain necessary and sufficient conditions for oscillation of all solutions
of (1) where «, 8,7 and h > 0.
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1. INTRODUCTION

Electrical networks containing loss less transmission lines arise, for instance, in
high speed computers, where such lines are used to interconnect switching circuits
(see [2], [11]). Since these networks can exhibit oscillatory behavior, it is naturally to
seek conditions guaranteeing oscillations of all solutions of the modelling equation.

In this paper we consider a particular circuit consisting of a loss less transmission
line terminated by lumped circuits, one of which is nonlinear, with a volt-ampere
characteristic ¢ = g(v). This circuit is described in [1,8] and the modelling partial
differential network equations

L%:—%, C%z—%, O<z<l, t>0
with boundary conditions
ov(1,t)

B~ v(0,t) - Ri(0,1) = 0.0

—i(1,0) — f(v(1,1))
are derived and reduced to a single difference-differential equation of neutral type
1 1
Cr+ Kl — 1]+ (L =)0 - K (2 +9)mie—1) =

= —f(n(t) = Kf(n(t—h) (NDDE)
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where 11 = v(z,t) at z = 1, vy = v(z,t) at * = 0, z = \/g,h = 2VLC,K =
R—z  df(w)
R + z 9= dVO

As in the theory of ordinary differential equations it is important to analyze the
characteristic equation of the system linearized around the equilibrium solution. In
our case the linearized equation is

1 1
L) =Clin(t)+ Kon(t—h)]+ (z — g) r(t)— K <z +g> vi(t—h) =0(LDDE)
and the characteristic equation, obtained by substituting v; = e*, X is complex, into
L) =0is g\ =X—ale M+ 3+ aye =0 (CE)
1-— 1
where « = —K > 0,0 = 9% _ 1tee

> 0,y =
(LDDE) in the form
We note such conditions (in terms of the characteristic equation) have been ob-
tained in [3]-]7], [9], [10], [12] and in the papers cited there. The cited authors consider
neutral equations different from and not including the Brayton’s equation (1).

> 0. Denoting 11 = = we study

2. PRELIMINARIES

We say the function z(t) is a solution of equation (1) provided there exists o € R
such that x € C([top — h,00), R),z(t) — ax(t — h) is continuously differentiable for
t > to and (1) holds for ¢t > tg. A continuous function is said to be oscillatory if it
has arbitrarily large zeros; otherwise it is said to be non-oscillatory. A non-oscillatory
two times differentiable function y(¢) is said to be Iy - function if yy' < 0,yy” >
O,tlirglo y(t) = tlgrolo y'(t) = 0 and it is said to be I - function if yy' > 0,4y" >
0, lim |y(H)] = lim [y/(t)] = oc.

t—oo t—o0

In this section we establish some lemmas which will be used in the proof of our
main result.

Lemma 1 Let z(t) be a solution of (1) and a,b,¢c € R. Then each one of the
t—c 00
functions x(t — a),/ x(s)ds,/ x(s)ds is a solution of (1).
¢

t—b
The conclusion is a direct consequence of the linearity and homogeneous of (1).

Lemma 2 Let z(t) be a non-oscillatory solution of (1). Then there exists a non-
oscillatory solution w(t) of (1) which is either Iy-function or I.-function.
Proof. Without loss of generality z(¢) can be considered eventually positive. Set

t

(2) u(t) = z(t) —ax(t—h)+ 3 - x(s)ds

¢
and w(t) = u(t) —au(t—h)+ u(s)ds. By Lemma 1 u(t) and w(t) are solutions

t—h
of (1). Since

(3) a(t) = (t) — ad(t — h) + Ba(t) — Ba(t — h) = —(ay + B)z(t — h) < 0
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then u(t) is decreasing and thus either tlim u(t) = —oo or tlim u(t) =1 € R. But
— 00 —00

4)  w(t) =a(t) —au(t — h) + pu(t) — Bu(t — h) = —(ay + B)u(t — h)

and
(5) O(t) = —(ay + B)u(t — h) > 0.

In the case when tlg]él() u(t) = —oo it follows that EI?O w(t) = oo and hence w(t) > 0,
ie. ww > 0. In view of (5) we have ww > 0 and thus w(t) is an Io-function.

In the case when t1l>Holo u(t) =1 # 0via (4) we get tlim [u(t)—au(t—h)] = —(ay+3)l
and then [(1—a) = tlirglo[u(t) —au(t—h)] = _2: ; i g , which is a contradiction.

Thus tlim u(t) = 0.But @(t) < 0 and then u(t) > 0 and w(t) < 0. By definition of
— 00
w(t) it follows tlim w(t) = 0 and by (5) we obtain that w(t) is an Ip-function. The

proof is complete.

Lemma 3 Let x(t) be a non-oscillatory solution of (1). Then:

a) If z(t) is an Ip-function then there exists a non-oscillatory solution wu(t) of (1)
+

which is an Iy-function and /\(u) ={A>0:4+ <0} #0;
b) If z(t) is an I -function then there exists a non-oscillatory solution v(t) of (1)

which is an I..-function and /\(1/) ={A>0: -0+ <0} #£0.

Proof. Without any loss of generality x(t) can be considered eventually positive.

a) Define u(t) by (2). According to Lemma 1 u(t) is a solution of (1) and from the
proof of Lemma 2 u(t) is an lp-function. From (2) we get

u(t) < z(t) + hBz(t —h) < (1 + hB)z(t — h)
and using (3) we obtain

+
o e

0 =u(t)+(B+ay)z(t—h) > u(t)—I—fIh;u(t), ie. ﬁ + oy /\ /\(u) #0

b) Define v(t) = —u(t). According to Lemma 1 V( ) is a solution of (1). In view of
(3) we have v(t) = (8 + ay)z(t —h) > 0,0(t) = (B + ay)z(t —h) > 0 and hence, v(t)
is an I-function. From (2) we have
v(t) < az(t — h) and using (3) we get

0= =i(t) + (5 + ama(t = 1) > =i(t) + Tt i 0 < T2 € Aw) =

/\(1/) # () which proves the lemma.

Lemma 4 Let z(t) be a non-oscillatory solution of (1). Then:

a) If z(t) is an Iy-function then A" (z) # 0 and 2(t) > az(t — h);

b) If z(¢) is an I.o-function then A~ (z) # 0 and z(¢) < (o + 1)z(t — h).
Proof. Without loss of generality x(¢) can be considered eventually positive.
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a) From (1) we have 0 > @(t) + Bz(t) + aya(t — h) > &(t) + (8 + ay)z(t) and thus
+
/\(m) # O(A = B+ avy). Again from (1) we have 0 > (t) — az(t — h) and integrating
from ¢ to oo we get —ax(t — h) > —x(t) since tlim x(t) = 0. Then z(t) > ax(t — h).

b) Now from (1) we have 0 > —a&(t — h) + Bx(t) > —ai(t) + Bx(t) and thus

/\(m) £ 0\ = g > 0). Again from (1) we have 0 > %(t) — a(t — h) and integrating
from t—h to t we get ax(t—h)—ax(t—2h) > x(t) —x(t—h), i.e. z(t) < (a+1)z(t—h).
This proves the lemma.

Lemma 5 a) If z(¢) is an lp-function and x(t) > Mx(t — h) for some M,h > 0
then the solution Ag > 0 of the equation e *** = M is an upper bound of /\+(x);

b) If x(t) is an I.-function and z(t) < Maz(t — h) for some M,h > 0 then the
solution \g > 0 of the equation e*” = M is an upper bound of A~ ().

The proof is the same as the proof of Lemma 5 [7].

3. MAIN RESULTS

THEOREM 1 Necessary and sufficient condition for existence at least one non-
oscillatory solution of equation (1) is that its characteristic equation (CE) has a real
root.

Proof. Sufficiency. Assume (CE) has a real root A\. Then we directly check that
x(t) = eM is a solution of (1), which is non-oscillatory.

Necessity. Assume, conversely, that there exists a non-oscillatory solution of equa-
tion (1) and, for the sake of contradiction, (CE) has no real roots. Then g(X) # 0 for
any A € R. But /\li_}ngo g(A\) = oo thus /\irel%q()\) =m >01ie ¢(A) >mand ¢(—\) >m

which is equivalent to

(6) At are™™ —pg—aye ™ < —m
and
(7) A —are™ — 3 —ayeh < —m

According to Lemma 2 (1) also has a non-oscillatory solution x(t) which is either
Ip-function or I-function. Without any loss of generality we can suppose x(t) > 0
for t > t1 > tg. We consider two cases:

+
a) The case where z(t) is an Ip-function. According to Lemma 4 /\(x) # () and
+
x(t) > ax(t —h). Then according to Lemma 5 /\(:r) is bounded above by Ag > 0

+
non-depending on z. Let \ € /\(x) and consider the function

(8) u(t) = z(t) — ax(t — h) + /too x(s)ds.
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According to Lemma 1 u(t) is a solution of (1) and according to Lemma 3 u(t) is

+
an Ip-function. Denote by ¢(t) = e*x(t) for A € /\(a:) with A > X. We will show

+ +
1
A+mq € /\(u) where my; = m/N; for Ny = 1—|—§ > 0. Since \ € /\(x) we obtain (t)
is non-increasing. Integrating z(t) + Az(t) < 0 from ¢ to co and using tlim z(t)=0
we get —x(t) + /\/ x(s)ds < 0.
t
On the one hand side via (8), (1), definition of ¢(¢) and (7) we get

u(t) + Mu(t) = —ayx(t — h) — Bz(t) — z(t) + A {x(t) —ax(t—h)+ / x(s)ds} <
¢

< e Mop(t) [—cwe)‘h B+ A= Aae)‘h] < —ma(t).

On the other hand side from (8) in view of definition of ¢(t) we have

) < e = 5 [ el - [T e ulas] <

1
<eMot)(1+ 1)< Nyx(t).
Then < )
w(t) + (A 4+ my)u(t) < —ma(t) + miNiz(t) = (—m +myNy)z(t) =0

+
ie. w(t) + (A 4+ mq)u(t) <0 and hence A +m; € /\(u)

+

Now set xg =z, 21 = Txg = u,x9 =Tx1,...,2n = Txp_1,n € N. Thus /\(x) =
+ + +
/\(xo) and for A € /\(xo) we have A +m; € /\(xl) and after n steps we obtain

Jr
A+nmy € /\(xn),n €N,
+

which is a contradiction since Ay is a common upper bound for all /\(xn) This

completes the proof in case a).

b) The case where z(t) is an I-function. According to Lemma 4 /\(m) # () and
z(t) < (a+1)xz(t—h). Then according to Lemma 5 /\(x) is bounded above by A\g > 0

non-depending on x. Let A € /\(x) Consider the function

t—h
) u(t) = —a(t) + aa(t — h) +/ 2(s)ds,t > 11 > to+ h.

to

According to Lemma 1 v(t) is a solution of (1) and according to Lemma 3 v(t) is
an
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Io-function. Denote by ¢(t) = e x(t), for A € /\(x) and A > A\. We will show

N m 1\
A+ mo 6/\(1/) where my = Fz for Ny = <a+)\) e 2,

Since A € /\(x) we obtain ¢(t) is non-decreasing. Integrating —(t) + A\z(t) < 0

t—h
from ¢y to t — h we get 0 > —x(t — h) + x(to) + )\/ x(s)ds > —x(t — h) +
t—h o
)\/ x(s)ds.

t
(311 the one hand side

to

to to
t—h
= eMp(s) [ih / eMp(s)ds < e Mp(t — h)
to
and then
t—h oAb

v(t) = —e’\tgo(t)—l—ae’\t_}‘hgo(t—h)—l—/ eMo(s)ds < eMp(t—h) (ae"\h + /\> <

to
Noero(t — h).

On the other hand side
t—h

() +Av(t) = —ayz(t—h)—Bz(t)—x(t—h)—A [x(t) —ax(t—h) — / x(s)ds] <

< —(ay — aN)eM Mot — h) — (B+ Neop(t) <
<eMp(t—h) [—aye M — B— XA+ Aae M| <
< —me*p(t — h)
via (9), (1), definition of ¢(t) and (6). Then
—(t)+A+ma)v(t) < —meMo(t—h)+moNoeMp(t—h) = (—m—+maNy)eMp(t—h) =0

ie.  —v(t)+ (A +m2)r(t) <0 and hence A + my € /\(y) As in the case a) we are
led to contradiction.
The proof of the theorem is complete.

THEOREM 2 Necessary and sufficient condition for oscillation of all solutions of
equation (1) is that its characteristic equation (CE) has no real roots.

Proof. Sufficiency. Assume (CE) has no real roots. If there exists a non-oscillatory
solution of equation (1) then by Theorem1 we directly see (CE) has a real root, which
is a contradiction.
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Necessity. Let all solutions of equation (1) be oscillatory. Assume, conversely, that
the characteristic equation (CE) has a real root. Then z(t) = e* is a solution of (1),
which is non-oscillatory. This contradiction proves the theorem.

4. CONCLUSIONS AND EXAMPLES

Now we obtain sufficient conditions in terms of the coefficients and arguments only
for the oscillation of solutions of (1). The advantage of working with such conditions
rather than the characteristic equation (CE) is that the said conditions are explicit,
while determining whether or not a real root to (CE) exists is a problem in itself.

1

COROLLARY 11f f +o7y > 5

is an Ip-function.

Proof. Assume, conversely, that there exists a non-oscillatory solution z(t) which
is an Ip-function. Without any loss of generality we suppose z(t) > 0 for t > t; > tg.
According to the proof Lemma 4 z(t) > ax(t — h) and according to Lemma 5 Ay =
1 +
h

1
In — then (1) has no non-oscillatory solution, which
et

+
1
lna is an upper bound of the set /\(a:) Then A > X\ for any \ € /\(Jj) which
+
contradicts to the condition of Corollary 1 for A = 8+ avy € /\(x) The corollary is

just proved.

=)

COROLLARY 2 If

is an I,.-function.
The proof is similar to the proof of Corollary 1 and we omit it.

1
o > 7 In(1+ «) then (1) has no non-oscillatory solution, which

REMARK. It is easy to see that if there exists a bounded non-oscillatory solution
of (1) this solution is an Iy-function and if there exists a unbounded non-oscillatory
solution of (1) this solution is an I-function. Consequently, if there do not exist non-
oscillatory solutions of (1), which are either I, - or Iy- functions, then all solutions
of (1) oscillate.

EXAMPLE. Consider equation (LDDE) in the case where z = 25 ohms, C' = 10
p.f., g = .01 mho., h = 500 n.s., R = 5.4 (3.5) ohms. Then § = .003,7 = .005,a =
648(.754).

1
Since h(B8 + ay) = 3.12(3.36) and In — = .3186(.2820) the condition of Corollary
!
1 holds and according to this corollary equation (1) has no non-oscillatory solutions,
h
which are Iy-functions. But hB = 2.3148(1.9893) and In(1 + o) = .4994(.5618) and
o

according to Corollary 2 equation (1) has no non-oscillatory solutions, which are I.-
functions. So, according to Remark, all solutions of equation (1) are oscillatory, which
confirmed the Brayton’s result [3].
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