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1 Introduction

In the last 25 years the Difference Equations Theory has been developed very much.
An important problem in the study of difference equations is the problem of the global
stability and the oscillatory nature of the solutions. Many results in this area has been
obtained by C.W. Clark [1], R. DeValt, G. Dial, V.L. Kocic, G. Ladas [2], E. Janowski,
V.L. Kocic, G. Ladas [3], V.L. Kocic and G. Ladas [4], G. Papaschinopoulos, C.J.
Schinas [7] and many other. The most used technique to obtain the behavior of the
solutions is the study of semicycles.

In this paper we present another technique to obtain the global asymptotic sta-
bility for the solutions of difference equations using the fixed point theory and Picard
operators from the point of view of a result obtained by I. A Rus in [8]. Also, we
present some examples of difference equations for which we can apply this technique.

2 Global asymptotic stability and Picard operators

First we begin with some basic definitions.
Let X be a nonempty set and A : X — X an operator. We note by:
PX)={YCX|Y#0}
Fy:={x € X| A(z) =z} - the fixed points set of A.

Definition 2.1 (I.A. Rus [11]). Let (X,d) be a metric space. An operator A: X —
X is a (uniformly) Picard operator if there exists x* € X such that:
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(¢) Fa={z"},
(b) the sequence (A"(x)), oy converges (uniformly) to x*, for all x € X.

For examples of Picard operators see I.A. Rus [10], [12], [11], [13].
In this paper we study the existence, uniqueness and global asymptotic stability
for the k order nonlinear difference equation

mn+k:f(xn7~--;xn+k—l)a nENv (1)
with initial values zo,...,zx_1 € X, where (X, d) is a metric space and f : X* — X.

Definition 2.2 An element z* € X is a fized point of the operator f iff

Definition 2.3 If x* € X is a fized point for f then the constant sequence generated
by x* is an equilibrium solution for the difference equation (1).

Definition 2.4 An equilibrium solution x* € X is a global asymptotically stable rel-
atively to the set X if for all solutions (x,,), oy C X for the difference equation (1) we
have:

T, —x* for mn— oo.

Remark 2.1 If the difference equation (1) has a global asymptotically stable equilib-
rium solution then this equilibrium solution is unique.

We are interested to find conditions on operator f implying that the difference
equation (1) has a global asymptotically stable equilibrium solution. We can consider

the operator
Af : Xk — Xk,
(o, -y Tk—1) — (1, .-, Th—1, [ (Toy -+, Tp—1))

(2)

and we have the following relation between the global asymptotic stability and Picard
operators.

Theorem 2.1 (I.A. Rus [8]) The difference equation (1) has an unique global asymp-
totically stable equilibrium solution relatively to the set X if and only if the operator
Ay, defined by (2), is a Picard operator.

3 Fixed point theorems

In this section of the paper we give a fixed point result which ensure that the operator
Ay, defined by (2), is a Picard operator.

Theorem 3.1 (I.A. Rus [9], M.A. Serban [15]) Let (X, d) be a complete metric space,
f:XF =X andg: Ri — R such that:
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(i) ¢ is a (c)-comparison function k dimensional;
(i1) for all zg, ..., xK—1,2K € X we have
d(f(wo,...,xp-1), f(@1,...,20)) S @ (d(zo,21), ..., d(Tk—1,Tk)) ;
(i11) for all r € Ry we have
©(r,0,...,0) +©(0,7,0,...,0) + ... +©(0,...,0,7) < @(r,...,7).
Then:

(a) the operator Ay, defined by (2), is a Picard operator;

(b) we have the estimation

n

k

d(zn,a?) <k- > wlEl (@) 2
1=0

1—a’
where (1,,),,cy 95 any solution of (1), dy = max {d(z;,ziy1)} and Y : Ry —
i=0,k—1
R,
(r) = (r....r).

Theorem 3.2 (M.A. Serban [15]) Let (X,d) be a complete metric space and f :
Xk — X such that:

o k
(i) there exist ¢; € Ry, i = 1,k, with o« = ) ¢; < 1 such that
i=1

1=

k
d(f (@), f@) < Zqz‘d(wuyi),

for all® = (z1,...,21), ¥= (Y1,-.., ) € XE.
Then:

(a) the operator Ay, defined by (2), is a Picard operator;
(b) we have the estimation

al#]

1—«

d(zp,x*) <k-dy-

)

where (), cy s any solution of (1) and dy = max {d (zs,i11)};
i=0,k—1

(c) operator f is continuous in (z*,...,x*) € X*.
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4 Applications to some difference equations

As a first example we consider the difference equation
Ttk =G -MaxX{Tp,...,Tnip—1}+0 (3)

where a,b € R and we give a simplified proof of global asymptotic stability for the
equilibrium solution of difference equation (3), than the proof of H. Sedaghat [14],
based on Theorem 2.1.

Lemma 4.1 For xg,...,x, € Ry we have the inequality:
[max {20, .., @x—1} — max {ar, ..., axH < max{lwo — @1, 51 — axl} .

Proof. This inequality means the there exits j € {0,...,k — 1} such that

|max {zo,...,x5—1} —max{xi,...,zx}| <|z; —x41].
We denote by
mi :maX{J?O,...,l'k_l},
mo = max {xy,...,2Tx}

and we suppose that for all j € {0,...,k — 1} we have
) — @ja] < [ma —mal, (4)
which implies that m; # msy. Thus we have the following cases:

Case 1. my > mg = max {max{x1,..., 251}, 2t} then m; > max{zy,...,z5_1} which
implies that m; = x¢ and therefore from (4), we obtain:

o —x1 < xo — Mo < Tg — T1,
which is a contradiction.

Case 2. my > m; = max {zg, max {«1,...,25_1}} then my > max {z1,...,25_1} which
implies that moe = x and therefore from (4), we obtain:

T — Tp—1 < T — M1 < T — Th—1,
which is a new contradiction and thus the lemma is proved.[]

Theorem 4.1 Let a € [0;1] and b € Ry then

is the unique global asymptotically stable equilibrium solution relative to Ry for the
difference equation (3) and we have the estimation

al®]

— ~max {|xg — z1|,. .., |xk—1 — zk|},

for any xg,...,x5—1 € Ry
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Proof. The fact that x* = % is the unique equilibrium for the difference

equation (3) can be obtained solving the equation:
x =ax+b.

The uniqueness and global asymptotic stability is obtained from Theorem 3.2
considering the complete metric space X = (R+, dH) and

fi Xk - X,
f(zoy...,x—1) = a -max{xg,...,z_1}+ 0.
Using Lemma 4.1 we deduce
If (zoy. . yxr—1) — f(x1,...,2x)| = a|max {zg, ..., 2x—1} — max{z1,..., 21} <
<a-max{|zg—z1|,...,|Tk-1 — x|}

and, therefore, all the conditions of Theorem 3.2 are satisfied.[]
The second example is a difference equation which arise from the study of the
population dynamics
Tpa1 — @y + brp_p =0, (5)

equation which was studied by C.W Clark [1], S.A. Kuruklis [5], S.A. Levin and R.M.
May [6].
Theorem 4.2 Let a,b € R such that

la| +1b] < 1

then the difference equation (5) has a unique global asymptotically stable equilibrium
solution relative to R and we have the estimation:

(o] + [o)F]

— rfl < 1) -

-max {|zg — z1|, ..., Tk — Tpt1]},

for all zq, ...,z € R.
Proof. We consider the Banach space X = (R, |-|) and
frXMT X,
f(xzo,...,zK) = axg — bxo.
For all (zq,...,2k), (Yo,...,yr) € X*! we have:
|f (@05 s wk) = f (yos - yw)l = lal - ok =y + [b] - [20 — ol -

Because |a| + |b| < 1 we are, again, in conditions of the Theorem 3.2 which implies
that operator Ay, defined by (2), is a Picard operator and therefore from the Theorem
2.1 we deduce the global asymptotic stability for the unique equilibrium solution.[]
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For the third example we consider the nonlinear difference equation system:

_ Yn
{ Tn41 : j"‘ $;;p (6)
Yn+1 = + Un—q
where p,q € N. This system was studied by G. Papaschinopoulos and C.J. Schinas
in [7] proving the global asymptotic stability for the unique equilibrium solution for
A > 1. From the point of view of Theorem 3.2 and Theorem 2.1 we obtain the

following result.
Theorem 4.3 For A > 3£/5 —1.745355993 then
Zr=(1+A,1+A4)

is the unique global asymptotically stable equilibrium solution relative to X = [A; B] x
[A; B] for the difference equations system (6) where

A2
B ;A — A
x|
and we have the estimations:

o)
0 (2n,2%) < 1~ = -max {0 (20,21),.--,0 (2p, 2pt1)}» for p>gq,

% a[qil
§(zn,2") < 1o -max {0 (20, 21),...,0 (2, 2g+1)}, for q>p,

where o = % + % and 0 is the metric on the space X = [A; B] x [A; B] defined by
6 (21, 22) = max {|z1 — @2, [y — v2|}
for all zy = (x1,y1) , 22 = (x2,12) € X.

Proof. It is obvious that the metric space (X, d) is complete. We have to study
two cases:

Case 1. ¢<p

In this case we define
f = (fl?f?) : Xp+1 - Xa

I (200--002p) = (AJFZP’AJF%)

0 Yp—q

and for all zp,..., 2, € X we have:

B B
< < — —
(A7A)7f(2’0, azp)<A+ A’A—’_ A>a
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but
B 2
A+—<B<+<= B>
1= S
and therefore f (X,..., X) C X.
With this notation the system (6) can be written
Zn+p+l = f(ZTH <3 Rntp—qy - '7Zn+17) :
For all z,..., %p, Z0,...,%p € X we have:
Z 7)< 22 7 ! b, <
[f1(z0, -+ 2p) = f1(Z0, - )| < ——— - |wo — Zo| + — + [yp — Up| <
ToXo o
B . 1 -
SE'|xO_xO|+Z'|yp_yp|v
|f2 (20,5 2p) = f2 (0, 2p)| < o = Tpl + ———  Yp—q — Up—ql <

Yp—q Yp—qYp—q
- B -
A |zp — Zp| + a2 [Yp—q — Tp—ql »
and we obtain

6(f (ZOa'"’Zp)’f(é()?""zp)) < % 'Hl&X{(S (Z0720)75(ZP—Q’2P—(1)}+ % 5('21)7211)

For this case we consider the function

P Rﬁ"_l — Ry

B
o (ro,...,mp) = E~max{r0,rp_q}+z T

which is a (c)-comparison function p+1 dimensional. From Theorem 3.1 we obtain
that operator Ay : XpP+l — XPF1 defined by (2), is a Picard operator and there-

fore from the Theorem 2.1 we deduce the global asymptotic stability for the unique
equilibrium solution.

Case 2. ¢ >p

In this case we define
f=(f1.f2) : X = X,

fzo,...,2¢) = (AJr Ya 7Aerq).
Lg—p Yo

The invariance property of the set X to the operator f is also true in this case. Thus,
the system (6) can be written in following form:

Zn+p+l = f (ZTH*;qu? sy Rny e 7Z’rL+P) :
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For all z,..., %p, Z0,...,%p € X we have:

‘fl (ZOa“'an)_fl (203"'72q)| S

g - .
- '|xq*p_xq*p|+x |Yg — Gql <

Tq—pTg—p q—p
B . 1 _
< Az |Tq—p — Tq—p| + A 1Yg — Fql

- - 1 - Tq -

|f2 (2055 2¢) = f2 (Zo, -+, 2g)| < — - |wg — Zg| + —— - |yo — To| <
Yo YoYo

1 . B -

SZ'qu_qu|+ﬁ'|y0_yO|,

and we deduce:

- 5 B . 5 1 -
6 (f (205 -+52p) s f (20,04, 2p)) < el max {6 (20, 20) , 6 (2g—p; Zg—p) } + 25 (2q,Zq) -
In this case we consider the function

P Rf'l — Ry

B 1
@ (1r0y...,1rq) = yel -max {ro,rq—p} + 2T
which is a (c)-comparison function ¢ + 1 dimensional. From Theorem 3.1 we obtain
that operator Ay : X9+l — X9+l defined by (2), is a Picard operator and there-
fore from the Theorem 2.1 we deduce the global asymptotic stability for the unique
equilibrium solution.[]J

References

[1] C.W. Clark, A delay-recruitment model of population dynamics, with application
to baleen whale population, J. Math. Biol., 3 (1976),381-391.

[2] R. DeValt, G. Dial, V.L. Kocic, G. Ladas, Global behavior of z,1 = ax, +
f(@n,xn_1), Journal of Difference Equations and Applications, 3 (1998), 311-
330.

[3] E. Janowski, V.L. Kocic, G. Ladas, G. Tzanetopoulos, Global behavior of so-
lutions of x,4+1 = [max {xﬁ,A}] /Tpn_1, Journal of Difference Equations and
Applications, 3 (1998), 297-310.

[4] V.L. Kocic and G. Ladas, Global Asymptotic Behavior of Nonlinear Difference
Equations of Higher Order with Applications, Kluwer Academic Publisher, Dor-
drecht, 1993.

[5] S.A. Kuruklis, The asymtotic stability of x,, 11 — ax, + bxn_, = 0, J. of Math.
Analysis and Appl., 188 (1994),719-731.



(6]

Global asymptotic stability 95

S.A. Levin, R.M. May, A note on difference-delay equation, Theoret. Popul. Biol.,
9 (1976),178-187.

G. Papaschinopoulos, C.J. Schinas, On a system of two nonlinear difference equa-
tions, J. of Math. Analysis and Appl., 219 (1998), 415-426.

I. A. Rus, An abstract point of view in the nonlinear difference equation, Proc. of
the Conf. on Analysis, Functional Equations and Convexity, Cluj-Napoca, 15-16
Oct. 1999, 272-276.

I.A. Rus, An iterative method for the solution of the equation z = f (z,...,x),
L’Anal. Num. et La Theory de L’App., Tome 10, No. 1, 1981, 95-100.

I. A. Rus, Fiber Picard operators and applications, Mathematica, Cluj-Napoca,
1999.

1. A. Rus, Picard operators and applications, ” Babesg-Bolyai” Univ., Cluj-Napoca,
1996.

I. A. Rus, Generalized ¢—contraction, Mathematica, 24 (1982), 175-178.
I. A. Rus, Generalized contraction, Seminar on Fixed Point Theory, 1983, 1-130.

H. Sedaghat, General permanence conditions for nonlinear difference equations
higher order, J. of Math. Analysis and Appl., 213 (1997),46-510.

M.A. Serban, The fixed point theory for the operators on cartesian product, Ph.D.
Thesis (Romanian), ”Babeg-Bolyai” Univ., Cluj-Napoca, 2000.



