
Laboratory 3: Variational Calculus. Extremals
Find the extremals for the following integral functionals:

1. Euler-Lagrange Equation:

(a) I[y] =
Z 1

0

(y0(x)2 + y0(x) + 1)dx; y(0) = 1; y(1) = 2

(b) I[y] =
Z e

1

(xy0(x)2 � 2y0(x))dx; y(1) = 1; y(e) = 2

(c) I[y] =
Z 2

1

(y0(x)2 � xy0(x)� y(x))dx; y(1) = 3; y(2) = 4

(d) I[y] =
Z 2

1

y0(x)2

x
dx; y(1) = 1; y(2) = 2:

2. Euler-Lagrange System:

(a)

8<: I[y; z] =
R �=2
0
(y0(x)2 + z0(x)2 + 2y(x)z(x))dx;

y(0) = z(0) = 0; y(�=2) = 1; z(�=2) = �1

(b)

8<: I[y; z] =
R 3
2
(xy0(x) + z0(x)2 + xy0(x)z0(x))dx

y(2) = ln 3; y(3) = ln 3; z(2) = � ln 2; z(3) = 0

(c)

8<: I[y; z] =
R �=2
0
(2y(x)z(x)� 2y(x)2 + y0(x)2 � z0(x)2)dx

y(0) = 1; y(�=2) = 1; z(0) = 1; z(�=2) = 1:

3. Euler-Poisson Equation:

(a)

8<: I[y] =
R 1
0
(y00(x)2 � 2y00(x)ex)dx;

y(0) = 0; y0(0) = 0; y(1) = 2; y0(1) = 1

(b)

8><>:
I[y] =

R �
p
2

2

0
(2y(x)y0(x)� 2y(x)2 � y0(x)2 + y00(x)2)dx;

y(0) = 0; y0(0) = 0; y(�
p
2

2
) = 0; y0(�

p
2

2
) = 0

(c)

8<: I[y] =
R 1
0
(4y00(x)2 + y0(x)2 + x2y(x))dx;

y(0) = 1; y0(0) = �3; y(1) = 1
24
; y0(1) = 7
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