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0(x)-PRECONTINUITY

CHAWALIT BOONPOK

Abstract. This paper is concerned with the notion of 6(x)-precontinuous func-
tions. Some characterizations of 6(*)-precontinuous functions are investigated.
Moreover, the relationships between 6(x)-precontinuous functions and weakly
*-precontinuous functions are discussed.
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1. INTRODUCTION

The concept of continuity is one of the most important tools for the study
in topological spaces and different forms of generalizations of continuity have
been introduced and investigated. As weak forms of continuity in topological
spaces, weak continuity [12], quasi continuity [I3], semi-continuity [I1] and
almost continuity in the sense of Husain [7] are well-known. In [I4], almost
continuity is called precontinuity by Mashhour et al. Nasef and Noiri [15] intro-
duced a new class of functions called almost precontinuous functions. The class
of almost precontinuity is a generalization of precontinuity [14]. Jafari and
Noiri [§] investigated the further properties of almost precontinuous functions.
Jankovi¢ [9] introduced almost weak continuity as a weak form of precontinu-
ity. Popa and Noiri [I§] introduced weak precontinuity and showed that almost
weak continuity is equivalent to weak precontinuity. Paul and Bhattacharyya
[T7] called weakly precontinuous functions quasi-precontinuous and obtained
the further properties of quasi-precontinuity. Noiri [16] introduced a new class
of functions called #-precontinuous functions which is contained in the class
of weakly precontinuous functions and contains the class of almost precon-
tinuous functions and showed that the @-precontinuous image of a p-closed
space is quasi H-closed. The concept of ideals in topological spaces, which
is one of the important areas of research in the branch of mathematics, has
been introduced and studied by Kuratowski [I0] and Vaidyanathaswamy [19].
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Jankovié¢ and Hamlett [9] introduced the notion of .#-open sets in ideal topolo-
gial spaces. Abd El-Monsef et al. [I] further investigated .#-open sets and .#-
continuous functions. Later, several authors studied ideal topological spaces
giving several convenient definitions. Some authors obtained decompositions
of continuity. For instance, A¢ikgoz et al. [3] introduced and investigated the
notions of weakly-.#-continuous and weak*-.#-continuous functions in ideal
topological spaces. Yiiksel et al. [21] introduced a new type of functions called
strongly 6-pre-continuous functions and investigated some characterizations of
such functions. In [20], the present authors introduced a strong form in ideal
topological spaces of weak 6-pre-continuity called weak 6-pre-.#-continuity
and shown that weak 6-pre-#-continuity is strictly weaker than strong 6-pre-
#-continuity. In this paper, we introduce the notion of 6(x)-precontinuous
functions and investigate some characterizations of 6(x)-precontinuous func-
tions. Furthermore, the relationships between 6(*)-precontinuous functions
and weakly *-precontinuous functions are discussed.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 7) and (Y, o) (or simply X and Y))
always mean topological spaces on which no separation axioms are assumed
unless explicitly stated. In a topological space (X, 7), the closure and the
interior of any subset A of X will denoted by CI(A) and Int(A), respectively.
An ideal .# on a topological space (X, 7) is a nonempty collection of subsets
of X satisfying the following properties: (1) A € .# and B C A imply B € .,
(2) Ae # and B € .# imply AU B € .#. A topological space (X, 7) with an
ideal .# on X is called an ideal topological space and is denoted by (X, 7, .%).
For an ideal topological space (X, 7,.#) and a subset A of X, A*(.#) is defined
as follows:

AN (SI)={z € X :UN A ¢ .# foreveryopenneighbourhood U of z}.

In case there is no chance for confusion, A*(.#) is simply written as A*. In
[10], A* is called the local function of A with respect to .# and 7 and CI*(A) =
A*U A defines a Kuratowski closure operator for a topology 7*(.#) finer than
7, generated by the base (., 7) ={U —I' |U € 7 and I' € .#}. However,
PB(S, 1) is not always a topology [19]. A subset A of an ideal topological
space (X, 7,.#) is said to be *-closed [9] if A* C A. The interior of a subset A
in (X,7*(#)) is denoted by Int*(A).

DEFINITION 2.1. A subset A of an ideal topological space (X, 7,.#) is said
to be:

(i) pre-#-open [] if A C Int(CI*(
(ii) semi-#-open [6] if A C CI*(Int
(iii) R-#-open [5] if A = Int(ClI*(A

N
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By p#O(X) (resp. sZ0(X), rZ0O(X)), we denote the family of all pre-
J-open (resp. semi-#-open, R-.#-open) sets of an ideal topological space
(X,7,.9).

The complement of a pre-.#-open (resp. semi-#-open, R-.#-open) set is
called pre-.#-closed (resp. semi-.#-closed, R-.#-closed).

DEFINITION 2.2 ([23]). Let A be a subset of an ideal topological space
(X,7,.7).
(i) The intersection of all pre-.#-closed sets of X containing A is called
the pre-#-closure of A and is denoted by pCl(A).
(ii) The union of all pre-.#-open sets of X contained in A is called the
pre-J -interior of A and is denoted by piInt(A).

LEMMA 2.3 ([23]). For a subset A of an ideal topological space (X, T,.7),
the following properties hold:
(1) x € ;mCI(A) if and only if UNA £ 0 for every pre-¥ -open set U of X
containing x;
(2) A is pre-#-closed if and only if A = mCI(A);
(3) mCl(X — A) = X — punt(A);
(4) peInt(X — A) = X — mCI(A).

LEMMA 2.4. For a subset A of an ideal topological space (X,T,.%), the
following properties hold:
(1) mCl(A) = AU Cl(Int*(A)) [21];
(2) pInt(A) = AN Int(CI*(A)).

DEFINITION 2.5 ([21]). Let (X, 7, .#) be an ideal topological space and A C
X. A point x of X is called a pre-0-.%-cluster point of A if mClU)NA £ 0
for every pre-.#-open set U of X containing z. The set of all pre-6-.#-cluster
points of A is called the pre-0-.% -closure of A and is denoted by piCly(A).

DEFINITION 2.6 ([24]). Let (X,7,.#) be an ideal topological space, S a
subset of X and z a point of X.

(i) x is called a §--cluster point of S if Int(CI*(U)) NS # () for each
open neighbourhood of z.
(ii) The family of all §-.#-cluster point of S is called the §-.#-closure of S
and is denoted by JCl #(S).
(iii) A subset S is said to be §-.#-closed if §Cl4(S) = S. The complement
of a §-#- closed set of X is said to be §-.-open.

LEMMA 2.7 ([24]). For subsets A and B of an ideal topological space (X,
TY), the following properties hold:
1) Int(CI*(A)) is R-¥ -open.
2) If A and B are R-%-open, then AN B is R-%-open.
3) If A is regular open, then it is R-.% -open.
4) If A is R-7-open, then it is 0-% -open.

N SN AN N
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(5) Ewvery §-% -open set is the union of a family of R-%-open sets.

LEMMA 2.8 ([24]). For subsets A and B of an ideal topological space (X,
T.%), the following properties hold:
(1) AC6Cly(A).
(2) If AC B, then 6Cly(A) C 6Cly(B).
(3) 6Cly(A)=N{F C X |AC F and F is 06— —closed }.
(4) If Fy is 6- - closed set of X for each a € V, then N{F, | o € V} is
0-F -closed.
(5) 0Clys(A) is §-F-closed.

DEFINITION 2.9 ([2I]). Let A be a subset of an ideal topological space
(X,7,.7). A point x € X is called a 0-.7-cluster point of A if CI*(U)NA # ()
for every U € 7 containing x.The set of all 8-.#-cluster points of A is called
the -7 -closure of A and is denoted by Clg,(A).

DEFINITION 2.10 ([2]). Let A be a subset of an ideal topological space
(X,7,#). Apoint z € X is called a pre-# -0-cluster point of Aif ppiCl(U)NA #
() for every pre-.#-open set U of X containing x. The set of all pre-.#-6-cluster
points of A is called the pre-#-0-closure of A and is denoted by piClp(A).

DEFINITION 2.11 ([2]). Let A be a subset of an ideal topological space
(X,7,#). A point z € X is called a pre-#-0-interior point of A if there exists
a pre-#-open set U of X containing x such that z € mClL(U) C A. The set
of all pre-.#-6-interior points of A is called the pre-.#-0-interior of A and is
denoted by piIntg(A).

LEMMA 2.12 ([20]). For subsets A and B of an ideal topological space
(X, 7,.7), the following properties hold:
(1) prCly(pClg(A)) = prCly(A).
(2) If A C B, then piCly(A) C miCly(B).
(3) prIntg(X — A) = X — piCly(A).
(4) pClp(X — A) = X — mlnty(A).

3. CHARACTERIZATIONS OF 6(x)-PRECONTINUOUS FUNCTIONS

In this section, we introduce the notion of 6(x)-precontinuous functions.
Moreover, we discuss some characterizations of 6(*)-precontinuous functions.

DEFINITION 3.1. A function f: (X,7,.%) = (Y,0, #) is said to be 0(x)-
precontinuous if for each x € X and each open set V of Y containing f(x),
there exists a pre-#-open set U of X containing x such that f(pClL(U)) C
Cr (V).

THEOREM 3.2. For a function f : (X,7,.%) — (Y,0, %), the following
properties are equivalent:

(1) f is O(%)-precontinuous;
(2) pClg(f~Y(B)) C f~Y(Clg,(B)) for every subset B of Y;
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(3) f(mClL(A)) C Cly,(f(A)) for every subset A of X.

Proof. (1) = (2): Let B be any subset of Y. Suppose that x ¢ f~1(Cly,(B)).
Then f(z) ¢ Clg,(B) and there exists an open set V' containing f(z) such
that CI*(V) N B = (). Since f is 6(x)-precontinuous, there exists a pre-.#-
open set U of X containing = such that f(pCl(U)) C CI*(V). Therefore,
we have f(mCL(U)) N B = () and mCl(U) N f~Y(B) = 0. This shows that
v & piClo(f~1(B)). Thus, piCly(f1(B)) € £~ (Clo(B)).

(2) = (1): Let z € X and let V be an open set of Y containing f(z). Since
CIr(V)n (Y —=CI*(V)) =0, f(z) & Clg,(Y — CI*(V)) and

x & f7H(Clg,(Y — CI*(V))).
By (2), x &€ mCla(f~1(Y — CI*(V))) and there exists a pre-.#-open set U of X
containing x such that pC1(U) N f~H(Y — CI*(V)) = 0; hence f(pCL(U)) C

CI*(V). Consequently, we obtain f is 6(x)-precontinuous.
(2) = (3): Let A be any subset of X. By (2),

mClg(A) C piCly(f(f(A))) € FH(Clau(F(4)))

and hence f(piCl(A)) C Clg,(f(A)).
(3) = (2): Let B be any subset of Y. By (3), we have

F(rCly(f~1(B))) € Cla,(£(f7(B))) S Clou(B)
and hence piClp(f~1(B)) C f~1(Cly,(B)). O

THEOREM 3.3. A function f: (X,1,.7) = (Y,0, _#) is 0(x)-precontinuous
if and only if f=1(V) C plnty(f~1(CI*(V))) for every open set V of Y.

Proof. Let V be an open set of Y and let z € f~1(V). Then f(x) € V and
there exists a pre-#-open set U of X containing x such that

f(mClU)) C CI*(V).

Therefore, x € U C mClU) C f~ (Cl*( )). Thus, 2 € pulnty(f~1(CI*(V))).
It follows that f~1(V) C pulnty(f~1(CI*(V))).

Conversely, let x € X and let V be an open set of Y contaimng f(z). By
the hypothesis, f~1(V) C pulnty(f~1(CI*(V))) and = € palnty(f~L1(CI*(V))).
There exists a pre-#-open set U of X containing x such that pCl(U) C
S7HCI(V)) and hence f(pCl(U)) C CI*(V). This shows that f is 6()-

precontinuous.

O
LEMMA 3.4 ([22]). Let (X, 7,.7) be an ideal topological space and A, B C X.
Then CI*(A) x CI*(B) C CI*(A x B).

THEOREM 3.5. Let (X, 7,.7) and (Y,0, #) be ideal topological spaces. Let
f: X =Y bea function and h : X — X XY the graph function of f defined
by h(z) = (x, f(z)) for each x € X. Then h is O(x)-precontinuous if and only
if [ is 0(%)-precontinuous.
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Proof. Suppose that h is 0(%)-precontinuous. Let z € X and let V' be an
open set of Y containing f(z). Then X x V is an open set of X XY containing
h(z). Since h is O(x)-precontinuous, there exists a pre-.#-open set U of X
containing x such that h(p:Cl(U)) C CI*(X x V). It follows Lemma [3.4] that
CI*(X x V) C X x CI*(V) and hence f(mCl(U)) C CI*(V). This show that f
is 0(*)-precontinuous.

Conversely, suppose that f is 6(x)-precontinuous. Let z € X and let W be
an open set of X xY containing h(x), there exist opensets Uy C X and V C Y
such that h(z) = (x, f(x)) € Uy xV C W. Since f is (*)-precontinuous, there
exists a pre-#-open set Uy of X containing x such that f(piCl(Usz)) C CI*(V).
Let U = Uy NUs, then U is pre-.#-open set of X containing x. Therefore, we
obtain h(pmCl(U)) C CI*(Uy) x f(mCl(Uz)) C CI*(Uy) x CI*(V) C CI*(W).
This shows that h is 6(x)-precontinuous. O

For a subset A of an ideal topological space (X, 7,.#), we denote by 7|, the
relative topology on A and &, = {ANI"|I' € #} is an ideal on A.

LEMMA 3.6 ([23]). Let (X, 7,.7) be an ideal topological space and let A and
Xo be subsets of X.
(1) If A€ pO(X) and Xp € s70(X), then AN Xy € pfO(Xop).
(2) If A€ pFO(Xo) and Xo € pFO(X), then A € pIO(X).

LEMMA 3.7 ([23]). Let (X, 1,.%) be an ideal topological space and A C Xy C
X and piClx,(A) denote the pre-7-closure of A in Xo.
(1) If Xg € s.£0(X), then mCly,(A) C mCL(A).
(2) If A€ pFO(Xo) and Xo € pFO(X), then mCl(A) C piClx, (A).

TueoOREM 3.8. If f : (X,7,.) — (Y,0, F) is O(x)-precontinuous and
G € sJO(X), then the restriction fi, : (G,7,,7;) = (Y0, 7) is 0(x)-
precontinuous.

Proof. Let x € X and let V be an open set of Y containing f(z), there
exists a pre-.#-open set U of X containing x such that f(pCl(U)) C CI*(V),
since f is O(x)-precontinuous. Put Uy = U N G, then by Lemma and
Uy € pZO(G) containing x and piClg(Up) € piCl(Uy). Therefore, we obtain
fie @Clg(Uo)) = f(mCla(Uo)) € f(pCLU)) C CI*(V)). This shows that f|,
is 0(*)-precontinuous. O

THEOREM 3.9. A function f: (X,7,7) = (Y,0, _7) is 0(x)-precontinuous
if for each x € X, there exists a pre-%-open set G of X containing x such
that the restriction fi., : (G, 7,,4,) — (Y,0, #) is 0(x)-precontinuous.

Proof. Let € X and let V' be an open set of Y containing f(z). There
exists a pre-.#-open set GG of X containing x such that

fie (G,T|G,ﬂc) — (Y,0, 7)
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is O(*)-precontinuous. Thus, there exists a pre-.#-open set U of G containing
z such that f|.(pClg(U)) € CI*(V). By Lemma and U is a pre-.#-
open set of X containing = such that piCl(U) C mClg(U). Hence, we have
f(pCLU)) = fi,(mCLU)) C fi,,(;Clg(U)) € CI*(V). This shows that f|, is
6 (x)-precontinuous. O

DEFINITION 3.10. A subset K of an ideal topological space (X, 7, .#) is said
to be p(x)-closed (resp. H(*)-closed) relative to X if for each cover

(Vo aeV)

of K by pre-Z-open sets of X, there exists finite subset Vy of V such that
K CU{mCl(Vy) | @ € V} (resp. K CU{CI*(V,) | « € V}).

THEOREM 3.11. If f : (X, 7,.9) — (Y, 0, Z) is a O(x)-precontinuos function
and K is p(*)-closed relative to X, then f(K) is quasi H(*)-closed relative to
Y.

Proof. Suppose that f: (X,7, %) = (Y,0, #) is 0(x)-precontinuos and K
is p(*)-closed relative to X. Let {V,, | a € V} be a cover of f(K) by open sets
of Y. For each z € K, there exists a(r) € V such that f(z) € V(). Since f
is O(%)-precontinuos, there exists a pre--#-open set U, of X containing x such
that f(pCl(Us,)) € CI*(Vyz)). The family {U, | z € K} is a cover of K by
pre-.#-open sets of X and hence there exists a finite subset K of K such that
K C UzeropCl(Uy). Therefore, we obtain f(K) C Uzer,Cl*(Vy (). This
shows that f(K) is quasi H(x)-closed relative to Y. O

COROLLARY 3.12. If f : (X,7,.7) — (Y,0, 7) is a 0(x)-precontinuos sur-
jection and X is p(*)-closed relative to X, then'Y is quasi H(*)-closed relative
toY.

Next, we introduce the notion of almost *-precontinuous functions. More-
over, several characterizations of almost x-precontinuous functions are dis-
cussed.

DEFINITION 3.13. A function f : (X,7,.9) — (Y,0, ) is called almost
*-precontinuous if for each € X and each R-_Z-open set V' of Y containing
f(z), there exists a pre-#-open set U of X containing z such that f(U) C V.

THEOREM 3.14. For a function f : (X,7,.7) = (Y,0, #), the following
properties are equivalent:

(1) f is almost x-precontinuous;

(2) for each x € X and each open set V of Y containing f(x), there exists
a pre-¥ -open set U of X containing x such that f(U) C Int(CI*(V));

(3) f~X(F) is pre-F-closed in X for every R-_# -closed set F of Y ;

(4) f~X(V) is pre-#-open in X for every R-_# -open set V of Y.

Proof. The proof is obvious and is thus omitted. O
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THEOREM 3.15. For a function f : (X,7,.7) = (Y,0, #), the following
properties are equivalent:

(1) f is almost x-precontinuous;

(2) (pol(A)) C 0Cl #(f(A)) for every subset A of X;

(3) pol( Y(B)) € f71(6C1 #(B)) for every subset B of Y ;

@) f ( ) is pre-.# -closed in X for every 0-_# -closed set F' of Y;
(5) f ) is pre--#-open in X for every §-_Z -open set V of Y.

4
Proof. (1) = (2): Let A be any subset of X. By Lemma [2.§(5), we have
0Cl #(f(A)) is 6-_#-closed in Y and by Lemma (5)
0Cl #(f(A)) = N{F. | Fiy is R—_# —closed, a € V},
where V is an index set. By Theorem [3.14] we have
AC US04 (F(A)) = A (Fa) | a € V)
and N{f~Y(F,) | « € V} is pre-#-closed in X. Thus,

mCl(A) C f7HOCL 4 (f(A)))

and hence f(piCl(A)) C 6Cl »(f(4)).
(2) = (3): Let B be any subset of Y. By (2), we have

FoCUf~H(B))) € 0CL 4 (f(f~1(B))) € 6CL 4+ (B)

and hence piCl(f~(B)) C f~1(0Cl »(B)).

(3) = (4): Let F be a §-_Z-closed set of Y. By (3), mCl(f~}(F)) C
JSH6CL 4 (F)) = f~1(F). Thus, f~(F) is pre-#-closed in X.

(4) = (5): This is obvious.

(5) = (1): Let V be a R-_#-open set of Y. By Lemma [2.7(4), V is 6-_#-
open in Y. By (5), we have f~1(V) is pre-#-open in X and hence by Theorem
f is almost x-precontinuous. O

DEFINITION 3.16. For a function f: (X,7,.) — (Y,0, _#), the graph
G(f) ={(z, f(x)) | x € X}

is called strongly almost x-preclosed if for each (z,y) € X x Y — G(f), there
exist a pre--#-open set U of X containing z and a R-_#-open set V of ¥V
containing y such that (U x V)N G(f) = 0.

LEMMA 3.17. A function f : (X, 7,.7) = (Y,0, _#) has the strongly almost
*-perclosed graph if and only if for each x € X andy € Y such that f(z) # vy,
there exist a pre--#-open set U of X containing v and a R-_# -open set V of
Y containing y such that f(U)NV = 0.

Proof. The proof is an immediate consequence of the above definition. [

THEOREM 3.18. If f : (X, 7,.%) = (Y,0, _#) is almost x-precontinuous and
(Y,o, 7) is Hausdorff, then G(f) is strongly almost x-preclosed.
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Proof. Suppose that (z,y) € X XY —=G(f). Theny # f(x). Since (Y, 0, 7)
is Hausdorff, there exist open sets V; and V5 in Y such that y € Vi, f(z) € V;
and V1NVa = (. Since V; and V3 are disjoint, Int(CI*(V1))NCI*(Va) = . Since
f is almost *-precontinuous, by Theorem there exists a pre-.#-open set
U of X containing z such that f(U) C CI*(V2). Thus, f(U)NInt(CI*(V1)) = 0.
It follows from Lemma that G(f) is strongly almost *-preclosed. O

As a generalization of 0(x)-precontinuous functions, we introduce the notion
of weakly %x-precontinuous functions and investigate some characterizations of
weakly *-precontinuous.

DEFINITION 3.19. A function f : (X,7,.) — (Y,0, ) is called weakly
*-precontinuous if for each x € X and each open set V of Y containing f(x),
there exists a pre-.#-open set U of X containing x such that f(U) C CI*(V).

THEOREM 3.20. For a function f : (X,7,.%) = (Y,0, #), the following
properties are equivalent:

(1) f is weakly *-precontinuous;
(2) fHV) C Int(CI*(f~Y(CI*(V)))) for every open set V of Y;
(3) f~YV) C puInt(f~L(CI*(V))) for every open set V of Y.

Proof. (1) = (2): Let V be an open set of Y and let z € f~*(V). Then
f(x) € V and by (1), there exists a pre-#-open set of X containing = such
that f(U) C CI*(V). Thus, we obtain U C f~1(CI*(V)) and hence

z € Int(CI*(f~H(CI*(V)))).

This shows that f=1(V) C Int(CI*(f~1(CI*(V)))).
(2) = (3): Let V be an open set of Y. By (2) and Lemma [2.42),

FHV) S Int(CI(f~H(CI(V)))) N f7HCI(V)) = pelnt(F 7 (CT*(V))).

(3) = (1): Let z € X and let V be an open set of Y containing f(z). By
(3), we have z € f~1(V) C punt(f~1(CI*(V))). Put U = puInt(f~1(CI*(V))),
then U is a pre-.#-open set U of X containing « and f(U) C CI*(V). This
shows that f is weakly x-precontinuous. ]

THEOREM 3.21. For a function f : (X,7,.7) = (Y,0, #), the following
properties are equivalent:

(1) f is weakly *-precontinuous;
(2) f(mCl(A)) C Cly,(f(A)) for every subset A of X;
(3) pmCL(f~1(B)) C f~Y(Clg,(B)) for every subset B of Y.

Proof. (1) = (2): Let A be any subset of X. Suppose that z € prCl(A) and
G is an open set of Y containing f(z). Since f is weakly x-precontinuous, there
there exists a pre-.#-open set U of X containing z such that f(U) C CI*(G).
Since x € piCl(A), UNA # (). Tt follows that O # f(U)Nf(A) C CI*(G)Nf(A).
Thus, CI*(G)Nf(A) # 0 and f(z) € Clg,(f(A)). This shows that f(piCl(A)) C
Clou(f(A)).
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(2) = (3): Let B be any subset of Y. By (2), we have
f(pCL(f~1(B))) C Cla,(f(f71(B))) € Cly,(B)

and hence piC1(f~1(B)) C f~(Cly,(B)).
(3) = (1): Let z € X and let V be an open set of Y containing f(z). Since

CI(V) N (Y — CI*(V)) = 0,

we have f(z) & Cly,(Y — C1*(V)) and hence = € f~(Clg,(Y — CI*(V))). By
(3), » & mCIl(f~H(Y —CI*(V))) and thus there exists a pre-.#-open set U of X
containing z such that UNf~1(Y —CI*(V)) = 0); hence f(U)N(Y —CI*(V)) = 0.
This implies that f(U) C C1*(V). Therefore, f is weakly *-precontinuous. [

THEOREM 3.22. If f : (X,71,.9) = (Y,0, 7) is 0(%)-precontinuous, then f
1s weakly x-precontinuous.

Proof. Let x € X and let V be an open set of Y containing f(x). Since
f is O(%)-precontinuous, there exists a pre-.#-open set U of X containing z
such that f(pCL(U)) C CI*(V). Thus, f(U) C CI*(V). This shows that f is
weakly *x-precontinuous. g

The converse of Theorem [3.22]is not true as shown by the following example.

EXAMPLE 3.23. Let R be the set of real numbers, 7 = {§}U{U CR |0 € U}

and 7 = {0}. Let Y = {p,q,r}, 0 = {0, {p}, {q}, {p,q}} and 7 = {0, {r}}.
Define a function f: (R,7,.%) = (Y, 0, #) as follows:

p, if x <0,
flx)y=< ¢q, if x=0,
r, if x > 0.

Then f is a weakly x-precontinuous function which is not (x)-precontinuous.

LEMMA 3.24 ([2]). An ideal topological space (X, 1,.7) is pre-#-regular if
and only if each pre-#-open neighbourhood U of x, there exists a pre-# -open
set V' containing x such that x € V. C mCI(V) C U.

THEOREM 3.25. Let (X,7,.%) be a pre-¥-reqular space. For a function
f:(X,1,.7) = (Y,0, ¢), the following properties hold:

(1) If f is weakly *-precontinuous, then f is 0(x)-precontinuous.

(2) If f is almost x-precontinuous, then f is 6(x)-precontinuous.

Proof. We prove only the first, the second being proved analogously. Sup-
pose that f is weakly x-precontinuous. Let z € X and let V' be an open set of
Y containing f(x). Then, there exists a pre-#-open set U of X containing x
such that f(U) C CI*(V). Since (X, 7,.¥) is pre-.#-regular, there exists a pre-
-open set W of X containing = such that x € W C mCl(W) C U. Therefore,
we obtain f(piCl(W)) C CI*(V'). This shows that f is 6(*)-precontinuous. [J
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LEMMA 3.26 ([24]). An ideal topological space (X, T, %) is an AZ -R space if
and only if for each x € X and each R-¥-open neighbourhood of x, there exists
a R-7 -open neighbourhood U of x such that x € U C C1*(U) C CI(U) C V.

THEOREM 3.27. Let (Y,o, #) be an A _Z-R space. If f : (X,7,.9) —
(Y, o, 7) is O(x)-precontinuous, then f is almost x-precontinuous.

Proof. Suppose that f is 0(%)-precontinuous. Let x € X and let V be a R-
_Z-open set of Y containing f(z). Since (Y,0, #) is an A_#-R space, there
exists a R-_#-open set W containing f(z) such that f(z) € W C CI*(W) C
CL(W) C V. Since f is 0(x)-precontinuous, there exists a pre-.#-open set U of
X containing = such that f(pCL({U) C CI*(W); hence f(U) C V. This shows
that f is almost x-precontinuous. O
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