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ON A GENERALIZATION OF GRADED
2-ABSORBING SUBMODULES

KHALDOUN AL-ZOUBI and SHATHA ALGHUEIRI

Abstract. Let G be a group with identity e. Let R be a G-graded commutative
ring with nonzero identity and M a graded R-module. In this paper, we introduce
the concept of graded G2-absorbing submodule as a new generalization of a
graded 2-absorbing submodule on the one hand and a generalization of a graded
primary submodule on other hand. We give a number of results concerning these
classes of graded submodules and their homogeneous components. In fact, our
objective is to investigate graded (G2-absorbing submodules, and we examine
in particular when graded submodules are graded G2-absorbing submodules.
For example, we give a characterization of graded G2-absorbing submodules.
We also study the behaviour of graded G2-absorbing submodules under graded
homomorphisms and under localization.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper all rings are commutative with identity and all mod-
ules are unitary.

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [12-15] for these basic properties and
more information on graded rings and modules.

Let G be a multiplicative group and e denote the identity element of G.
A ring R is called a graded ring (or G-graded ring) if there exist additive
subgroups R, of R indexed by the elements o € G such that R = @ ., Ra
and RyRg C Rqp for all a, 8 € G. The elements of R, are called homogeneous
of degree o and all the homogeneous elements are denoted by h(R), i.e. h(R) =
UacgRa- If r € R, then r can be written uniquely as ZaeG ro, Where r, is
called a homogeneous component of r in R,. Moreover, R, is a subring of
R and 1 € R.. Let R = @, Ra be a G-graded ring. An ideal I of R
is said to be a graded ideal if I = @ (I N Ra) := Poeqla- Let R =
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Docq Ra be a G-graded ring. A Left R-module M is said to be a graded R-
module (or G-graded R-module) if there exists a family of additive subgroups
{Ma}aca of M such that M = @ c; Mo and RoMg C Mg for all o, 3 € G.
Also if an element of M belongs to UpegM, = h(M), then it is called a
homogeneous. Note that M, is an R.-module for every a € G. So, if I =
D.cc Lo is a graded ideal of R, then I, is an R.-module for every a € G.
Let R = @,cq Ra be a G-graded ring. A submodule N of M is said to
be a graded submodule of M if N = @, (N N My) := @, cq No- In this
case, N, is called the a-component of N. Moreover, M/N becomes a G-
graded R-module with a-component (M/N), := (M, + N)/N for « € G.
Let R be a G-graded ring and S C h(R) be a multiplicatively closed subset
of R. Then the ring of fraction S™'R is a graded ring which is called the
graded ring of fractions. Indeed, ST'R = @ (S7!'R), where (S71R), =
aeG
{r/s:r € R,s €S and a = (degs) !(degr)}. Let M be a graded module
over a G-graded ring R and S C h(R) be a multiplicatively closed subset
of R. The module of fractions S~™'M over a graded ring S™'R is a graded

module which is called the module of fractions, if S™'M = @ (S7'M),
aclG
where (S7!M), = {m/s:m € M,s € S and a = (degs)"!(degm)}. We write
h(STIR) = UG(S_lR)a and h(S7IM) = UG(S_lM)a. Consider the graded
ac ag

homomorphism 1 : M — S~'M defined by n(m) = m/1. For any graded
submodule N of M, the submodule of S™'M generated by n(N) is denoted
by STIN. Also, SN = {fe€ S M :B8=m/sform e N and s € S} and
STIN # S7'M if and only if SN (N :g M) = ¢ (see [15].)

Let R be a G-graded ring, M a graded R-module and N a graded submodule
of M. Then (N :g M) is defined as (N :g M) = {r € R[rM C N}. It
is shown in |7, Lemma 2.1] that if N is a graded submodule of M, then
(N:g M)={re R:rN C M} is a graded ideal of R.

The graded radical of a graded ideal I of R, denoted by Gr(I), is the set
ofall x = 3 ;x4 € R such that for each g € G there exists ng > 0 with
xz"s € I. Note that, if  is a homogeneous element, then r € Gr([) if and only
if r™ € I for some n € N (see [18].) The graded radical of a graded submodule
N of M, denoted by Gry(N), is defined to be the intersection of all graded
prime submodules of M containing N. If N is not contained in any graded
prime submodule of M, then Gry/(N) = M (see [8].)

The concept of graded 2-absorbing ideals was introduced in [3}/16] as a
generalization of the notion of graded prime ideals. Recall from [3] that a
proper graded ideal I of R is said to be a graded 2-absorbing ideal of R if
whenever rg, sp,ty € h(R) with r¢spty € I, then rgs, € I or r4ty € I or
spta € I. Also, a graded ideal I = EBQGG I, of a graded ring R is said to
be a g-2-absorbing ideal of R if I, # R, and whenever ry,sy,t, € Ry with
rgsqty € I, then rys, € I or ryty € I or syty € 1.
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Al-Zoubi and Abu-Dawwas in [2] extended graded 2-absorbing ideals to
graded 2-absorbing submodules. Recall from [2] that a proper graded sub-
module N of a graded R-module M is said to be a graded 2-absorbing sub-
module of M if whenever r4,s, € h(R) and my € h(M) with rgspmy € N,
then rgs, € (N :g M) or r¢gmy € N or spmy € N.

The concept of graded primary ideals was introduced by Refai and Al-Zoubi
in |18] as a generalization of the notion of graded prime ideals. Recall from
[18] that a proper graded ideal P of a graded ring R is said to be a graded
primary ideal if whenever rg, s, € h(R) with r4s, € P, then either ry € P or
Sp € Gr(P )

Atani and Farzalipour in [8] extended graded primary ideals to graded pri-
mary submodules and studied in [1, 5, 9, 17]. Recall from [8] that a proper
graded submodule N of a graded R-module M is said to be a graded primary
submodule if whenever r, € h(R) and my, € h(M) with rgmj, € N, then either
mp € N or rg € Gr((N :, M)).

Al-Zoubi and sharafat in [6] introduced the concept of graded 2-absorbing
primary ideal of a graded commutative rings that is a generalization of the
concept of graded primary ideal. Recall from [6] that a graded ideal I =
@gec I, of a graded ring R is said to be a graded 2-absorbing primary ideal of
R if I # R and whenever rg, sp,t\ € h(R) with rgspty € I, then rgs, € I or
rgtx € Gr(I) or spty € Gr(I). Also, a graded ideal I = P Iy of a graded
ring R is said to be a g-2-absorbing primary ideal of R if I, # R, and whenever
¢, 8g,tg € Ry with r¢sgty € I, then rgsy € I or rgty € Gr(I) or sqty € Gr([).

Celikel in |10] extended graded 2-absorbing primary ideals to graded 2-
absorbing primary submodules. Recall from [10] that a proper graded sub-
module N of a graded R-module M is said to be a graded 2-absorbing primary
submodule of M if whenever 14, s, € h(R) and my € h(M) with rgspmy € N,
then rgs, € (N :g M) or rgmy € Gry(N) or spmy € Grar(N).

Al-Zoubi and Al-Azaizeh in [4] introduced the concept of graded weakly
2-absorbing primary submodule as a new generalization of graded 2-absorbing
primary submodule. Recall from [4] that a proper graded submodule N of a
graded R-module M is said to be a graded weakly 2-absorbing primary sub-
module of M if N # M; and whenever ry, s, € h(R) and my € h(M) with
0 # rgspmy € N, then either rgs, € (N :g M) or rgmy € Gry(N) or
Spmy € GTM(N)

Dubey and Aggarwal in [11] introduced the concept of 2-absorbing primary
submodule over a commutative ring with nonzero identity as a new generaliza-
tion of primary submodule. As it defined in [11], a proper submodule N of a
R-module M is said to be a 2-absorbing primary submodule of M if whenever
r,s € R,m € M and rsm € N, then rm € N or sm € N or rs € \/(N : M).

The scope of this paper is devoted to the theory of graded modules over
graded commutative rings. One use of rings and modules with gradings is in
describing certain topics in algebraic geometry. Here, we introduce the concept
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of graded (G2-absorbing submodule as a new generalization of a graded 2-
absorbing submodule on the one hand and a generalization of a graded primary
submodule on other hand. A number of results concerning of these classes of
graded submodules and their homogeneous components are given.

2. RESULTS

DEFINITION 2.1. Let R be a G-graded ring, M a graded R-module, N =
@D1.cc Nu a graded submodule of M and h € G.

(i) We say that Ny, is a h-G2-absorbing submodule of the Re-module My, if
Np, # Mp; and whenever ¢, s. € R, and my € My with resemy, € Np,
then either rese € Gr((Np, :g, Mp)) or remyp € Np, or semy, € Np,.

(ii) We say that N is a graded G2-absorbing submodule of M if N # M;
and whenever ry, s, € h(R) and my € h(M) with rgspmy € N, then
either rys, € Gr((N :g M)) or rgqmy € N or spmy € N.

It is clear that every graded 2-absorbing submodule is a graded G2-absorbing
submodule. The following example shows that the converse is not true in gen-
eral.

EXAMPLE 2.2. Let G = Zo and R = Z be a G-graded ring with Ry = Z and
R; = {0}. Let M = Zs6 be a graded R-module with My = Z16 and M; = {0}.
Now, consider a graded submodule N = (8) of M. Then N is not a graded
2-absorbing submodule of M since 2-2 -2 € N and neither 2-2 € N nor
2.2 € (N :g M) = 8Z. However an easy computation shows that N is a
graded G2-absorbing submodule of M.

It is easy to see that every graded primary submodule is a graded G2-
absorbing submodule. The following example shows that the converse is not
true in general.

EXAMPLE 2.3. Let G = Z9, then R = Z is a G-graded ring with Ry = Z
and R; = {0}. Let M = Z be a graded R-module with My = Z and M; = {0}.
Now, consider a graded submodule N = 6Z of M. Then N is not a graded
primary submodule of M since 3 -2 € N = 6Z but neither 2 € 6Z nor
3 € Gr((6Z :r Z)). However an easy computation shows that N is a graded
G2-absorbing submodule of M.

THEOREM 2.4. Let R be a G-graded ring, M a graded R-module, N =
Drea Ni a graded submodule of M and h € G. If Ny is a h-G2-absorbing
submodule of the R.-module My, then (N, :r, Mp,) is an e-2-absorbing primary

ideal of R.

Proof. Let r¢, Se,te € Re such that rescte € (Np, :g, Mp). Assume that
reSe & (N :r, My) and sete € Gr((Np :r, Mp)). It follows that res. &
(Nh :r, Mp) and scte & (Np, :r, Mp). Then there exist my, mj, € My, such that
resemp & Np and setem) & Ny. Since semp+sem), € My, rete(semp+sem)) €
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N}, and so we have either rete € Gr((Ny, :r, My)) or re(semp, + sem)) € N,
or te(semp + semy) € Nj as Ny is a h-G2-absorbing submodule of the Re-
module My,. If rete € Gr((Ny :r, Mp)), then we are done. If re(semp +
semy) € Ny, then resem) & N since resemp ¢ Np. Since Nj, is a h-G2-
absorbing submodule of the R.-module My, nesetem;l € Ny, resem’h ¢ Np and
Setem), & Np, we get rete € Gr((Ny, :r, Mp)). Similarly, if te(semp + sem)) €
Ny, then we get tesemyp € Np. Since Np is a h-G2-absorbing submodule of
the Re-module My, reSetemp € Np,TeSemp € Np and setemp € Np, we get
rete € Gr((Np, :r, Mp)). Hence (N}, :r, Mp,) is an e-2-absorbing primary ideal
of R. O

The following example shows that the converse of Theorem 2.4 is not true
in general.

EXAMPLE 2.5. Let G = Zy and R = Z be a G-graded ring with Ry = Z
and Ry = {0}. Let M = 7Z x Z be a graded R-module with My = Z x Z and
M; ={(0,0)}. Now, consider a graded submodule N = (0) x 6Z of M. Then
(N :gr M) = {0} is a 2-absorbing primary ideal of R since R is a graded integral
domain. But N is not a graded G2-absorbing submodule since 2-3-(0,1) € N
but neither 2 (0,1) € N nor 3-(0,1) € N nor 2-3 € Gr((N :p M)) = {0}.

THEOREM 2.6. Let R be a G-graded ring, M a graded R-module, N =
@OreaNy a graded submodule of M and h € G. If Ny is a h-G2-absorbing
submodule of the Re-module My, then Gr((Np, :r, Mp)) is an e-2-absorbing
ideal of R.

Proof. Let Nj, be a h-G2-absorbing submodule of the R.-module M},. Then
by Theorem 2.4, (Ny, :gr, Mp) is an e-2-absorbing primary ideal of R. So by
[6, Theorem 2.3], we have Gr((Ny, :r, Mp)) is an e-2-absorbing ideal of R. [

THEOREM 2.7. Let R be a G-graded ring, M a graded R-module, N =
Drca N a graded submodule of M and h € G. If Ny is a h-G2-absorbing
submodule of the Re-module My, then (N, :gr, mp) is an e-2-absorbing primary
ideal of R for each my € Mp\Np,.

Proof. Let mj, € Mj\Np, then (Ny, :gr, my) is a proper ideal of R.. Now,
let 7¢, Se,te € Re such that rescte € (Np, :r, mp). Then resctemy, € Np, and
so we get either remy, € Np or sctem € Np or resete € Gr((Ny g, Mp))
as Ny, is a h-G2-absorbing submodule of the R.-module My. If rem) € N
or sctem € Np, then either rese € (Ny i, mp) or Sete € (Np, g, mp). If
TeSete € Gr((Np, :r, Mp,)), then either rese € Gr((Ny, :r, Mp)) € Gr((Ny, g,
myp)) or Sete € Gr((Ny :r, Mp)) € Gr((Np :r, mp)) or rete € Gr((Ny, :gr,
My,)) € Gr((Ny, :r, mp)) as Gr((Ny, :r, Mp)) is an e-2-absorbing ideal of R,
by Theorem 2.6. Therefore, (Ny, :g, my) is an e-2-absorbing primary ideal of
R. O

Let R be a G-graded ring, M be a graded R-module and t, € h(R). The
graded submodule {m € M : t,m € N} will be denoted by (N :ps ta).
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THEOREM 2.8. Let R be a G-graded ring and M a graded R-module. If N is
a graded G2-absorbing submodule M, then (N :pf to) is a graded G2-absorbing
submodule of M for allt, € h(R)\(N :gr M).

Proof. Let to, € h(R)\(N :g M). Then (N :p t,) is a proper graded
submodule of M. Now, let rg, s, € h(R) and my € h(M) such that r4spmy €
(N :um ta). So, rgsptamy € N, then either sptomy € N or rgtamy € N or
rgsn € Gr((N :g M)) as N is a graded G2-absorbing submodule of M. Either
spmy € (N iy to) or rgmy € (N i ty) or (rgsp)"M C N. If (rgsp)"M C N,
then (r¢sp)"M C (N :ar to) and hence rgsp, € Gr(((IV :ar ta) :r M)). So, we
get either spmy € (N :af to) or rgmy € (N :pf to) or rgsp € Gr(((N i ta) R
M)). So, (N :pr tqa) is a graded G2-absorbing submodule of M. O

Recall from [1§] that a proper graded submodule N of a graded module M
is said to be a graded irreducible if N cannot be expressed as the intersection
of two strictly larger graded submodules of M.

THEOREM 2.9. Let R be a G-graded ring, M a graded R-module and N a
proper graded irreducible submodule of M. Then the following statements are
equivalent:

(i) N is a graded G2-absorbing submodule of M.
(i) (N :arrg) = (N :ag 1), for all rg € h(R)\Gr((N :g M)).

Proof. (i) = (ii) Suppose that N is a graded G2-absorbing submodule of
M. Let ry € h(R)\Gr((N :g M)), then it is clear that (N :a7 79) C (N :ar 7).
Now, let my, € h(M) N (N rg), hence 'r’gmh € N. This yields that either
rgmp € N or rz € Gr((N :gp M)) as N is a graded G2-absorbing submodule
of M. If v} € Gr((N :g M)), then rng C N for some k € Z* and hence
rg € Gr((INV :g M)) which is a contradiction. Thus rymj; € N, and so my, €
(N :arrg). Hence (N :y 7“3) C (N :yp rg). Therefore, (N :pr 1) = (N s rg).

(ii) = (i) Let r4,, r¢, € h(R) and my, € h(M) such that ry rg,mpy € N and
Tg:"gs & GI((N :gr M)). Since 4,174, & Gr((N :r M)), we have rg, & Gr((N :g
M)) and rg, & Gr((N :gr M)). Hence by (i) we get (N :as 79,) = (N s 77))
and (N :p rg,) = (N :im 7‘32). It is clear that N C (N 4 Rrg,myp) N (N +
Rrg,my). For the reverse inclusion, let n € (N + Rrg,mp) N (N + Rrg,mp)) N
h(M). Then n = ny, +rg,rg,mp = Nx, +7g,7gomp, Where ny,,ny, € NNh(M)
and rg,,7g, € h(R). Now, 1g,n = 1g, 5, + TgT5 My = TgyNxy + T'g,Tg, T, My €
N, which yields that ngrﬁlmh € N and hence rg;my € (N T§1) = (N :y
rg,). Hence rgrgmp € N and so n € N. Thus (N + Rrgmy) N (N +
Rrg,mp) C N. Therefore, (N + Rrg,mp) N (N + Rrg,mp) = N. Since N is a
graded irreducible submodule of M, then we get either (N + Rry,my) = N or
(N + Rrg,mp) = N. Hence either ry,my, € N or rg,my € N. Therefore, N is
a graded G2-absorbing submodule of M. O
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Recall from [18] that a proper graded ideal P of R is said to be a graded
prime ideal if whenever rys; € P, we have ry € P or s, € P, where ry, s, €
h(R)).

THEOREM 2.10. Let R be a G-graded ring, M a graded R-module and N a
proper graded submodule of M such that (N :g M) is a graded prime ideal of
R. Then the following statements are equivalent:

(i) N is a graded G2-absorbing submodule of M.
(ii) For each mg,,mg, € h(M) with (N :g mg,)\((N :r mg,) U Gr((N :g
M))) #0, then N = (N 4+ Rmg,) N (N + Rmy,).

Proof. (i) = (ii) Suppose that N is a graded G2-absorbing submodule of M.
Let mg,, mg, € h(M) such that (N :g mg, )\((N :r mg,)UGr((N :g M))) # 0.
Then there exists s, € (N :gr mg,) N A(R))\((N :g mg,) UGr((N :gr M))).
This yields that spmg, € N, spmg, € N and s, ¢ Gr((N :g M)). Now,
it is clear that N C (N + Rmyg,) N (N + Rmyg,). For the reverse inclusion,
let n € (N + Rmg,) N (N + Rmyg,)) N h(M). Then n = ny, + ro;mg, =
Ny + TanMg,, Where ny ,ny, € NN A(M) and ro,,7q, € h(R). Now, spn =
SpNA; F ShTay Mg = SKNA, + ShTayMyg,, it follows that sprq,mg, € N. Hence
either sprq, € Gr((N :g M)) or ro,mg, € N as N is a graded G2-absorbing
submodule of M and spmg, & N. If spra, € Gr((N :g M)), then (spra,)* =
(51)F(ray)* € (N :g M) for some k € Z*. Since (N :p M) is a graded prime
ideal of R and s & (N :g M) C Gr((N :g M)), we get ro, € (N :g M) and
SO TayMg, € N. In both the cases, we get n = ny, + rqo,my, € N. Hence
(N + Rmg,) N (N 4+ Rmyg,) C N. Therefore, N = (N + Rmg,) N (N + Rmy,).

(ii) = (i) Let my € h(M) and sp,,sp, € h(R) such that sy, sp,my € N,
spymg ¢ N and sp,Sp, ¢ Gr((N :gr M)). Hence, sp, € (N :g sp,mg)\((NV :r
mg) UGr((N :g M))). By (ii) we get N = (N + Rsp,my) N (N 4+ Rmy) and so
sp,mg € N. So, N is a graded G2-absorbing submodule of M. O

THEOREM 2.11. Let R be a G-graded ring, M a graded R-module, N a
graded G2-absorbing submodule of M and L = @ . L a graded submodule
of M. Then for every ry,sq4 € h(R) and X € G with rpsqLx C N, either
Ly € N or sqLyx C N or rysq € Gr((N :g M)).

Proof. Let 11,54 € h(R) and A € G with r,s4Ly C N. Assume that
rhsg ¢ Gr((N :gr M)), rpnLyx € N and sqLy € N. Then there exist 15,1} € Ly
such that rply ¢ N and syl ¢ N. Since rpsq4ly € N, rply ¢ N and rpsy ¢
Gr((N :r M)), we get sgly € N as N is a graded G2-absorbing submodule
of M. Similarly, since rps4ly € N, sgl\ ¢ N and sy ¢ Gr((N :g M)), we
get Thl/)\ € N. Since l)\+l/>\ € Ly, T‘hsg(b\lei\) € N. Then either T‘h(l)\+l;\) eEN
or s¢(lx +1,) € N as N is a graded G2-absorbing submodule of M and
mhsg € Gr((N :gr M)). If r(Ix + 1)) € N, then rply € N since rply € N, a
contradiction. Similarly, if sq4(Iy + 1)) € N, then syl € N since sygly € N,
a contradiction. Therefore, either r,s, € Gr((N :g M)) or rpLy € N or
sqLyx € N. O
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THEOREM 2.12. Let R be a G-graded ring, M a graded R-module and N a
graded G2-absorbing submodule of M. Let I = GBQEG I, be a graded ideal of R
and L = @pcq L be a graded submodule of M. Then for every ro € h(R)
and g,h € G with rolyLy, € N, either I;Ly, € N or roLp, € N or roly C
Gr((N :g M)).

Proof. Let ro € h(R) and g,h € G with roIyL, C N and IgL, ¢ N. We
show that either ro L, C N or roly € Gr((NN :g M)). On contrary, we assume
that roLp, € N and roly € Gr((N :g M)). Then there exist i, € I, and
ln, € Ly such that roig ¢ Gr((N :g M)) and rolp, ¢ N. Since rqigly, € N,
we get iyl € N as N is a graded G2-absorbing submodule of M. Now, since
IyLy € N, there exist iy, € Iy and I}, € Ly, such that iylj ¢ N but raiyl, € N,
then either r,l) € N or roig € Gr((N :g M)) as N is a graded G2-absorbing
submodule of M. Now, we have the following three cases:

Case 1. Suppose 74l), ¢ N and ryiy € Gr((N :g M)). Since rqigl, € N,
Talg ¢ Gr((N :r M)) and rolj, ¢ N, then igly € N. Now, since r4i), €
Gr((N :g M)) and rqoig & Gr((N :g M)), we have rq(ig+iy) ¢ Gr((N :r M)).
Since i, + iy, € Iy, we get 1q(ig +iy)lj, € N. Again, since (i +1ig)lj, € N and
raly, & N, we have (ig + i)l = igl, +igl, € N, it follows that il} € N since
igly, € N, a contradiction.

Case 2. Suppose 74l, € N and ryiy, ¢ Gr((N :g M)). Since raiyly € N,
we get i;lh € N as N is a graded G2-absorbing submodule. Since i;lh e N
and igly, & N, then 4y (I, +1},) ¢ N. By I, + 1), € Ly, we get raiy (I +1},) € N.
This yields that ro (I +1},) € N. But r4l), € N, so r4lp € N, a contradiction.

Case 3. Suppose 14l € N and r4i; € Gr((N :g M)). Since rqlj, € N and
Taln & N, we get ro(l), +1n) ¢ N. Similarly, since roiy € Gr((N :g M)) and
Tty & Gr((N :r M)), we get rq(iy +i4) & Gr((N :g M)). Since I} + 1), € Ly,
Tatg(l}, + 1) € N. This yields that ig(l) + 1) € N and then iglj € N since
igln € N. Similarly, consider 74 (ig + i)l € N, this yields that (ig +iy)l, € N
and then igl, € N since iyl € N. Now, consider 74 (ig + i) (I +1},) € N, then
we get (ig+iy)(In+1;,) € N, but igly € N,igly € N and iyl € N, we get iyl), €
N, which is a contradiction. So, either roLp,CN or rolyCGr((N :g M)). O

The next theorem gives a characterization of graded G2-absorbing submod-
ules.

THEOREM 2.13. Let R be a G-graded ring, M a graded R-module and N
a proper graded submodule of M. Let I = @QGG Iy, J = @pec JIn be two
graded ideals of R and L = @, L be a graded submodule of M. Then the
following statements are equivalent:

(i) N is a graded G2-absorbing submodule of M.
(ii) For every h, g, A € G with JoIyLy C N, either IoLx C N or J,Ly C N
or Jply € Gr((N :g M)).
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Proof. (i) = (ii) Suppose that N is a graded G2-absorbing submodule of
M and let g, h, A € G with JpI,Ly € N and [,Ly € N. We show that
either J,Ly € N or JyI; C Gr((N :gr M)). By Theorem 2.12, for all j;, € Jp,
either jpLy C N or jply C Gr((N :g M)). If joLy C N for all j, € Jj, then
JpLy C N. Similarly, if j,ly € Gr((N :g M)) for all j, € Jj, then Jpl; C
Gr((N :g M)). Assume that there exist jp, j, € J, such that j,Ly € N
and j; I, ¢ Gr((N :g M)). Since jplyLyx C N, I;Ly € N and j,Lyx € N,
by Theorem 2.12, we get jply, C Gr((N :r M)). Also, since j;IsLy € N,
I,Ly ¢ N and j,I, ¢ Gr((N :g M)), by Theorem 2.12, we get j; Ly C N.
Since jp+ j,, € Jn, ( jn, + Jp)lgLx € N. By Theorem 2.12, we get either
(Jn+ dp)ly © Gr((N :r M))) or (jn+ Ju)Ln © N.IE (ju + j3)lg C
Gr((N :g M)), then j;I, € Gr((N :p M)) since jply € Gr((N :r M)),
which is a contradiction. Similarly, if (j, + j;,)Lx € N, then j,Ly C N
since j; Ly C N, which is a contradiction. Therefore, either J,Ly C N or
Jply € Gr((N :gr M)).

(ii) = (i) Assume that (ii) holds. Let ry,s, € h(R) and my € h(M)
such that sprgmy € N. Let J = (s5,) and I = (r4) be a graded ideals of R
generated by sp, 74, respectively. And let L = (my) be a graded submodule
of M generated by m,. Hence J,I,Ly C N, and by our assumption we get
either IyLy C N or J,Lyx C N or Jpl; C Gr((N :g M)). It follows that either
spmy € N or rgmy € N or spry € Gr((N :g M)). Therefore, N is a graded
G2-absorbing submodule of M. O

Recall from [2] that a graded zero-divisor on a graded R-module M is an
element r, € h(R) for which there exists m; € h(M) such that m; # 0 but
rgmp, = 0. The set of all graded zero-divisors on M is denoted by G-Zdvr(M).

The following result studies the behavior of graded G2-absorbing submod-
ules under localization.

THEOREM 2.14. Let R be a G-graded ring, M a graded R-module and S C
h(R) be a multiplicatively closed subset of R.
(i) If N is a graded G2-absorbing submodule of M with (N :g M) NS =0,
then STIN is a graded G2-absorbing submodule of S™'M.
(i) If STIN is a graded G2-absorbing submodule of S~'M with S N G-
Zdvgp(M/N) =0, then N is a graded G2-absorbing submodule of M.

Proof. (i) Since (N :x M) NS =), S™'N is a proper graded submodule of
S~'M. Let %7% € h(S7'R) and 72 € h(ST'M) such that ~L292 10k ¢
1 2 et

Sx1 Sxg la
S~IN. Then there exists 5x; € S such that sy,rg,7g,mp € N. Then either
SxgTgrmp € N or sy,rg,mp € N or rg,1rg, € Gr((N :g M)) as N is a graded
G2-absorbing submodule of M. This yields that either —f17a — 23T o

Sxp la Sx38x; la
— T SAqTgoMp _ T T Tg, T —
STIN or 20 = a2 h ¢ GOIN or (L2 — 92 ¢ GUIGr((N g
Sxg la Sx35a00a SX; Shg 8A157g

M)) = Gr((S7IN :g-1p S'M)). Therefore, S~'N is a graded G2-absorbing
submodule of S~'M.
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(ii) Let r4,,74, € h(R) and my, € h(M) such that rg,rg,mp € N. Then
%lrf’j %” € S~IN. Since S™'N is a graded G2-absorbing submodule of S~ M,
either %T—: € S~!Nor %T—: € S~!Nor %%2 € Gr((S7IN g1z STIM)).

If %T—: € S7IN, then there exists sy € S such that sxrgymp € N. This
yields that rg;mp, € N since SN G-Zdvr(M/N) = (). Similarly, we can show
that if %% € STIN, then rg,my, € N.

Now, if %% € Gr((S™IN :g1p S7IM)) = S7IGr((N :gp M)), then
there exists ¢y € S such that (txrg,rg,)"M C N for some n € Z* and hence
rgiTgs € Gr((N :g M)) since S N G-Zdvr(M/N) = (. So, N is a graded
G2-absorbing submodule of M. O

Let M and M’ be two graded R-modules. A homomorphism of graded R-
modules f : M — M’ is a homomorphism of R-modules verifying f(M,) C
My, for every g € G (see [15].)

The following result studies the behavior of graded G2-absorbing submod-
ules under graded homomorphism.

THEOREM 2.15. Let R be a G-graded ring, M and M’ be two graded R-
modules and f : M — M’ be a graded epimorphism. Then the following
statements hold.

(i) If N is a graded G2-absorbing submodule of M with ker(f) C N, then
f(N) is a graded G2-absorbing submodule of M'.

(i) If N’ is a graded G2-absorbing submodule of M, then f~Y(N’) is a graded
G2-absorbing submodule of M.

Proof. (i) Suppose that N is a graded G2-absorbing submodule of M. Tt is
easy to see that f(IN) is a proper graded submodule of M.

Now, let g4, s, € h(R) and m) € h(M') such that rgsym), € f(N), then
there exists my € h(M) such that m) = f(my) as f is a graded epimorphism,
so rgspm’, = f(rgspmy) € f(N). Then there exists no, € N N h(M) such that
f(rgsnmy) = f(nq). This yields that rgspmy — ne € ker(f) € N and then
rgspmy € N. Hence we get either rymy € N or sp,my € N or (rgsh)kM CN
for some k € Z* as N is a graded G2-absorbing submodule of M. Thus
rgmh € f(N) or spmh € f(N) or (rgsp)fM’' C f(N).

Therefore, f(N) is a graded G2-absorbing submodule of M’.

(ii) Suppose that N’ is a graded G2-absorbing submodule of M’. Tt is easy
to see that f~!(N’) is a proper graded submodule of M.

Now, let r4,s, € h(R) and my € h(M) such that rgspmy € f~1(N'),
hence 7¢4spf(my) € N'. Thus either r,f(my) = f(rgmy) € N’ or s, f(my) =
f(spmy) € N'or (rgsp)* M = f((rgsp)*M) C N’ for some k € ZF. This yields
that either rgmy € f~1(N’) or spmy € f7HN') or (rgsp)fM C f=HN).
Therefore, N’ is a graded G2-absorbing submodule of M. U

As an immediate consequence of Theorem 2.15 we have the following corol-
lary.
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COROLLARY 2.16. Let R be a G-graded ring, M a graded R-module and
N, K be two graded submodules of M with K C N. Then N is a graded
G2-absorbing submodule of M if and only if N/K is a graded G2-absorbing
submodule of M /K.

Let R be a G-graded ring. A graded R-module M is said to be a graded
cancellative module if whenever rgmy,, = rymp, where my,, mp, € h(M) and
ry € h(R), implies mp, = mp, (see [15].) A graded submodule N of M is said
to be a graded pure submodule if ryN = N NryM for every ry € h(R) (see [8].)

THEOREM 2.17. Let R be a G-graded ring, M a graded cancellative R-
module and N a proper graded submodule of M. If N is a graded pure
submodule of M, then N is a graded G2-absorbing submodule of M with
Gr((N :5 M)) = {0}.

Proof. Suppose N is a graded pure submodule of M. Let rq,,7rg, € h(R),
mp, € h(M) be such that rg rg,mp, € N and rg,rg, & Gr((IN :gr M)). Then
we get g g, mp, € 17g g, M NN =14,19,N, S0 1,79, mp, = T4g,7¢g,n) for some
ny € NN h(M). Then rg,mp, = rg;ny € N as M is a graded cancellative
module. Thus N is a graded G2-absorbing submodule of M.

Now, assume that Gr((N :g M)) # {0}, so there exists 0 # ry4, € h(R) such
that r’g“3M C N for some k € Z*. Since N # M, there exists my, € h(M)\N
such that r¥ my, € rE M NN =rk N. So, there exists mjy, € N Nh(M) such
that rkgth = r]gcgmhy S0 mp, = mp, € N, a contradiction. So, Gr((V :r

g
M))={0}. 0

THEOREM 2.18. Let R be a G-graded ring, My and My be two graded R-
modules and N1 a graded submodule of My. Let M = My x My. Then K =
N1 X My is a graded G2-absorbing submodule of M if and only if N1 is a graded
G2-absorbing submodule of M.

Proof. Suppose that K = Nj x My is a graded G2-absorbing submodule of
M. Let ry,s, € h(R) and my € h(M;) such that rgspmy € Ny, rgmy ¢ Ny
and spmy ¢ Ny. This yields that r4s,(my,0) = (rgspmy,0) € K, 74(my,0) =
(rgmy,0) &€ K and sp(my,0) = (spmy,0) € K. Then rys;, € Gr((K :g M)) as
K is a graded G2-absorbing submodule of M, It follows that (r4s5)"M C K
for somen € Z*. So (rgsp)"My C Ny. Therefore, N is a graded G2-absorbing
submodule of Mj.

Conversely, suppose that Ny is a graded G2-absorbing submodule of Mj.
Let rg,sp, € h(R) and (my,zq) € h(M) such that rgsp(my,zq) = (rgspmay,
T¢ShTa) € K, rg(my, za) = (rgmy, rgxa) ¢ K and sp(my, za) = (spmy, sha)
¢ K. Hence, rgmy ¢ N1 and spmy ¢ Ni. Then (rgs,)"M; € Ny as Ny is a
graded G2-absorbing submodule of M. So, (r4s,)"M C K and K is a graded
G2-absorbing submodule of M. O
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