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FINITE-TIME BLOWUP
AND EXISTENCE OF GLOBAL SOLUTIONS
FOR A LOGARITHMIC SEMILINEAR HYPERBOLIC EQUATION
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Abstract. In this paper we consider the semilinear wave equation with the
product of logarithmic and polynomial nonlinearities and establish the global
existence and finite-time blowup of solutions by using the potential well method.
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1. INTRODUCTION

In this paper, we consider the following initial boundary value problem for
a semilinear wave equation with logarithmic nonlinearity

%%”—Aw: lw[P~2w log |w], xeQ, t>0,
(]—) w(a:,O) = wo(a;), wt(,’L’,O) = wl(x)7 = 97
w(z,t) =0, €N, t>0,

where 2 C R™ is a smooth bounded domain and wq(z), w1 (x) are given initial
data. The parameter p satisfies

n—2’
One of the most important nonlinear evolution equations in the field of
mathematical physics and engineering are the semilinear hyperbolic equations
and there are various applications in many branches of physics such as nuclear
physics, optics and geophysics |1}14,/10].
Based on the mountain pass theorem and the Nehari manifold, Sattinger [13|
firstly studied problem with nonlinear source |w|P~2w by introducing the
potential well method. Using the same method, Payne and Sattinger [11]

n > 3.
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extended the results to the following semilinear hyperbolic equation

2w
2 T aw= [w)

with a general source f(w). They studied a series of properties of energy func-
tional and invariant sets, and also proved the finite-time blowup of solutions.
Under the same assumptions on f(w) as in |11], Liu and Zhao [9] introduced
a family of potential wells and obtained the global existence and blow up of
solutions for the initial boundary value problem of with sub-critical initial
energy, i.e. E(0) < d. They also proved the global existence of solutions with
critical initial energy E(0) = d. After that, Liu and Xu [8] extended the results
to the initial boundary value problem of with combined nonlinear source
terms of different sign, which can not be included by the assumptions of f(w)
in [11]. They obtained the global and blow-up solutions with sub-critical ini-
tial energy and proved the global existence of solutions with critical initial
energy. Subsequently, Xu [14] proved the blow up of solutions for the initial
boundary value problem of with critical initial energy and gave the sharp
condition for global existence of solutions. Recently, Lian et al. [6] studied the
existence of global and blowup of solutions for the following semilinear wave
equation

at — Aw = wlog |w|*, reQ,t>0,k>1,
w(z,0) = wo( ), we(x,0) = wi(z), x€Q,
w(z,t) = x eI t>0,

by the potential well method. In [12], Peng and Zhou studied the initial bound-
ary value problem of a semilinear heat equation with logarithmic nonlinearity

%1;’ Aw = |wP~2wlog |w|, =€ Q,t>0,
w(z,0) = wo(x), zeqQ,
w(z,t) =0, x e o, t>0.

By using the potential well method, they obtained the existence of global
solutions and finite-time blowup solutions. In [2], Choucha et al. studied a
blowup result of solutions to the following nonlinear viscoelastic wave equation
with distributed delays,

— Aw — wAw + f g(t — s)Aw(s)ds + pwe
+fT2 lua(0)|wi(z,t — 0)do = blw|P~2, x € Q, t > 0,
w(z,0) = wo(z), wi(x,0) = wi(x), x€Q,

w(z,t) =0, x eI t>0,
wy(z, —t) = folz,t), re,0<t< 1.

8t2

Motivated by the aforementioned works, in this paper we establish the ex-
istence of global and finite-time blowup of solutions for the problem , by
using the potential well method.
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2. PRELIMINARIES

To establish the main results of this paper, we required the following defini-
tions and lemmas. Let H!(£2) denote the Sobolev space with the usual scalar
products and norm. H} () denotes the closure in H!(Q) of C5°(£2). For sim-
plicity of notations, hereafter we denote by | - ||, the Lebesgue space, LP(Q),
norm and || - || denotes L2(€2) norm. We write the equivalent norm ||V - ||
instead of the H}(Q) norm || - 221 (-

DEFINITION 2.1. The function w = w(z,t) is said to be a weak solu-
tion of on Q x [0,%) if w € C([0,%F],H(Q)) N CH[0,F],L3(Q)), wy €
C([0,%], " (€2)) such that w(z,0) = wo(z) in H(Q), we(z,0) = wi(z) in
L2(Q) and

t ¢
(wg, w) —|—/ (Vw, Vw)ds —/ (Jw|P~?wlog [w],w)ds + (w1, w)
0 0
for any w € HS(Q), t € [0,%).

2.1. POTENTIAL WELLS

We define energy E(t) for the problem , which satisfies the conservation
law E(t) = E(0) for every t € [0,%), where

1 1 1 1
E(t) = gl + 5190l - = [ jwPloglulde + [l
Q

and

1 1 1 1
£(0) = 5llual® + 51Vwol? = < [ ol log ufda + 5 wol.
Q

Next, define two real-valued C! functionals on H{(Q), known as potential
energy and Nehari functionals, which are

1 1 1
J(w) = §\|Vw!|2 5 / |w?log [w]|dz + pﬁlleE
Q

and

L(w) = (3 (w), w) = | Vw|? - / [ log [wlda,
Q

where (,) denotes the dual pairing between H~1(Q2) and Hj(Q2). Then, it is
clear that

s P=2] vt s L
3 s(w) = 13w + | B2 IVl + ol
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and )
B(1) = g el + 3(w)

1, 1 p—2 , 1
= holP + 230+ [ B2 owl? + Sl

Also

1 1 -2 1
£(0) = ol + 5700 + | P52 ] [ wPlogujds + Sl
Q

Next, define the Nehari manifold as

AN (w) = {w € Hy(Q) | I(w) =0, | Vw|* # 0}
and the depth of the potential well (or mountain pass level) as

d= wlél;/ J(w).

Finally, we define the potential well

W ={w e H Q)| I(w) > 0,I(w) < d}U{0}
and the outer of the potential well

Y ={w e HYQ) | I(w) < 0,I(w) < d}.
Let o be any fixed positive real number. Now we extend the above single

potential wells to the family of potential wells as

0 1 1
Sow) = $IVwl? =< [ ol tog ulde +

S llwlig
p? P

Q
and

L(w) = (3, (w), w) = ol| Vo|]? ~ / [P log [w|da.

Q
The Nehari manifold is

Hp(w) = {w € Hy(Q) | To(w) = 0, | Vw|® # 0}
and the depth of the potential well (or mountain pass level) is
4 d = inf J .
@) (¢) = inf 3(w)
Finally, we define the potential well

Wy ={w € Hy(Q) | Io(w) > 0,3,(w) < d(e)} U {0}
and the outer of the potential well
Yy ={w € Hg(2) [ To(w) < 0,3,(w) < d(0)}.
In the next lemma we seek a unique positive critical point of J(Aw).

LEMMA 2.2. Let w € H(Q) with |w|| # 0 and let £(A) = J(Mw). Then we
have
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(i) im£(A) =0 and lim £(A) = —oo,
A—0 A——+00
(ii) there exists a unique A* = N*(w) in the interval (0,400) such that
f/(7\)‘)\:)\* =0,

(iii) £(A) is increasing on 0 < A < A*, decreasing on A* < A < 400 and
takes mazimum at N = N*, i.e., there exists a unique A* € (0, +00) such
that I(A*w) = 0 and I(Aw) = Af'(A) > 0 for (0,A*) and I(Aw) < 0 for

(A", +00).
Proof. (i) We have
f(A) = J(Aw)

A2 AP AP
= || Vw|?* - = Plog |Aw|dz + = ||w|R
5 IVl > Q/lwl og [Aw| fv+p2\|wllp

A2 AP AP AP
= SVl - o / |w[Plog |w|dx + ?HMHE S log Aflw][g.
Q
Since |w|| # 0, it follows that }l\in% f(A)=0and lim f(A) = —oco.
—

A—+4o00
(ii) £'(A) = 0, gives

A[Vw|? —Apt / |w[P log [w|dz — AP~ log Af|w|® = 0,
Q

which implies

(5) | Vwl||* = AP~2 / lw|P log |w|dz 4+ AP~2 log Aljw[E.
Q
Next, let

g(A) = Apz/]w\Plog\wldx—i—?\pQ log Aljwl[5.
Q

Then it is clear that g(A) is increasing on (0, +00). Also, we have

}1\1_1% g(A) =0 and AETOO g(A) = +o0,

that is, there exists a unique Ag such that g(Ag) = 0 and g(Ag) < 0 for 0 <
A < Ao and g(Ag) > 0 for Ag < A < oo. Hence, for any ||[Vw|| > 0 there exists
a unique A* > Ag such that holds.

(iii) Since

%J(?\w) = AM[IVwl[?® - g(),

it follows from the proof of (ii) that
(a) g(A) <0, 0 <A< Ao,
(b) g(A) < [[Vwl?, Ao <A <A,
(c) gA\) > [|[Vw|?, A <A< +oo.
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That is
d *
(a) OQJ(M)>O’ 0<A<AY,
(b) ﬁ.](?\w) <0, A"<A<+oo.

Also, we have

d
() = A2V — AP / wlPlog Puldz = A5 3(\w).
Q

This completes proof. O

LEMMA 2.3. Let o be any fixed positive real number. Then we have following
assertions:
(i) if 0 < ||Vw| < 8(p), then Iy(w) > 0.
(ii) if I,(w) <0, then ||Vwl| > (o).
(iii) #f Ip(w) = 0, then [Vw]| > (o) (or) [[Vw|| =0
where 8(0) is the unique real root of the equation o8P~ = o, and

[wllp+1
(6) o= sup{ ||VZJ+|| cw € HH(Q) ¢
Proof. Let U(8) = oPt1oP~1,
(i) Suppose 0 < ||[Vw| < 8(p). Then, we have

+1
/|w\p10g wldz < Jwgl; < o Vw|PH = U (|| Vw|) | Vul* < of V.
Q

This proves (i).

(ii) Suppose I,(w) < 0, then

1
ANVl < [ lufPloglulds < [wET < @ [ Vulpt = w(Ivul) Vel
Q

which implies that |[Vw|| > 8(p).
(iii) Suppose I,(w) =0, then

1
ol Vw|? = / [w]P log |w|dz < JwpT; < o Vw|[PH = U(|[Vuw)| Vwll?,
Q

so, we have ||[Vw|| > 8(g). This completes the proof. O

LEMMA 2.4. Let d(p) be given as in . We have the following properties:

(i) d(o) =k(0)8%(0) > 0 for 0 <8 < §, k(o) = 5 — &,

(ii) there exists a unique oo > 5 such that d(go) = 0 and d(g) > 0 for
0 <0< o0,

(iii) d(p) is strictly increasing on 0 < o < 1, decreasing on 1 < o < po and
mazimum d = d(1) at o = 1.
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Proof. The proof of the present lemma is similar to the proof of Lemma 2.4
of [6] O

2.2 INVARIANT SETS

THEOREM 2.5. Let wo(z) € H() and wi(z) € L2(Q) and 0 < e < d,
then there exits a o € (1, 02) such that D(p) = e, where oy is the constant in
Lemma . Furthermore, if w = w(x,t) is a weak solution of problem
with E(0) = e, then we have

(i) we #, for any 1 < o < pa, provided I(wp) > 0.
(i) w e ¥, for any 1 < o < o2, provided I(wp) < O.

Proof. The proof of the present theorem is similar to the proof of Proposi-
tion 2.6 of [6] O

THEOREM 2.6. Let wo(z) € HS(Q) and wy(z) € L?(Q). Suppose that E(0) =
d, I(wg) < 0 and (wo,w1) > 0, then the set V' = {w € H{(Q) : I(w) < 0} is
inwvariant under the flow of .

Proof. The proof of the present theorem is similar to the proof of Lemma
2.7 of [14]. d

p+1

THEOREM 2.7. For some positive constant a := « »—1, where « is given in

@, let
Bo={w e HH(Q) : |Vw| >a}.
Then all nontrivial solutions of with E(0) = 0 belong to A,.

Proof. Let w(t) be any solution of (1) with E(0) = 0 and [0,%) be the time
interval of w(t). Now from the energy inequality E(t) < E(0), i.e., 3[jw|/* +
J(w) <0 for 0 < ¢ < T, which implies J(w) < 0. From (3)), we get

1 p—2 5 1 P
S0 + | B2 I9wlP + il <o
Thus,

I(w) <0.
By the definition of I(w), we get

1
IVw|? < /IUJ\Plog wlde < [wllpiy < o Vw|PH
Q

Hence,

1 _
o+l < [Vw|P~.

This completes the proof. ]

THEOREM 2.8. Let wo(x) € H§(Q) and wi(z) € L2(Q). Suppose that E(0) <
0 or E(0) = 0 with ||Vwol|| # 0, then all solutions of belong to ¥, for
0<o<p/2
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Proof. Let w(t) be any solution of (1)) on [0,%) with E(0) = 0. Then by the
energy inequality, we have

1 1 1
§||wt||2 + BIQ(w) +Xk(0)[Vw|? < §||wt||2 + J(w) = E(0)

for 0 <t < T and 0 < ¢ < p/2. From the above inequality, by Lemma and
Theorem we have

(i) Ip(w) <0 and I(w) < 0 < d(p) if E(0) < 0.

(ii) [[Vwp|| > a for 0 <t < Tif E(0) =0 and ||Vwgl # 0.
Thus, from (i) and (i), we have w(t) € ¥, for 0 <t <%, 0 < p < 5. O

3. GLOBAL EXISTENCE AND FINITE-TIME BLOWUP OF SOLUTIONS

In this section by using potential wells, we study the global existence and
finite-time blowup property in finite-time for the solution of .

THEOREM 3.1. Let wo(z) € HY() and wi(z) € L3(Q). Suppose that 0 <
E(0) < d and I(wg) > 0 or |[Vwg| > 0, then the problem has a global
weak solution w(t) € L™ (0, 400; H(Q)) with we(t) € L°(0,+00;L°(Q)) and
w(t) € # for0<t< oco.

Proof. We divide the proof into two steps.
Step 1. The case when E(0) < d and I(wp) > 0 or ||Vuwyl| = 0.

With the similar arguments employed in Theorem 3.1 in [6] and in Theorem
3.2 in [7], we can construct approximate solutions wy(x,t) of such that

1
(7) 5|yw,gt\|2 + J(wy) = Eg(0) < d, 0 <t < 400

and wy(t) € # for sufficiently large ¢ and 0 < ¢ < +o00. Now by the potential
energy functional, we get

1 p—2 9 1 p—2 9
®  atw) = xtwn)+ [P VP + Sludg > 222 19w
p 2p p? 2p
From and , we have
-2 1 -2
2] ivunl? < glhuel? + 222|190 <, 0.t < 4oc,

2p 2p
Thus, for 0 <t < 400, we have

2pd

9 \v4 2 2

9) Vel < 25,
2pd
(10) lwel2 < 0| Vag||? < o 2=
p—2

p+1
2pd | 2
1) P togludds < g < o Tt < oot | 22
-
Q
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and
(12) HZU&||2 < 2d.

Hence, by the compactness method (see, for example [3,/6]) and from (9)-(12),
the problem has a global weak solution w(t) € L ([0, +-00), H§(€2)) with
wy(t) € L>([0, +00), L2(2)) and w(t) € # for 0 < ¢ < +oo.

Step 2. The case when E(0) = d and I(wg) > 0 or ||[Vuwy| > 0.

We further divide the proof into two cases.

Case (i). [|[Vuwyg| > 0.

Let Agp =1— % and wgy = Agwg, £ = 2,3, .... Consider the initial conditions
w(x,0) = woe(x), we(x,0) = wi(x)

and the corresponding problem

%%”—Aw: |w|P~2w log |w, xeQ t>0,
(13) w(z,0) = wee(z), we(x,0) = wi(x), x€Q,
w(x,t) =0, x €00, t>0.

By Lemma 2.2l and I(wo) > 0, we get A* = A*(wg) > 1. Therefore I(wpe) > 0
and J(woe) = J(Apwo) < J(wo). Further,

1 1
0 < E(0) = gl + 3wor) < 5wl + I(wo) = E(0) =
It follows from Step 1 that for each ¢, the problem has a global solution
we(t) € L=([0,4+00), HH(Q)) and wy(t) € # for 0 <t < +oo satisfying

(14)  (wg,w) + /Ot(ng, Vw)ds = /Ot (JwelP~?wg log |wel, w)ds + (w1, w)
for every w € H§(), 0 <t < +oo0 and
(15) %ngtHQ F 3(wg) = Eg(0) < 4, 0 < t < +o0.
The remaining proof is similar to Step 1.
Case (ii). ||Vwy| = 0.

Then J(wp) = 0 and §|[Vwy|?> =E(0) =d. Let Ay = 1 — } and wye = Aqwy,
{=2,3,.... Consider the initial conditions

w(z,0) = wo(z), wi(x,0) = wie(x)

and the corresponding problem

ge — Aw = [w]P~?wlog|wl, ze t>0,
(16) 'LU(ZL',O) = w0($)7 wt(x’(]) = w1£($)7 x € Q’

w(z,t) =0, x eI, t>0.



274 K. R. Prasad, M. Khuddush, and B. Bharathi 10

Also,
1 1
0 < E(0) = 3 Jwnel? + 3(wo) = 5| Aewn [ < B(0) =

It follows from Step 1 that for each ¢, problem has a global solution
we(t) € L=([0, +00), Hy(2)) with w(t) € L([0, +00),L2(Q)) and we(t) € #
for 0 <t < 400 satisfying and . The rest of the proof is similar to
Case (i). O

THEOREM 3.2. Let wo(z) € HY(Q) and wi(z) € L*(Q). Suppose that 0 <
E(0) <4, I(wp) < 0 and (wg,wy) > 0, then the weak solution of blows up
in finite-time such that lim;_,z— ||w(-,t)|| = +o0.

Proof. We divide the proof into two steps.
Step 1. The case when E(0) < d and I(wg) < 0.

Suppose w(z,t) be any solution of (1)) and define a function .Z : [0, +00) —
(0,4+00) by Z(t) = ||w||?>. Then .#'(t) = 2(w,w;) and

F(t) = 2wl + 2w, we)
(17) = 9ffu 2 — 2 | [ Vo] / /P log [w]dz
Q

= 2||w||* — 2I(w).

Now from the energy inequality, we have

1 1 1 1
gl + 3190l = = [ jwPloglulds + 5 ul? < E(0)
Q

That is
2
2/ |w[Plog [w|dz > pl|w]|* + p[| Vew|[* + = ||w|§ — 2pE(0)
(18) P
Q
> pllw|[® + pl Vw|* — 2pE(0)
Substituting into , we get
F"(t) > (p +2)[wi| + (p — 2)[[Vw||* — 2pE(0)
> (p +2)[lwe]|? + (p — 2)MF (t) — 2pE(0),

where A; > 0 is the first eigenvalue of Aw + Aw = 0 with w =0 on 02 = 0.
If E(0) <0, then gives

(20) F"(t) = (p+2)we]*.

(19)

Suppose 0 < E(0) < 4, then from Theorem we have wt € ¥, for 1 < p < 0
and ¢ > 0. So, I,(w) < 0 and by Lemma we get ||Vw| > 8(p) for
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1 <p<p2andt>0. That is, I,,(w) <0 and ||[Vw| > 8(g2) for ¢ > 0. Since
=2

ZF'(0) = 2(wp, w1) > 0 and from (7)), it follows that
F(t) 2 2(02 = V|| Vwl® — 21y, (w) > 2(e2 — 1)8%(g2) > 0,
F'(t) 2 2(02 = 1)8*(02)t + F'(0) = 2(02 — )8 (e2)t,

and
F(t) > (02 — 1)8*(02)t* + F(0) > (02 — 1)8%(02)t>.

So, there exists a f > 0 such that for t > £, we get (p — 2)A

Therefore, from ((19) we obtain and from (| . for all ¢

(1) F0F"(1) - [p”} (F(0)” = 0 +2) [l wl - (w,)?] > 0.

F(t) > 2pE(0).
t,

1
> t, we have

Step 2. The case when E(0) = d and I(wg) < 0.

From , we have

F"(t) 2 (p +2)Jwe|l* + (p — 2)MF (1) — 2pE(0)
= (p+2)wel” + (p — 2)M F () — 2pd.

From and by Theorem [2.6] it follows that .#”(t) > 0 for 0 < ¢ < +o0,
e., F'(t) is strictly increasing for 0 < ¢ < +o00. Since .#'(0) = 2(wg, w1) > 0,
for any t* > 0 we get

(22)

F'(t) > F(t*)>0,t > t*
and
F)>F' VNt —-t)+ZF ") > F ()t -t7), t > t".
So, there exists a t > 0 such that for ¢t > £, we obtain
(p— 2)MF(t) > 2(P+ 1)d.
From (22), we get Z"(t) > (p + 2)||w||*. Hence,

F)F"(t)— {T] (9’@))2 > (p+2) [HwHQHthQ—(w,wt)Q] > 0for allt > ¢.

Finally, by Levine’s concavity argument [5| that .%(f) can not remain finite
for all t > ¢, we reach a contradiction. This completes proof. O
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