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FINITE-TIME BLOWUP
AND EXISTENCE OF GLOBAL SOLUTIONS

FOR A LOGARITHMIC SEMILINEAR HYPERBOLIC EQUATION
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Abstract. In this paper we consider the semilinear wave equation with the
product of logarithmic and polynomial nonlinearities and establish the global
existence and finite-time blowup of solutions by using the potential well method.
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1. INTRODUCTION

In this paper, we consider the following initial boundary value problem for
a semilinear wave equation with logarithmic nonlinearity

(1)

∂2w
∂t2

−∆w = |w|p−2w log |w|, x ∈ Ω, t > 0,
w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ Ω,
w(x, t) = 0, x ∈ ∂Ω, t > 0,


where Ω ⊂ Rn is a smooth bounded domain and w0(x), w1(x) are given initial
data. The parameter p satisfies

2 < p < 2∗ =


+∞, n ≤ 2,

2n

n− 2
, n ≥ 3.

One of the most important nonlinear evolution equations in the field of
mathematical physics and engineering are the semilinear hyperbolic equations
and there are various applications in many branches of physics such as nuclear
physics, optics and geophysics [1, 4, 10].

Based on the mountain pass theorem and the Nehari manifold, Sattinger [13]
firstly studied problem (1) with nonlinear source |w|p−2w by introducing the
potential well method. Using the same method, Payne and Sattinger [11]
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extended the results to the following semilinear hyperbolic equation

(2)
∂2w

∂t2
−∆w = f(w)

with a general source f(w). They studied a series of properties of energy func-
tional and invariant sets, and also proved the finite-time blowup of solutions.
Under the same assumptions on f(w) as in [11], Liu and Zhao [9] introduced
a family of potential wells and obtained the global existence and blow up of
solutions for the initial boundary value problem of (2) with sub-critical initial
energy, i.e. E(0) < d. They also proved the global existence of solutions with
critical initial energy E(0) = d. After that, Liu and Xu [8] extended the results
to the initial boundary value problem of (2) with combined nonlinear source
terms of different sign, which can not be included by the assumptions of f(w)
in [11]. They obtained the global and blow-up solutions with sub-critical ini-
tial energy and proved the global existence of solutions with critical initial
energy. Subsequently, Xu [14] proved the blow up of solutions for the initial
boundary value problem of (2) with critical initial energy and gave the sharp
condition for global existence of solutions. Recently, Lian et al. [6] studied the
existence of global and blowup of solutions for the following semilinear wave
equation

∂2w
∂t2

−∆w = w log |w|k, x ∈ Ω, t > 0, k > 1,
w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ Ω,
w(x, t) = 0, x ∈ ∂Ω, t > 0,

by the potential well method. In [12], Peng and Zhou studied the initial bound-
ary value problem of a semilinear heat equation with logarithmic nonlinearity

∂w
∂t −∆w = |w|p−2w log |w|, x ∈ Ω, t > 0,
w(x, 0) = w0(x), x ∈ Ω,
w(x, t) = 0, x ∈ ∂Ω, t > 0.

By using the potential well method, they obtained the existence of global
solutions and finite-time blowup solutions. In [2], Choucha et al. studied a
blowup result of solutions to the following nonlinear viscoelastic wave equation
with distributed delays,

∂2w
∂t2

−∆w − ω∆wt +
∫ t
0 g(t− s)∆w(s)ds+ µ1wt

+
∫ τ2
τ1

|µ2(ϱ)|wt(x, t− ϱ)dϱ = b|w|p−2, x ∈ Ω, t > 0,

w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ Ω,
w(x, t) = 0, x ∈ ∂Ω, t > 0,
wt(x,−t) = f0(x, t), x ∈ Ω, 0 < t < τ2.

Motivated by the aforementioned works, in this paper we establish the ex-
istence of global and finite-time blowup of solutions for the problem (1), by
using the potential well method.
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2. PRELIMINARIES

To establish the main results of this paper, we required the following defini-
tions and lemmas. Let H1(Ω) denote the Sobolev space with the usual scalar
products and norm. H1

0(Ω) denotes the closure in H1(Ω) of C∞
0 (Ω). For sim-

plicity of notations, hereafter we denote by ∥ · ∥p the Lebesgue space, Lp(Ω),
norm and ∥ · ∥ denotes L2(Ω) norm. We write the equivalent norm ∥∇ · ∥
instead of the H1

0(Ω) norm ∥ · ∥H1
0(Ω).

Definition 2.1. The function w = w(x, t) is said to be a weak solu-
tion of (1) on Ω × [0,T) if w ∈ C

(
[0,T],H1

0(Ω)
)
∩ C1

(
[0,T], L2(Ω)

)
, wtt ∈

C
(
[0,T],H−1(Ω)

)
such that w(x, 0) = w0(x) in H1

0(Ω), wt(x, 0) = w1(x) in

L2(Ω) and

(wt, ω) +

∫ t

0
(∇w,∇ω)ds =

∫ t

0

(
|w|p−2w log |w|, ω

)
ds+ (w1, ω)

for any ω ∈ H1
0(Ω), t ∈ [0,T).

2.1. POTENTIAL WELLS

We define energy E(t) for the problem (1), which satisfies the conservation
law E(t) = E(0) for every t ∈ [0,T), where

E(t) =
1

2
∥wt∥2 +

1

2
∥∇w∥2 − 1

p

∫
Ω

|w|p log |w|dx+
1

p2
∥w∥pp

and

E(0) =
1

2
∥w1∥2 +

1

2
∥∇w0∥2 −

1

p

∫
Ω

|w0|p log |w0|dx+
1

p2
∥w0∥pp.

Next, define two real-valued C1 functionals on H1
0(Ω), known as potential

energy and Nehari functionals, which are

J(w) =
1

2
∥∇w∥2 − 1

p

∫
Ω

|w|p log |w|dx+
1

p2
∥w∥pp

and

I(w) = ⟨J′(w), w⟩ = ∥∇w∥2 −
∫
Ω

|w|p log |w|dx,

where ⟨ , ⟩ denotes the dual pairing between H−1(Ω) and H1
0(Ω). Then, it is

clear that

(3) J(w) =
1

p
I(w) +

[
p− 2

2p

]
∥∇w∥2 + 1

p2
∥w∥pp
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and

E(t) =
1

2
∥wt∥2 + J(w)

=
1

2
∥wt∥2 +

1

p
I(w) +

[
p− 2

2p

]
∥∇w∥2 + 1

p2
∥w∥pp.

Also

E(t) =
1

2
∥wt∥2 +

1

2
I(w) +

[
p− 2

2p

] ∫
Ω

|w|p log |w|dx+
1

p2
∥w∥pp.

Next, define the Nehari manifold as

N (w) = {w ∈ H1
0(Ω) | I(w) = 0, ∥∇w∥2 ̸= 0}

and the depth of the potential well (or mountain pass level) as

d = inf
w∈N

J(w).

Finally, we define the potential well

W = {w ∈ H1
0(Ω) | I(w) > 0, J(w) < d} ∪ {0}

and the outer of the potential well

V = {w ∈ H1
0(Ω) | I(w) < 0, J(w) < d}.

Let ϱ be any fixed positive real number. Now we extend the above single
potential wells to the family of potential wells as

Jϱ(w) =
ϱ

2
∥∇w∥2 − 1

p

∫
Ω

|w|p log |w|dx+
1

p2
∥w∥pp

and

Iϱ(w) = ⟨J′ϱ(w), w⟩ = ϱ∥∇w∥2 −
∫
Ω

|w|p log |w|dx.

The Nehari manifold is

Nϱ(w) = {w ∈ H1
0(Ω) | Iϱ(w) = 0, ∥∇w∥2 ̸= 0}

and the depth of the potential well (or mountain pass level) is

(4) d(ϱ) = inf
w∈Nϱ

J(w).

Finally, we define the potential well

Wϱ = {w ∈ H1
0(Ω) | Iϱ(w) > 0, Jϱ(w) < d(ϱ)} ∪ {0}

and the outer of the potential well

Vϱ = {w ∈ H1
0(Ω) | Iϱ(w) < 0, Jϱ(w) < d(ϱ)}.

In the next lemma we seek a unique positive critical point of J(λw).

Lemma 2.2. Let w ∈ H1
0(Ω) with |w∥ ≠ 0 and let f(λ) = J(λw). Then we

have
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(i) lim
λ→0

f(λ) = 0 and lim
λ→+∞

f(λ) = −∞,

(ii) there exists a unique λ∗ = λ∗(w) in the interval (0,+∞) such that

f′(λ)|λ=λ∗ = 0,

(iii) f(λ) is increasing on 0 ≤ λ ≤ λ∗, decreasing on λ∗ ≤ λ < +∞ and
takes maximum at λ = λ∗, i.e., there exists a unique λ∗ ∈ (0,+∞) such
that I(λ∗w) = 0 and I(λw) = λf′(λ) > 0 for (0, λ∗) and I(λw) < 0 for
(λ∗,+∞).

Proof. (i) We have

f(λ) = J(λw)

=
λ2

2
∥∇w∥2 − λp

p

∫
Ω

|w|p log |λw|dx+
λp

p2
∥w∥pp

=
λ2

2
∥∇w∥2 − λp

p

∫
Ω

|w|p log |w|dx+
λp

p2
∥w∥pp −

λp

p
log λ∥w∥pp.

Since |w∥ ≠ 0, it follows that lim
λ→0

f(λ) = 0 and lim
λ→+∞

f(λ) = −∞.

(ii) f′(λ) = 0, gives

λ∥∇w∥2 − λp−1

∫
Ω

|w|p log |w|dx− λp−1 log λ∥w∥pp = 0,

which implies

(5) ∥∇w∥2 = λp−2

∫
Ω

|w|p log |w|dx+ λp−2 log λ∥w∥pp.

Next, let

g(λ) = λp−2

∫
Ω

|w|p log |w|dx+ λp−2 log λ∥w∥pp.

Then it is clear that g(λ) is increasing on (0,+∞). Also, we have

lim
λ→0

g(λ) = 0 and lim
λ→+∞

g(λ) = +∞,

that is, there exists a unique λ0 such that g(λ0) = 0 and g(λ0) < 0 for 0 <
λ < λ0 and g(λ0) > 0 for λ0 < λ < ∞. Hence, for any ∥∇w∥ > 0 there exists
a unique λ∗ > λ0 such that (5) holds.

(iii) Since
d

dλ
J(λw) = λ

(
∥∇w∥2 − g(λ)

)
,

it follows from the proof of (ii) that

(a) g(λ) < 0, 0 < λ ≤ λ0,
(b) g(λ) < ∥∇w∥2, λ0 < λ ≤ λ∗,
(c) g(λ) > ∥∇w∥2, λ∗ < λ ≤ +∞.
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That is

(a)
d

dλ
J(λw) > 0, 0 < λ < λ∗,

(b)
d

dλ
J(λw) < 0, λ∗ < λ < +∞.

Also, we have

I(λw) = λ2∥∇w∥2 − λp
∫
Ω

|w|p log |λw|dx = λ
d

dλ
J(λw).

This completes proof. □

Lemma 2.3. Let ϱ be any fixed positive real number. Then we have following
assertions:

(i) if 0 < ∥∇w∥ ≤ δ(ϱ), then Iϱ(w) > 0.
(ii) if Iϱ(w) < 0, then ∥∇w∥ > δ(ϱ).
(iii) if Iϱ(w) = 0, then ∥∇w∥ > δ(ϱ) (or) ∥∇w∥ = 0

where δ(ϱ) is the unique real root of the equation αp+1δp−1 = ϱ, and

(6) α = sup

{
∥w∥p+1

∥∇w∥
: w ∈ H1

0(Ω)

}
.

Proof. Let Ψ(δ) = αp+1δp−1.
(i) Suppose 0 < ∥∇w∥ ≤ δ(ϱ). Then, we have∫
Ω

|w|p log |w|dx < |w|p+1
p+1 ≤ αp+1∥∇w∥p+1 = Ψ(∥∇w∥)∥∇w∥2 ≤ ϱ∥∇w∥2.

This proves (i).
(ii) Suppose Iϱ(w) < 0, then

ϱ∥∇w∥2 <
∫
Ω

|w|p log |w|dx < |w|p+1
p+1 ≤ αp+1∥∇w∥p+1 = Ψ(∥∇w∥)∥∇w∥2,

which implies that ∥∇w∥ > δ(ϱ).
(iii) Suppose Iϱ(w) = 0, then

ϱ∥∇w∥2 =
∫
Ω

|w|p log |w|dx < |w|p+1
p+1 ≤ αp+1∥∇w∥p+1 = Ψ(∥∇w∥)∥∇w∥2,

so, we have ∥∇w∥ > δ(ϱ). This completes the proof. □

Lemma 2.4. Let d(ϱ) be given as in (4). We have the following properties:

(i) d(ϱ) = k(ϱ)δ2(ϱ) > 0 for 0 < δ < p
2 , k(ϱ) =

1
2 − ϱ

p
,

(ii) there exists a unique ϱ0 > p
2 such that d(ϱ0) = 0 and d(ϱ) > 0 for

0 < ϱ < ϱ0,
(iii) d(ϱ) is strictly increasing on 0 < ϱ ≤ 1, decreasing on 1 ≤ ϱ ≤ ϱ0 and

maximum d = d(1) at ϱ = 1.
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Proof. The proof of the present lemma is similar to the proof of Lemma 2.4
of [6] □

2.2 INVARIANT SETS

Theorem 2.5. Let w0(x) ∈ H1
0(Ω) and w1(x) ∈ L2(Ω) and 0 < e < d,

then there exits a ϱ ∈ (1, ϱ2) such that D(ϱ) = e, where ϱ2 is the constant in
Lemma 2.4. Furthermore, if w = w(x, t) is a weak solution of problem (1)
with E(0) = e, then we have

(i) w ∈ Wϱ for any 1 ≤ ϱ < ϱ2, provided I(w0) > 0.
(ii) w ∈ Vϱ for any 1 ≤ ϱ < ϱ2, provided I(w0) < 0.

Proof. The proof of the present theorem is similar to the proof of Proposi-
tion 2.6 of [6] □

Theorem 2.6. Let w0(x) ∈ H1
0(Ω) and w1(x) ∈ L2(Ω). Suppose that E(0) =

d, I(w0) < 0 and (w0, w1) ≥ 0, then the set V ′ = {w ∈ H1
0(Ω) : I(w) < 0} is

invariant under the flow of (1).

Proof. The proof of the present theorem is similar to the proof of Lemma
2.7 of [14]. □

Theorem 2.7. For some positive constant a := α
− p+1

p−1 , where α is given in
(6), let

Ba =
{
w ∈ H1

0(Ω) : ∥∇w∥ ≥ a
}
.

Then all nontrivial solutions of (1) with E(0) = 0 belong to Ba.

Proof. Let w(t) be any solution of (1) with E(0) = 0 and [0,T) be the time
interval of w(t). Now from the energy inequality E(t) ≤ E(0), i.e., 1

2∥wt∥2 +
J(w) ≤ 0 for 0 ≤ t < T, which implies J(w) ≤ 0. From (3), we get

1

p
I(w) +

[
p− 2

2p

]
∥∇w∥2 + 1

p2
∥w∥pp ≤ 0.

Thus,
I(w) ≤ 0.

By the definition of I(w), we get

∥∇w∥2 ≤
∫
Ω

|w|p log |w|dx ≤ |w∥p+1
p+1 ≤ αp+1∥∇w∥p+1.

Hence,
1

αp+1
≤ ∥∇w∥p−1.

This completes the proof. □

Theorem 2.8. Let w0(x) ∈ H1
0(Ω) and w1(x) ∈ L2(Ω). Suppose that E(0) ≤

0 or E(0) = 0 with ∥∇w0∥ ̸= 0, then all solutions of (1) belong to Vϱ for
0 < ϱ < p/2.
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Proof. Let w(t) be any solution of (1) on [0,T) with E(0) = 0. Then by the
energy inequality, we have

1

2
∥wt∥2 +

1

p
Iϱ(w) + k(ϱ)∥∇w∥2 ≤ 1

2
∥wt∥2 + J(w) = E(0)

for 0 ≤ t < T and 0 < ϱ < p/2. From the above inequality, by Lemma 2.4 and
Theorem 2.7, we have

(i) Iϱ(w) < 0 and I(w) < 0 < d(ϱ) if E(0) < 0.
(ii) ∥∇w0∥ ≥ a for 0 ≤ t < T if E(0) = 0 and ∥∇w0∥ ≠ 0.

Thus, from (i) and (ii), we have w(t) ∈ Vϱ for 0 ≤ t < T, 0 < ϱ < p
2 . □

3. GLOBAL EXISTENCE AND FINITE-TIME BLOWUP OF SOLUTIONS

In this section by using potential wells, we study the global existence and
finite-time blowup property in finite-time for the solution of (1).

Theorem 3.1. Let w0(x) ∈ H1
0(Ω) and w1(x) ∈ L2(Ω). Suppose that 0 <

E(0) ≤ d and I(w0) ≥ 0 or ∥∇w0∥ ≥ 0, then the problem (1) has a global
weak solution w(t) ∈ L∞

(
0,+∞;H1

0(Ω)
)
with wt(t) ∈ L∞

(
0,+∞; L∞(Ω)

)
and

w(t) ∈ W for 0 ≤ t < ∞.

Proof. We divide the proof into two steps.

Step 1. The case when E(0) < d and I(w0) > 0 or ∥∇w0∥ = 0.

With the similar arguments employed in Theorem 3.1 in [6] and in Theorem
3.2 in [7], we can construct approximate solutions wℓ(x, t) of (1) such that

(7)
1

2
∥wℓt∥2 + J(wℓ) = Eℓ(0) < d, 0 ≤ t < +∞

and wℓ(t) ∈ W for sufficiently large ℓ and 0 ≤ t < +∞. Now by the potential
energy functional, we get

(8) J(wℓ) =
1

p
I(wℓ) +

[
p− 2

2p

]
∥∇wℓ∥2 +

1

p2
|wℓ∥pp ≥

[
p− 2

2p

]
∥∇wℓ∥2.

From (7) and (8), we have[
p− 2

2p

]
∥∇wℓ∥2 ≤

1

2
∥wℓt∥2 +

[
p− 2

2p

]
∥∇wℓ∥2 < d, 0 ≤ t < +∞,

Thus, for 0 ≤ t < +∞, we have

(9) ∥∇wℓ∥2 <
2pd

p− 2
,

(10) ∥wℓ∥2p ≤ α2∥∇wℓ∥2 < α2 2pd

p− 2
,

(11)

∫
Ω

|wℓ|p log |wℓ|dx < ∥wℓ∥p+1
p+1 ≤ αp+1∥∇wℓ∥p+1 < αp+1

[
2pd

p− 2

] p+1
2



9 Blowup and global solutions for a logarithmic semilinear hyperbolic equation 273

and

(12) ∥wℓt∥2 < 2d.

Hence, by the compactness method (see, for example [3,6]) and from (9)-(12),
the problem (1) has a global weak solution w(t) ∈ L∞

(
[0,+∞),H1

0(Ω)
)
with

wt(t) ∈ L∞
(
[0,+∞), L2(Ω)

)
and w(t) ∈ W for 0 ≤ t < +∞.

Step 2. The case when E(0) = d and I(w0) ≥ 0 or ∥∇w0∥ ≥ 0.

We further divide the proof into two cases.

Case (i). ∥∇w0∥ > 0.

Let λ0ℓ = 1− 1
ℓ and w0ℓ = λℓw0, ℓ = 2, 3, . . . . Consider the initial conditions

w(x, 0) = w0ℓ(x), wt(x, 0) = w1(x)

and the corresponding problem

(13)

∂2w
∂t2

−∆w = |w|p−2w log |w|, x ∈ Ω, t > 0,
w(x, 0) = w0ℓ(x), wt(x, 0) = w1(x), x ∈ Ω,
w(x, t) = 0, x ∈ ∂Ω, t > 0.


By Lemma 2.2 and I(w0) ≥ 0, we get λ∗ = λ∗(w0) ≥ 1. Therefore I(w0ℓ) > 0
and J(w0ℓ) = J(λℓw0) < J(w0). Further,

0 < Eℓ(0) ≡
1

2
∥w1∥2 + J(w0ℓ) <

1

2
∥w1∥2 + J(w0) = E(0) = d.

It follows from Step 1 that for each ℓ, the problem (13) has a global solution
wℓ(t) ∈ L∞

(
[0,+∞),H1

0(Ω)
)
and wℓ(t) ∈ W for 0 ≤ t < +∞ satisfying

(14) (wℓt, ω) +

∫ t

0
(∇wℓ,∇ω)ds =

∫ t

0

(
|wℓ|p−2wℓ log |wℓ|, ω

)
ds+ (w1, ω)

for every ω ∈ H1
0(Ω), 0 ≤ t < +∞ and

(15)
1

2
∥wℓt∥2 + J(wℓ) = Eℓ(0) < d, 0 ≤ t < +∞.

The remaining proof is similar to Step 1.

Case (ii). ∥∇w0∥ = 0.

Then J(w0) = 0 and 1
2∥∇w1∥2 = E(0) = d. Let λℓ = 1− 1

ℓ and w1ℓ = λℓw1,
ℓ = 2, 3, . . .. Consider the initial conditions

w(x, 0) = w0(x), wt(x, 0) = w1ℓ(x)

and the corresponding problem

(16)

∂2w
∂t2

−∆w = |w|p−2w log |w|, x ∈ Ω, t > 0,
w(x, 0) = w0(x), wt(x, 0) = w1ℓ(x), x ∈ Ω,
w(x, t) = 0, x ∈ ∂Ω, t > 0.


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Also,

0 < Eℓ(0) ≡
1

2
∥w1ℓ∥2 + J(w0) =

1

2
∥λℓw1∥2 < E(0) = d.

It follows from Step 1 that for each ℓ, problem (16) has a global solution
wℓ(t) ∈ L∞

(
[0,+∞),H1

0(Ω)
)
with wt(t) ∈ L∞

(
[0,+∞), L2(Ω)

)
and wℓ(t) ∈ W

for 0 ≤ t < +∞ satisfying (14) and (15). The rest of the proof is similar to
Case (i). □

Theorem 3.2. Let w0(x) ∈ H1
0(Ω) and w1(x) ∈ L2(Ω). Suppose that 0 <

E(0) ≤ d, I(w0) < 0 and (w0, w1) ≥ 0, then the weak solution of (1) blows up
in finite-time such that limt→T− ∥w(·, t)∥ = +∞.

Proof. We divide the proof into two steps.

Step 1. The case when E(0) < d and I(w0) < 0.

Suppose w(x, t) be any solution of (1) and define a function F : [0,+∞) →
(0,+∞) by F (t) = ∥w∥2. Then F ′(t) = 2(w,wt) and

(17)

F ′′(t) = 2∥wt∥2 + 2(w,wtt)

= 2∥wt∥2 − 2

∥∇w∥2 −
∫
Ω

|w|p log |w|dx


= 2∥wt∥2 − 2I(w).

Now from the energy inequality, we have

1

2
∥wt∥2 +

1

2
∥∇w∥2 − 1

p

∫
Ω

|w|p log |w|dx+
1

p2
∥w∥pp ≤ E(0).

That is

(18)
2

∫
Ω

|w|p log |w|dx ≥ p∥wt∥2 + p∥∇w∥2 + 2

p
∥w∥pp − 2pE(0)

≥ p∥wt∥2 + p∥∇w∥2 − 2pE(0)

Substituting (18) into (17), we get

(19)
F ′′(t) ≥ (p+ 2)∥wt∥2 + (p− 2)∥∇w∥2 − 2pE(0)

≥ (p+ 2)∥wt∥2 + (p− 2)λ1F (t)− 2pE(0),

where λ1 > 0 is the first eigenvalue of ∆ω+ λω = 0 with ω = 0 on ∂Ω = 0.
If E(0) ≤ 0, then (19) gives

(20) F ′′(t) ≥ (p+ 2)∥wt∥2.

Suppose 0 < E(0) ≤ d, then from Theorem 2.5, we have wt ∈ Vϱ for 1 < ϱ < ϱ2
and t > 0. So, Iϱ(w) < 0 and by Lemma 2.3, we get ∥∇w∥ ≥ δ(ϱ) for
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1 < ϱ < ϱ2 and t > 0. That is, Iϱ2(w) < 0 and ∥∇w∥ ≥ δ(ϱ2) for t > 0. Since
F ′(0) = 2(w0, w1) ≥ 0 and from (17), it follows that

F ′′(t) ≥ 2(ϱ2 − 1)∥∇w∥2 − 2Iϱ2(w) ≥ 2(ϱ2 − 1)δ2(ϱ2) > 0,

F ′(t) ≥ 2(ϱ2 − 1)δ2(ϱ2)t+ F ′(0) ≥ 2(ϱ2 − 1)δ2(ϱ2)t,

and
F (t) ≥ (ϱ2 − 1)δ2(ϱ2)t

2 + F (0) ≥ (ϱ2 − 1)δ2(ϱ2)t
2.

So, there exists a t̂ > 0 such that for t ≥ t̂, we get (p − 2)λ1F (t) > 2pE(0).
Therefore, from (19) we obtain (20) and from (20), for all t ≥ t̂, we have

(21) F (t)F ′′(t)−
[
p+ 2

4

] (
F ′(t)

)2 ≥ (p+ 2)
[
∥w∥2∥wt∥2 − (w,wt)

2
]
> 0.

Step 2. The case when E(0) = d and I(w0) < 0.

From (19), we have

(22)
F ′′(t) ≥ (p+ 2)∥wt∥2 + (p− 2)λ1F (t)− 2pE(0)

= (p+ 2)∥wt∥2 + (p− 2)λ1F (t)− 2pd.

From (17) and by Theorem 2.6, it follows that F ′′(t) > 0 for 0 ≤ t < +∞,
i.e., F ′(t) is strictly increasing for 0 ≤ t < +∞. Since F ′(0) = 2(w0, w1) ≥ 0,
for any t∗ > 0 we get

F ′(t) ≥ F ′(t∗) > 0, t ≥ t∗

and
F (t) ≥ F ′(t∗)(t− t∗) + F (t∗) > F ′(t∗)(t− t∗), t ≥ t∗.

So, there exists a t̂ > 0 such that for t ≥ t̂, we obtain

(p− 2)λ1F(t) ≥ 2(P+ 1)d.

From (22), we get F ′′(t) ≥ (p+ 2)∥wt∥2. Hence,

F (t)F ′′(t)−
[
p+ 2

4

] (
F ′(t)

)2 ≥ (p+2)
[
∥w∥2∥wt∥2−(w,wt)

2
]
> 0 for all t ≥ t̂.

Finally, by Levine’s concavity argument [5] that F (t) can not remain finite
for all t ≥ t̂, we reach a contradiction. This completes proof. □
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