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STRONGLY DEFERRED ALMOST CONVERGENCE AND
DEFERRED ALMOST STATISTICAL CONVERGENCE

MERYEM ECE ALKAN and FATIH NURAY

Abstract. This paper introduces the concepts of deferred almost convergence,
strongly deferred almost convergence and deferred almost statistical convergence,
and investigates the relationship between these concepts. Also, it gives the no-
tions of asymptotical deferred almost equivalence and asymptotical deferred al-
most statistical equivalence.
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1. INTRODUCTION

A sequence (zy) is said to be strongly Cesaro summable to the number ¢ if

1

nhj;oﬁ ; |z, — £ = 0.
Nearly all of the transformations used in the theory of summability have un-
desirable features. For example, the Cesaro transformation of any given pos-
itive order increases ultimate bounds and oscillations of certain sequences of
functions, and does not always preserve uniform convergence, or continuous
convergence, of sequences of functions. Deferred Cesaro means have useful
properties not possessed by Cesaro’s and other well known transformations.
R.P. Agnew [1] defined the deferred Cesaro mean as a generalization of Cesaro
mean of real (or complex) valued sequence (xj) by

> om n=123.,

where (p(n)) and (¢(n)) are sequences of nonnegative integers satisfying p(n) <
q(n) for all n € N and lim,,_,o, ¢(n) = 0.

D, .x), =
(Dp,q)n p
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A sequence (zy) is said to be strongly D), ,-convergent to ¢ € R if

1 q(n)

im — S =0,

nooo q(n) —p(n) | 4=

A sequence (xy) is said to be statistically convergent to the number ¢ € R
if for every € > 0,

1
lim —{k<n: |zx—4¢ >¢e}| =0,

n—oo N

where the vertical bars indicate the number of elements in the enclosed set.

The concept of statistical convergence was first introduced by Fast [5]. In
1953 the concept arose as an example of convergence in density as introduced
by Buck [2]. Schoenberg [21] studied statistical convergence as a summabil-
ity method, and Zygmund [22] established a relation between it and strong
summability. This idea has grown a little faster after the papers of Salat
[20], Fridy [7], Connor [3/4]. The relation between statistical convergence and
strong Cesaro summability is known (see e.g. [3]):

If a sequence (zy) is strongly Cesaro convergent to ¢, then (xy) is statistically
convergent to ¢, and the converse is true if (xy) is a bounded sequence.

The idea of statistical convergence depends upon the density of subsets of
the set N of natural numbers. The density of a subset K of N is defined by

LG
O(K) = lim — % xxc(k)
k=1
provided that the limit exists, where x is the characteristic function of the
set K.
The deferred density of K is defined by

Op,q(K) = [{p(n) <k <gq(n): keK}|

1
q(n) — p(n)
provided the limit exists.
The concept of deferred statistical convergence was introduced in [10] as
follows:
A sequence () is said to be deferred statistically convergent to the number
£ € R if for every ¢ > 0,

1
lim ——{p(n) <k <qn): |zy—£ >c} =0.
Jim o) (n): Jax— 0 €}
A continuous linear functional ¢ on £, the space of real bounded sequences,
is said to be a Banach limit if

(a) ¢(x) > 0 when the sequence x = (xy) has xp > 0 for all k,
(b) ¢(e) =1 where e = (1,1,1,...) and
(¢) ¢(xps1) = P(zy) for all z € I.
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A sequence (x1) € I is said to be almost convergent to the value ¢ if all of its
Banach limits equal to £. Lorentz [12] has given the following characterization.
A bounded sequence (zy) is almost convergent to ¢ if and only if

1 n

uniformly in m.

Almost convergence and statistical convergence are incompatible. For ex-
ample; the sequence (zy) defined by z = 1 if k is even and x = 0 if & is odd,
is almost convergent to 1/2, but is not statistically convergent. Now consider
the sequence of 0’s and 1’s defined as follows:

0,0,...,0,1,1,...,1,0,0, ...
—1004— —104+
where the blocks of 0’s are increasing by factors of 100 and the blocks of 1’s
are increasing by factors of 10. This sequence is not almost convergent but is
statistically convergent to zero.

In [14], Maddox has defined the notion of strongly almost convergent se-
quence as follows:

A bounded sequence (xy) is said to be strongly almost convergent to ¢ if
and only if

N R
Jan, 7 2 o =41 =0
k=1

uniformly in m.

By a lacunary sequence (see e.g. [6]) we mean an increasing integer sequence
0 = (k) such that ko = 0 and h,, = k,, — k,—1 — 00 as n — 00. The intervals
determined by 6 will be denoted by I,, = (kn—1, kn]-
A bounded sequence () is said to be strongly lacunary almost convergent to
¢ if
. 1
gy 2 e =t =0
uniformly in m.

Let 0 = (k,) be a lacunary sequence. (zy) is said to be lacunary statistically
almost convergent to £ if for every € > 0,

1
— : 0> _
nan;O hn]{k €ly: |xpem —¥¢ >¢e}|=0

uniformly in m.

Let A = (\,) be a nondecreasing sequence of positive numbers tending to
00, and Ap11 — Ay < 1, Ay = 1. The generalized de la Vallée-Poussin mean
[11] is defined by

n

™ k=n—An+1
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A sequence () is said to be strongly A-almost convergent to ¢ if

1 ¢
nhféofn > |wkam — =0
k=n—A\p+1
uniformly in m.

(z) is said to be A-statistically almost convergent to ¢ if

lim i|{n—)\n+1§k§n: |Thrm — ¥l > €} =0
n—o0 \p,
uniformly in m.

Let A = (ank) be an infinite matrix and (zx) be a sequence. Let X and Y be
two nonempty subset of the space w of all real or complex number sequences.
We write Ax = (A,z) if Ap(x) = Y 50 ankay converges for each n. If (x) € X
implies Az € Y, we say that A defines a matrix transformation from X to Y.
A matrix A is said to be regular if A transforms every convergent sequence
to a convergent sequence by preserving the limit. The following conditions
are, by the Silverman-Toeplitz Theorem, necessary and sufficient conditions
for the regularity of A = (a,x):

(i) sup, 32 lank| < oo;
(ii) limy—yo0 apx = 0 for each k € N;
(i) imp—yoo Y gy Gnk = L.
The reader can refer to [6},[8,/11-14,/16,/17] for more detailed information on
these subjects.

2. DEFERRED ALMOST AND DEFERRED ALMOST STATISTICAL CONVERGENCE

DEFINITION 2.1. A sequence (zy) is said to be deferred almost convergent
to £ € R if
1 q(n)
T S o R
W5 g~ p(n) ,_2<
uniformly in m.

DEFINITION 2.2. A sequence (zy) is said to be strongly deferred almost
convergent to £ € R if

1 q(n)
lim ————— Thm — €] =0
B a2

uniformly in m. In this case we write 2, — £(D[p, q]).

A strongly deferred almost convergent sequence is deferred almost conver-
gent, but the converse may not be true.
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EXAMPLE 2.3. Let the sequence (x) be defined by

] 0, kiseven
=\ 2, kisodd

and suppose that p(n) = 2n — 1 and ¢(n) = 4n — 1 for all n € N. Then, we
have

1 q(n) 1 4n—1
lim ——— Thom = lim — S zpem =1
n—oo q(n) — p(n) k:pz(n:)-o-l T o 2n kZQ:n tm

uniformly in m. That is, this sequence is deferred almost convergent to 1, but
not strongly deferred almost convergent to 1.

DEFINITION 2.4. A sequence (zy) is said to be strongly r-deferred almost
convergent to £ € R if

1 q(n)

lim —— Thom — 4" =0
B =, 2| e

uniformly in m where 0 < 7 < co. In this case we write z; — £(D"[p, q]).

It is clear that;

e If g(n) = n and p(n) = 0 for all n € N, then Definition coincides
with the definition of strong almost convergence.

e Let 0 = (k) be a lacunary sequence. If we consider ¢(n) = k, and
p(n) = kn_1 for all n € N, then Definition [2.2]coincides with the strong
lacunary almost convergence.

e If g(n) = n and p(n) = n — A, for all n € N, then Definition
coincides with the strong A-almost convergence.

DEFINITION 2.5. A sequence (zy) is said to be deferred almost statistically
convergent to the number ¢ € R if for every € > 0,

lim

n—o0 M’{p(n) <k <qn):|[Tppm — L >} =0

uniformly in m. In this case we write zy — £(DS[p, q]).

It is clear that;

e If g(n) = n and p(n) = 0 for all n € N, then Definition coincides
with the definition of almost statistical convergence.

e Let 0 = (k) be a lacunary sequence. If we consider ¢(n) = k, and
p(n) = kp—1 for all n € N, then Definition coincides with the
lacunary almost statistical convergence.

e If g(n) = n and p(n) = n — A\, for all n € N, then Definition
coincides with the almost A-statistical convergence of sequences.
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3. INCLUSION RELATIONS
THEOREM 3.1. Let (p(n)), (q(n)), (p(n)) and (¢'(n)) be sequences of of non-
negative integers satisfying p(n) < p'(n) < ¢'(n) < ¢(n) for alln € N and
lim sup M < 00,
oo ¢'(n) —p'(n)
then xj, — £(DS[p, q]) implies z;, — ((DS[p', ¢']).
Proof. From the inclusion
{P'(n) <k <d(n): |egpm—t =et C{p(n) <k <qn): |erpm—t| > e}

we can write

M\{p’(n) <k<d(n): |Tpm — L > e}l
q(n) —p(n) 1 o
: q/(n) _pl(n) q(n) —p(n) Hp(n) <k< q(n) : | k+m £| > €}|

After taking limit when n — oo, the desired result is obtained. O

THEOREM 3.2. Let (p(n)), (¢(n)), (p'(n)) and (¢'(n)) be sequences of of non-

negative integers satisfying p(n) < p'(n) < ¢'(n) < q(n) for alln € N and
lim sup M < 00,
n—oo ¢'(n) —p'(n)

then xj, — 0(D[p, q) implies x1, — ¢(D[Y, ¢']).

Since the proof is similar to the proof of Theorem we omit it.

THEOREM 3.3. If (zy) is strongly deferred almost convergent to ¢, then (zy,)
is deferred almost statistically convergent to ¢, that is, if xx, — €(D[p,ql), then
zx = (DS[p, q])-

Proof. Let xj — K(ﬁ[p, q]). For an arbitrary £ > 0, we get

q(n)

W Z | Tk — ¢

k=p(n)+1

1 q(n) q(n)
= g —pn) Z |Thtm — €] + Z |Zk4m — |

k=p(n)+1 k=p(n)+1
|[T4m—L|2e |2k +m—El<e

1 q(n)

Z |mk+m - 6‘

k=p(n)+1
‘xk+m) 76‘ >e

{p(n) <k <q(n): [zrem — ] > €}

v

q(n) — p(n)

&
q(n) — p(n)
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for each m. Hence, we have

1
Iim ——|{p(n) <k <qn): |vgem — € >} =0
uniformly in m, that is z; — E(ljS[p, q])- O

THEOREM 3.4. If (x1) is bounded and deferred almost statistically conver-
gent to £, then (xy) is strongly deferred almost convergent to ¢, that is, if (z)
is bounded and x, — £(DS|p,q]), then x — £(D]p, q]).

Proof. Suppose that z — £(DS[p, q]) and (x) is bounded, say | &g qm—£] <
M for all k£ and m. Given € > 0, we get

D — | Tkt — £
q(n) —p(n) , o= |
1 q(n) 1 q(n)
= — |Thim — ) + ———— |Tktm — £
q(n) — p(n) k_p%:m " q(n) — p(n) k_p%:m i
‘karm*e‘ZE |"L‘k+m*£|<E
(n) q(n)
M . €
< - 1+ — 1
q(n) — p(n) k_pz(n:m q(n) — p(n) k_pz(n:)+1
|25 4+m—£|>e [T pym —| <€
< M) <k < a(n): frpen — 1] > <))
= a(n) = p(n) S
€
+—————Hpn) <k <qn):|zgm — £ <e
for each m, hence we have
lim ‘xk+m - e‘ =0
oo q(n) = p(n) 4=
uniformly in m. O

EXAMPLE 3.5. Let the sequence (xj) be defined by

= 0, k is not square
71 2, kissquare

and suppose that p(n) = 2n — 1 and ¢(n) = 4n — 1 for all n € N. Then, we
have 1

lim ——— <k< : -0 > =0
uniformly in m. That is, this sequence is deferred almost statistically conver-
gent to 0. Since (xj) is bounded, by Theorem this sequence is strongly

deferred almost convergent to 0.
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THEOREM 3.6. If the sequence (%) is bounded, then xzj — £(S)

implies xy, — L(DS[p, q]).

~

Proof. Let x — £(S) then for every € > 0,

1
lim —{k<n: |Tgym—¢ >} =0

n—00 1,

uniformly in m. Hence, for every ¢ > 0

1
lim ——

n—00 q(n) |{k = q(n> : |xk+m - £| > €}| =0

uniformly in m. From the following inclusion
{p(n) <k <q(n): |vppm—LlZet C{k<q(n): |[Tpim—{=c}
and the inequality
{p(n) <k <q(n):|erem — € = e} < {k < q(n) : [2prm — €] = €}

we have

T ) < B () sl — 1> ¢}
— AR o) < k< o) s o — €] 2 )
< (14 o) il < ) sl =42 2)
for each m and hence, we obtain zj, — £(DS[p, q]). O

THEOREM 3.7. Let g(n) =n for alln € N. Then, xp — K(JjS[p, n]) if and

only if xp — £(5).

Proof. Assume that x;, — ¢(DS[p,n]). By using the technique which was
used by Agnew in [1], for each n € N, letting p(n) = n(), p(nM) = n?,
p(n®) =nB) . we may write

{k<n: |epem—¥ >c}=

{k: <nW: zpem =l > 6} U {n(l) <k<n: |Tpym) —{ 25},

{k <l a0 2 E} -

{k <n®: |zpm — 0] > 6} U {n(Q) <k<nW: zppm—€ > 5}

and
(h<n®: oy -t 2} =

{k <n® |zpgm — 0 > 5} U {n(g) <k<n®: |zpem—f> 5}
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for each m. This process may be continued until for some positive integer h
depending on n, we obtain

{k<n=D: api, —l >e) =
{k<n®: |zppm — 0 >ebu{n® <k <nlV: opy, - > ¢}
for each m where n® > 1 and n(»*Y) = 0. Therefore, we can write

h
1 n(m) — pr+1)
L e
r=0
for every n and m where

1
(r+1) ") . _
trm D {n <k <n'" :|zpem — 4 > e}

If we take the matrix A = (ay,) as follows

(r) _ p(r+1)
)T e =0,1,2,.,h
Anr = n

0, otherwise

where n(®) = n, then the sequence
1
{2tk <nslonm -2 )}

is the (ay,) transformation of the sequence (t,,). Since n(" > n(+1 r =
1,2,...,h, and n"*1) = 0, this transformation evidently satisfies (i) and (iii);
and for fixed k, W is either zero or a fraction of which the denominator
is n and the numerator is less than or equal k so that (ii) holds. Therefore,

the matrix (an,) is a regular, and since the sequence

1
{nm_n(rm {nD <k <0 oy — €] 2 e}l}

is convergent to zero for each m, we have

1
lim —|{k <n:|xgim —£ >¢€}|=0

n—oo N
uniformly in m.

Conversely, since (%) is bounded for g(n) = n, by Theorem we

obtain that 2, — £(S) implies z;, — £(DS[p, q]). O

4. DEFERRED ALMOST STATISTICAL EQUIVALENCE

In |15], Marouf introduced the definitions of asymptotically equivalent se-
quences and asymptotic regular matrices. Patterson [18] extended these con-
cepts by presenting an asymptotically statistical equivalent analog of these
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definitions and natural regularity conditions for nonnegative summability ma-
trices. In [9], a generalization of asymptotical statistical equivalence of nonneg-
ative sequences by using deferred statistical density, was given. This section
shall provide definitions of asymptotical strongly r-deferred almost equivalence
and deferred almost statistical equivalence of nonnegative sequences. We will
examine the relation between asymptotical deferred almost statistical equiva-
lence and strongly r-deferred almost equivalence.

Firstly in [19], Pobyvanets introduced the concept of asymptotical equiva-
lence as follows:

Two nonnegative sequences (zj) and (yi) are said to be asymptotically
equivalent with multiple L if

lim — = L.
n—oo yk
For example, if we take x, = k?> + k and y, = k2, then lim,_ i—: =
lim,, — oo kZ‘gk’ = 1, that is the sequences (zj) and (yx) are asymptotically

equivalent with multiple 1.

Later in [18], Patterson introduced the concept of asymptotical statistical
equivalence as follows:

Two nonnegative sequences (zj) and (yi) are said to be asymptotically
statistical equivalent with multiple L if for every € > 0,

{kgn: xk—L‘ZstO.
Yk

Two nonnegative sequences (zj) and (yi) are said to be asymptotically
almost statistical equivalent with multiple L if for every € > 0,

{k:gn: xk_””L‘ZeHzO

Yk+m
uniformly in m. In this case we write x 2L y. If L =1, then we say that (xy)

and (yi) are asymptotically almost statistical equivalent and we write x L .

. 1
lim —
n—oo n

lim —
n—00 N

DEFINITION 4.1. Two nonnegative sequences (x) and (yi) are said to be
asymptotically deferred almost equivalent with multiple L if

lim 1 Q(Zn:) Tktm _ 1
nooq(n) —p(n) | o | Yrtm

uniformly in m. In this case we write x 2 y. If L =1, then we say that (zy)

and (yi) are asymptotically deferred almost equivalent and we write x 2 Y.
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DEFINITION 4.2. Two nonnegative sequences (xx) and (yi) are said to be
asymptotically strongly deferred almost equivalent with multiple L if

m L qz(n:) Thtm —L‘—O
neo q(n) —p(n) o= | Ykam

uniformly in m. In this case we write x Dl y. If L =1, then we say that (xy)
and (yx) are asymptotically strongly deferred almost equivalent and we write
D]
T~y
DEFINITION 4.3. Two nonnegative sequences (xx) and (yi) are said to be
asymptotically strongly r-deferred almost equivalent with multiple L if

q(n) r

SUk—l-m_L —0

Yk+m

lim —
noe g(n) — p(n) |

=p(n)+1
D,

uniformly in m, where 0 < r < oo. In this case we write x D y. f L =1,
then we say that (zj) and (yx) are asymptotically strongly r-deferred almost
Dy
equivalent and we write x (2] 1.

DEFINITION 4.4. Two nonnegative sequences (x) and (yx) are said to be
asymptotically deferred almost statistical equivalent with multiple L if for
every € > 0,

lim — Hp(n) <k <qn):

w0 p(n) — q(n) =0

Lhtm _ K' > 5}
Yk+m -

. . . : D.
uniformly in m. In this case we write x 2 y. If L = 1, then we say that
(xr) and (y) are asymptotically deferred almost statistical equivalent and we
. DS
write © ~ y.

Since the proofs of the following theorems are similar to the proofs of the
theorems given in Section [3] we give the theorems without proof in order not
to repeat them.

THEOREM 4.5. Let (xy) and (yx) be two nonnegative sequences. Then

Dily . DSy
x ~"y impliesx ~"y.

Tk

THEOREM 4.6. If (
Yk

> is a bounded sequence, then

DASL . . [ﬁT]L
T ~"y implies x ~7y.
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THEOREM 4.7. Let g(n) = n for alln € N. Then

DSy . .. S
x ~"y implies x '~ y.

THEOREM 4.8. Let (p(n)), (g(n)), (p(n)) and (¢'(n)) be sequences of of non-
negative integers satisfying p(n) < p'(n) < ¢'(n) < q(n) for alln € N and

: qa(n) — p(n)
limsup ————~ < o0,
n—oc q'(n) —p'(n)
then R X
[D’I’]L [P:‘I] . . [Dr]L[P/#I/]
x  ~NT y implies x ~ Y

THEOREM 4.9. Let g(n) =n for alln € N. Then

DSy . .. S
x ~"y implies x '~ y.

THEOREM 4.10. Let (p(n)), (g(n)), (p'(n)) and (¢'(n)) be sequences of non-
negative integers satisfying p(n) < p'(n) < ¢'(n) < q(n) for alln € N and
p

. q(n) —p(n
limsup ————= =0,
n~>oop (]/(TL) - p’(n)
then A )
(DSr]Llpal . . [DSr]Llp',q']
T ~ y implies x ~
REFERENCES

[1] R. P. Agnew, On deferred Cesaro means, Ann. of Math. (2), 33 (1932), 413-421.
[2] R. C. Buck, Generalized asymptotic density, Amer. J. Math., 75 (1953), 335-346.
[3] J. Connor, The statistical and strong p-Cesaro convergence of sequences, Analysis
(Berlin), 8 (1988), 47-63.
[4] J. Connor, On strong matriz summability with respect to a modulus and statistical con-
vergence, Canad. Math. Bull., 32 (1989), 194-198.
[5] H. Fast, Sur la convergence statistique, Colloq. Math., 2 (1951), 241-244.
[6] A. R. Freedman, J. J. Sember and M. Raphael, Some Cesdro-type summability spaces,
Proc. Lond. Math. Soc. (3), 37 (1978), 508-520.
[7] J. A. Fridy, On statistical convergence, Analysis (Berlin), 5 (1985), 301-313.
[8] J. A. Fridy and C. Orhan, Lacunary statistical convergence, Pacific J. Math., 160 (1993),
43-51.
[9] C. Kosar, M. Kiigiikaslan and M. Et, On asymptotically deferred statistical equivalence
of sequences, Filomat, 31 (2017), 5139-5150.
[10] M. Kigiikaslan and M. Yilmaztiirk, On deferred statistical convergence of sequences,
Kyungpook Math. J., 56 (2016), 357-366.
[11] L. Leindler, On the summability of Fourier series, Acta Sci. Math. (Szeged), 29 (1968),
147-162.
[12] G. G. Lorentz, A contribution to the theory of divergent sequences, Acta Math., 80
(1948), 167-190.
[13] 1. J. Maddox, Elements of functional analysis, Cambridge University Press, Cambridge,
1970.
[14] 1. J. Maddox, A new type of convergence, Math. Proc. Cambridge Philos. Soc., 83
(1978), 61-64.



13 Strongly deferred almost convergence 163

[15] M. Marouf, Asymptotic equivalence and summability, Int. J. Math. Math. Sci., 16
(1993), 755-762.

[16] H. I. Miller and C. Orhan, On almost convergent and statistically convergent subse-
quences, Acta Math. Hungar., 93 (2001), 135-151.

[17] M. Mursaleen, A-statistical convergence, Math. Slovaca, 50 (2000), 111-115.

[18] R. F. Patterson, On asymptotically statistical equivalent sequences, Demonstr. Math.,
36 (2003), 149-153.

[19] I. P. Pobyvanets, Asymptotic equivalence of some linear transformations, defined by a
nonnegative matrix and reduced to generalized equivalence in the sense of Cesaro and
Abel (in Russian), Mat. Fiz., 28 (1980), 83-87.

[20] T. Salat, On statistically convergent sequences of real mnumbers, Math. Slovaca, 30
(1980), 139-150.

[21] 1. J. Schoenberg, The integrability of certain functions and related summability methods.
I, Amer. Math. Monthly, 66 (1959), 361-375.

[22] A. Zygmund, Trigonometric Series, Vols. 1 and 2, 2nd edition, Cambridge University
Press, Cambridge, 1959.

Received March 15, 2021 Afyon Kocatepe University
Accepted February 28, 2022 Department of Mathematics
Afyonkarahisar, Turkey
E-mail: m.ecealkan@hotmail.com
E-mail: fnuray@aku.edu.tr
https://orcid.org/0000-0003-0160-4001


https://orcid.org/0000-0003-0160-4001

	1. Introduction
	2. Deferred almost and deferred almost statistical convergence
	3. Inclusion relations
	4. Deferred almost statistical equivalence
	References

