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ZERO-HOPF BIFURCATION OF PERIODIC ORBITS
IN THE GENERALIZED RÖSSLER SYSTEM

AHLEM ROUBACHE and ELBAHI HADIDI

Abstract. We apply a technique of Llibre based on the averaging method to a
Rössler-type system and we prove the existence of a periodic orbit. The system
studied is a three-dimensional quadratic system and has the form

ẋ = −y − z + kx,
ẏ = x+ ay,
ż = bx− cz + xz,

where a, b, c and k are real arbitrary parameters.
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1. INTRODUCTION

The Rössler system

(1)

 ẋ = −y − z,
ẏ = x+ ay,
ż = bx− cz + xz,

where a, b and c are real arbitrary parameters, was obtained by O. E. Rössler
in [9].

In [6] J. Llibre studied the zero-Hopf bifurcation using averaging theory of
first order, and applied it to the system (1). This method can be applied to
any differential system in Rn, n ≥ 3. Recently, it was successfully applied for
other interesting models (see for example [1, 2, 3, 4, 5, 7, 8] and references
therein).

Our objective in this paper is to study the zero-Hopf bifurcation using
averaging theory of first order, and apply it to the generalized Rössler system.
We use the computer software MAPLE to perform the tedious computations.

2. LIMIT CYCLES VIA AVERAGING THEORY

The averaging theory of first order for studying periodic orbits can be found
in Verhulst [10].
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Consider the differential equation

(2) ẋ = εF (t, x) + ε2G(t, x, ε), x(0) = x0,

with x ∈ D, where D is an open subset of Rn, t ≥ 0. Moreover, we assume
that both F (t, x) and G(t, x, ε) are T -periodic in t. We also consider in D the
averaged differential equation

(3) ẏ = εf(y), y(0) = x0,

where

(4) f(y) =
1

T

T∫
0

F (t, y)dt.

Under certain conditions, equilibrium solutions of the averaged equation (3)
turn out to correspond with T -periodic solutions of equation (2).

Theorem 2.1. Consider the two initial value problems (2) and (3). Suppose

(i) F , its Jacobian
∂F

∂x
, its Hessian

∂2F

∂x2
, G and its Jacobian

∂G

∂x
are

defined, continuous and bounded by a constant independent of ε in
[0,∞[×D and ε ∈]0, ε0].

(ii) F and G are T -periodic in t (T independent of ε).

Then the following statements hold:

(a) If p is an equilibrium point of the averaged equation (3) and

(5) det

(
∂f

∂y

)∣∣∣∣
y=p

̸= 0,

then there exists a T -periodic solution φ(t, ε) of equation (2) such that

φ(0, ε) → p as ε → 0.

(b) The stability or instability of the limit cycle φ(t, ε) is given by the sta-
bility or instability of the equilibrium point p of the averaged system (3).
In fact the singular point p has the stability behavior of the Poincaré
map associated to the limit cycle φ(t, ε).

Our objective in this paper, is to study analytically the periodic solutions
of the zero-Hopf bifurcation for the generalized Rössler differential system.

3. MAIN RESULTS

In this paper, using Llibre method [6], we study the zero-Hopf bifurcation
for the generalized Rössler system in R3:

(S)

 ẋ = −y − z + kx,
ẏ = x+ ay,
ż = bx− cz + xz,
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where a, b, c and k are real arbitrary parameters. System (S) possesses the
equilibrium points p1 = (0, 0, 0) and

p2 =

(
c+ ack − ab

1 + ak
,−c+ ack − ab

a(1 + ak)
,
c+ ack − ab

a

)
,

with c+ ack − ab ̸= 0 and a(1 + ak) ̸= 0.

Proposition 3.1. There is one two-parameter families of system (S) for
which the origin of coordinates is a zero-Hopf equilibrium point. Namely:

c = a+ k , b =
(a+ k)(1 + ak)

a
,
−a3 + 2a+ k

a
> 0 and a ̸= 0.

The next result gives sufficient conditions for the bifurcation of a limit cycle
from the origin when it is a zero-Hopf equilibrium.

Theorem 3.2. Let

(a, b, c, k) =

(
a+ εα,

(a+ k)(1 + ak)

a
+ εβ, a+ k + εγ, aw2 + a3 − 2a+ εδ

)
be with a ̸= 0, w ̸= 0 and ε a sufficiently small parameter. Assume that

(6) a(a2 + w2 − 1)(2a4 + (2w2 − 4)a2 − w2 + 2) > 0 and Γ > 0

with

Γ = (a8γ + (2w2 − 4)γa6 − βa5 + γ(w4 − 4w2 + 6)a4

+(−βw2 + 2β)a3 + (2w2 − 4)γa2 + (βw2 − β)a+ γ)

(a4γ + γ(w2 − 2)a2 − βa+ (−w2 + 1)γ).

Then, the system (S) has a zero-Hopf bifurcation at the equilibrium point local-
ized at the origin of coordinates, and a periodic orbit exists at this equilibrium
when ε = 0, and it exists for ε > 0 sufficiently small. Moreover, the stability
or instability of this periodic orbit is given by the eigenvalues

(7)
A±

√
B

4w((a2 − 1
2)w

2 + (a2 − 1)2)
,

where A = (−γa2w2 + (−a4γ + 2γa2 − βa− γ))w2 and

B =− 8a4γ2
(
a4 − 3

2
a2 +

3

8

)
w8 − 32a

(
a

(
a4 − 9

8
a2 +

3

16

)
(a+ 1)2

(a− 1)2γ − β

2

(
a6 − 3

2
a4 +

9

8
a2 − 1

4

))
γw6 +

(
(−48a12 + 228a10

− 435a8 + 420a6 − 210a4 + 48a2 − 3)γ2 + 48βa(a+ 1)2(a− 1)2

γ

(
a4 − a2 +

3

8

)
− 8β2a2

(
a4 − 3

2
a2 +

3

8

))
w4 − 32(γ(a4 − 2a2 + 1)

− βa)(a+ 1)2
((

a− 3

8

)
(a+ 1)2(a− 1)2γ − βa

2

(
a2 − 3

4

))
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(a− 1)2w2 − 8((a4 − 2a2 + 1)γ − βa)2(a+ 1)4(a− 1)4.

Our main results, Proposition 3.1 and Theorem 3.2, are proved in the next
section. Note that we can obtain similar results for the equilibrium p2.

4. PROOFS

Proof of Proposition 3.1. The Jacobian of system (S) at the origin p1 is k −1 −1
1 a 0
b 0 −c

 .

The characteristic polynomial of the linear part of system (S) at p1 is

p(λ) = −λ3 + (a+ k − c)λ2 + (ac+ ck − ak − 1− b)λ+ ab− c− ack.

In order to study the zero-Hopf bifurcation we force that

p(λ) = −λ(λ2 + w2).

This occurs if and only if we have a+ k − c = 0,
ac+ ck − ak − 1− b+ w2 = 0,
ab− c− ack = 0.

We obtain

(i) c = a+ k,

(ii) b =
(a+ k)(1 + ak)

a

(iii)
−a3 + 2a+ k

a
= w2 and a ̸= 0.

This completes the proof of Proposition 3.1. □

Proof of Theorem 3.2. If

(a, b, c, k) = (a+ εα,
(a+ k)(1 + ak)

a
+ εβ, a+ k + εγ, aw2 + a3 − 2a+ εδ)

be with k ∈ R, a ̸= 0 and ε is a sufficiently small parameter, then the gener-
alized Rössler system (S) becomes

(8)



ẋ = −y − z + (a3 + (w2 − 2)a+ ε(αw2 + 3a2α+ 3aεα2

+ ε2α3 − 2α+ δ))x,
ẏ = x+ (a+ εα)y,

ż = (
(a3 + (w2 − 1)a+ ε(αw2 + 3a2α+ 3aεα2 + ε2α3 − α

a+ εα

+
δ))(1 + (a+ εα))(a3 + (w2 − 2)a+ ε(αw2 + 3a2α

a+ εα

+
3aεα2 + ε2α3 − 2α+ δ))

a+ εα
+ εβ)x− (a3 + (w2 − 1)a

+ ε(αw2 + 3a2α+ 3aεα2 + ε2α3 − α+ δ + γ))z + xz.



5 Zero-Hopf bifurcation of periodic orbits 121

By scaling the variables (x, y, z) = (εX, εY, εZ), system (8) in the new vari-
ables (X,Y, Z) writes

(9)



Ẋ = −Y − Z + (a3 + (w2 − 2)a)X + ε(αw2 + 3a2α+ 3aεα2

+ ε2α3 − 2α+ δ)X,

Ẏ = X + aY + εαY,

Ż = (
(a3 + (w2 − 1)a+ ε(αw2 + 3a2α+ 3aεα2 + ε2α3

a+ εα

+
−α+ δ))(1 + (a+ εα)(a3 + (w2 − 2)a+ ε(αw2 + 3a2α

a+ εα

+
3aεα2 + ε2α3 − 2α+ δ))

a+ εα
+ εβ)X − (a3 + (w2 − 1)a

+ ε(αw2 + 3a2α+ 3aεα2 + ε2α3 − α+ δ + γ))Z + εXZ.

We need to write the linear part of system (9) at the equilibrium point (0, 0, 0)

when ε = 0 in its real Jordan normal form as

 0 −w 0
w 0 0
0 0 0

 . In order to

facilitate the application of the averaging theory, given in Theorem 2.1, we

perform the change of variables (X,Y, Z) → (u, v, s), given by

 X
Y
Z

 =

B−1

 u
v
s

 , where

B−1 =


−1

w

a

w2

0
−1

w2

−a(−1 + w2 + a2)

w

−2a2 + a2w2 + a4 + 1− w2

w2

a

w2

−1

w2

−2a2 + a2w2 + a4 + 1

w2


In the new variables (u, v, s) the differential system (9) writes

u̇ = −w((aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3 − 2a− 2εα

+ εδ)(
−u

w
+ a

v

w2
+ a

s

w2
) +

v

w2
+

s

w2
+ a(−1 + w2 + a2)

u

w

− (−2a2 + w2a2 + a4 + 1− w2)
v

w2
− (−2a2 + w2a2 + a4 + 1)

s

w2
)

− aw(
−u

w
+ a

v

w2
+ a

s

w2
+ a(− v

w2
− s

w2
) + εα(− v

w2
− s

w2
)),

(10)
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v̇ = (a3 − a+ aw2)((aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3

− 2a− 2εα+ εδ)(
−u

w
+ a

v

w2
+ a

s

w2
) +

v

w2
+

s

w2

+ a(−1 + w2 + a2)
u

w
− (−2a2 + w2a2 + a4 + 1− w2)

v

w2

− (−2a2 + w2a2 + a4 + 1)
s

w2
) + (a2 − 1)(

−u

w

+ a
v

w2
+ a

s

w2
− a(

v

w2
+

s

w2
)− εα(

v

w2
+

s

w2
))− ((−a− εα

+ aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3 + εδ)(1 + w2a2

+ 2aw2εα+ a4 + 4a3εα+ 6a2ε2α2 + 4aε3α3 − 2a2

− 4aεα+ aεδ + ε2α2w2 + ε4α4 − 2ε2α2 + ε2αδ)

1

a+ εα
+ εβ)(

−u

w
+ a

v

w2
+ a

s

w2
) + (−a− εα+ aw2

+ w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3 + εδ

+ εγ)(−a(−1 + w2 + a2)
u

w
+ (−2a2 + w2a2

+ a4 + 1− w2)
v

w2
+ (−2a2 + w2a2 + a4 + 1)

s

w2
)

− ε(
−u

w
+ a

v

w2
+ a

s

w2
)(−a(−1 + w2 + a2)

u

w

+ (−2a2 + w2a2 + a4 + 1− w2)
v

w2
+ (−2a2 + w2a2

+ a4 + 1)
s

w2
),

ṡ = −a(−1 + w2 + a2)((aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2

+ ε3α3 − 2a− 2εα+ εδ)(
−u

w
+ a

v

w2
+ a

s

w2
) +

v

w2
+

s

w2

+ a(−1 + w2 + a2)
u

w
− (−2a2 + w2a2 + a4 + 1− w2)

v

w2

− (−2a2 + w2a2 + a4 + 1)
s

w2
) + (1− w2 − a2)(

−u

w
+ a

v

w2

+ a
s

w2
− a(

v

w2
+

s

w2
)− εα(

v

w2
+

s

w2
)) + ((−a− εα

+ aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3 + εδ)(1 + w2a2

+ 2aw2εα+ a4 + 4a3εα+ 6a2ε2α2 + 4aε3α3

− 2a2 − 4aεα+ aεδ + ε2α2w2 + ε4α4 − 2ε2α2 + ε2αδ)
1

a+ εα

+ εβ)(
−u

w
+ a

v

w2
+ a

s

w2
)− (−a− εα+ aw2 + w2εα+ a3
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+ 3a2εα+ 3aε2α2 + ε3α3 + εδ + εγ)(−a(−1 + w2 + a2)
u

w

+ (−2a2 + w2a2 + a4 + 1− w2)
v

w2
+ (−2a2 + w2a2 + a4

+ 1)
s

w2
+ ε(

−u

w
+ a

v

w2
+ a

s

w2
)(−a(−1 + w2 + a2)

u

w
+ (−2a2

+ w2a2 + a4 + 1− w2)
v

w2
+ (−2a2 + w2a2 + a4 + 1)

s

w2
)).

Consider the cylindrical coordinates (r, θ, s) defined by u = r cos θ, v =
r sin θ and s = s. Then, the differential system (10) becomes

ṙ =
1

r

(r cos(θ)
w

(−r sin(θ)w2 − w2εαar sin(θ) + 3a2εαr cos(θ)w

+ 3aε2α2r cos(θ)w − 3a3εαs− 3a2ε2α2s− aε3α3s+ 3aεαs

− aεδs+ w3εαr cos(θ)− w2εαas− 3a3εαr sin(θ)− 3a2ε2α2r sin(θ)

+ ε3α3rw cos(θ)− aε3α3r sin(θ)− 2εαrw cos(θ) + 3εαar sin(θ)

+ εδrw cos(θ)− εδar sin(θ)) + r sin(θ)((a3 − a+ aw2)((aw2 + w2εα

+ a3 + 3a2εα+ 3aε2α2 + ε3α3 − 2a− 2εα+ εδ)(
−r cos(θ)

w

+
ar sin(θ)

w2
+

as

w2
) +

r sin(θ)

w2
+

s

w2
+ a(−1 + w2 + a2)r

cos(θ)

w

− (−2a2 + w2a2 + a4 + 1− w2)r
sin(θ)

w2
− (−2a2 + w2a2 + a4 + 1)

s

w2
)

+ (a2 − 1)(
−r cos(θ)

w
+

ar sin(θ)

w2
+ a

s

w2
+ c(−r

sin(θ)

w2
− s

w2
)

+ εα(−r
sin(θ)

w2
− s

w2
))− ((−a− εα+ aw2 + w2εα+ a3

+ 3a2εα+ 3aε2α2 + ε3α3 + εδ)(1 + w2a2 + 2aw2εα+ a4

+ 4a3εα+ 6a2ε2α2 + 4aε3α3 − 2a2 − 4aεα+ aεδ + ε2α2w2

+ ε4α4 − 2ε2α2 + ε2αδ)
1

a+ εα
+ εβ)(

−r cos(θ)

w
+

ar sin(θ)

w2
+

as

w2
)

+ (−a− εα+ aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3 + εδ + εγ)

(−a(−1 + w2 + a2)
r cos(θ)

w
+ (−2a2 + w2a2 + a4 + 1− w2)

r sin(θ)

w2

+ (−2a2 + w2a2 + a4 + 1)
s

w2
)− ε(

−r cos(θ)

w
+

ar sin(θ)

w2
+

as

w2
)

(−a(−1 + w2 + a2)
r cos(θ)

w
+ (−2a2 + w2a2 + a4 + 1− w2)

r sin(θ)

w2

+ (−2a2 + w2a2 + a4 + 1)
s

w2
))
)
,

(11)
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θ̇ =
1

r2
(r cos(θ)((a3 − a+ aw2)((aw2 + w2εα+ a3 + 3a2εα

+ 3aε2α2 + ε3α3 − 2a− 2εα+ εδ)(
−r cos(θ)

w
+

ar sin(θ)

w2
+

as

w2
)

+
r sin(θ)

w2
+

s

w2
+ a(−1 + w2 + a2)r

cos(θ)

w
− (−2a2 + w2a2

+ a4 + 1− w2)r
sin(θ)

w2
− (−2a2 + w2a2 + a4 + 1)

s

w2
)

+ (a2 − 1)(
−r cos(θ)

w
+

ar sin(θ)

w2
+ a

s

w2
+ c(−r

sin(θ)

w2
− s

w2
)

+ εα(−r
sin(θ)

w2
− s

w2
))− ((−a− εα+ aw2 + w2εα+ a3

+ 3a2εα+ 3aε2α2 + ε3α3 + εδ)(1 + w2a2 + 2aw2εα+ a4

+ 4a3εα+ 6a2ε2α2 + 4aε3α3 − 2a2 − 4aεα+ aεδ + ε2α2w2

+ ε4α4 − 2ε2α2 + ε2αδ)
1

a+ εα
+ εβ)(

−r cos(θ)

w

+
ar sin(θ)

w2
+

as

w2
) + (−a− εα+ aw2 + w2εα+ a3

+ 3a2εα+ 3aε2α2 + ε3α3 + εδ + εγ)(−a(−1 + w2 + a2)
r cos(θ)

w

+ (−2a2 + w2a2 + a4 + 1− w2)
r sin(θ)

w2
+ (−2a2 + w2a2 + a4 + 1)

s

w2
)

− ε(
−rcos(θ)

w
+

ar sin(θ)

w2
+

as

w2
)(−a(−1 + w2 + a2)

r cos(θ)

w

+ (−2a2 + w2a2 + a4 + 1− w2)
r sin(θ)

w2
+ (−2a2 + w2a2 + a4 + 1)

s

w2
))

− 1

w
(r sin(θ)(−r sin(θ)w2 − w2εαar sin(θ) + 3a2εαrw cos(θ)

+ 3aε2α2rw cos(θ)− 3a3εαs− 3a2ε2α2s− ε3α3as+ 3εαas− εδas

+ w3εαr cos(θ)− w2εαas− 3a3εαr sin(θ)− 3a2ε2α2r sin(θ)

+ ε3α3rw cos(θ)− ε3α3ar sin(θ)− 2εαrw cos(θ) + 3εαar sin(θ)

+ εδrw cos(θ)− εδar sin(θ)),

ṡ = −a(−1 + w2 + a2)((aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2

+ ε3α3 − 2a− 2εα+ εδ)(
−r cos(θ)

w
+

ar sin(θ)

w2
+

as

w2
)

+
r sin(θ)

w2
+

s

w2
+ a(−1 + w2 + a2)

r cos(θ)

w
− (−2a2 + w2a2

+ a4 + 1− w2)
r sin(θ)

w2
− (−2a2 + w2a2 + a4 + 1)

s

w2
)

+ (1− w2 − a2)(
−r cos(θ)

w
+

ar sin(θ)

w2
+

as

w2



9 Zero-Hopf bifurcation of periodic orbits 125

+ a(−r sin(θ)

w2
− s

w2
) + εα(− v

w2
− s

w2
)) + ((−a− εα

+ aw2 + w2εα+ a3 + 3a2εα+ 3aε2α2 + ε3α3 + εδ)(1 + w2a2

+ 2aw2εα+ a4 + 4a3εα+ 6a2ε2α2 + 4aε3α3 − 2a2 − 4aεα

+ aεδ + ε2α2w2 + ε4α4 − 2ε2α2 + ε2αδ)
1

a+ εα

+ εδ)(
−r cos(θ)

w
+

ar sin(θ)

w2
+

as

w2
)− (−a− εα+ aw2

+ w2εαa3 + 3a2εα+ 3aε2α2 + ε3α3 + εα+ εδ)(−a(−1

+ w2 + a2)
r cos(θ)

w
+ (−2a2 + w2a2 + a4 + 1− w2)

r sin(θ)

w2

+ (−2a2 + w2a2 + a4 + 1)
s

w2
) + ε(

−r cos(θ)

w
+

ar sin(θ)

w2

+
as

w2
)(−a(−1 + w2 + a2)

r cos(θ)

w
+ (−2a2 + w2a2

+ a4 + 1− w2)
r sin(θ)

w2
+ (−2a2 + w2a2 + a4 + 1)

s

w2
).

Therefore, taking θ as the new independent variable of the differential system
(11), its solutions in the region θ̇ > 0 can be studied by analyzing the solution
of the differential system

dr

dθ
= ε(

−1

w5a
(−2r sin θ cos θw3a3s− 2r sin θ cos θwa5s

− r sin θ cos θwas− sin θw3a2γr cos(θ) + sin θa2w5γr cos

+ sin θa4w3γr cos θ + 2a2sr + 2a3w2γr − aw2γr − sin θr2w2a2

+ sin θr2w2a4 + w2βa2r + 2a4rw2s+ w6aαr + 3w4a3αr

+ w4aδr − 2w4aαr + sin θa4s2w2 + cos3 θar2w

− 3 cos3 θr2wa3 − cos3 θr2w3a+ 2 cos3 θr2w3a3 + 2 cos3 θr2wa5

− 2a6rs cos2 θ + 4a4rs cos2 θ − 2a2sr cos2 θ + r2aw3 cos θ

− r2aw cos θ − w4a3γr − a5w2γr + w4aγr − a6r2 sin θ cos2 θ

− a2r2 sin θ cos2 θ + 2a4r2 sin θ cos2 θ − 2r2 cos θw3a3

+ 3r2wa3 cos θ − 2r2wa5 cos θ + 6 cos θw2a4αr sin θ

+ 2 cos θw3a2δr sin θ − 6 cos θw3a2αr sin θ − sin θw3βar cos θ

+ 3 sin θ cos θrwa3s− w2βa2r cos2 θ − 2a4rw2s cos2 θ

+ a2srw2 cos2 θ + a5w2γr cos2 θ − w4aγr cos2 θ

+ aw2γr cos2 θ − 2a3w2γr cos2 θ + w4a3γr cos2 θ

(12)
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− 2 cos2 θw6aαr + cos θw5a2αs− 6 cos2 θw4a3αr

+ 3 cos θw3a4αs− 2 cos2 θw4aδr + cos θw3a2δs

+ 4 cos2 θw4aαr − 3 cos θw3a2αs+ 2 sin θa3w2γs

− sin θa5w2γs− sin θw3δr cos θ + sin θw2βa2s

− sin θw4αas+ sin θr2 cos2 θw4a2 − sin θa3w4γs

− sin θaw2γs+ 2 cos θw5a2αr sin θ − a2srw2

− 2 sin θa4s2 + sin θa6s2 + sin θa2s2 + 2a6rs− 4a4rs

+ a6r2 sin θ + a2r2 sin θ − 2a4r2 sin θ) +O(ε2),

= εF1(θ, r, s) +O(ε2),

ds

dθ
= ε(− 1

w5a
(a3w4γs− a6s2 − a2s2 + 2a4r2 + 2a4s2

− r2w2a4 − a4s2w2 + r2w2a2 + a5w2γs+ 2r cos θwa5s

+ ar cos θws+ a2w3γr cos θ − a2w5γr cos θ − a4w3γr cos θ)

− r2 sin θaw3 cos θ − 3a3w4αr sin θ − w2βa2r sin θ + w4αar sin θ

− 3r2 cos θwa3 sin θ + 2r2 cos θw3a3 sin θ + 2r2 cos θwa5 sin θ

− 2a4r sin θw2s+ a2r sin θsw2 + ar2 cos θw sin θ + a3w4γr sin θ

− aw6αr sin θ − aw4δr sin θ − 2a3w2γr sin θ + a5w2γr sin θ

− aw4γr sin θ + aw2γr sin θ + 3a2w3αr cos θ − 3a4w3αr cos θ

− a2w3δr cos θ − a2w5αr cos θ + w3βar cos θ − 3r cos θwa3ϖ

+ 2r cos θw3a3s+ a2r2cos2θ + a6r2cos2θ − 2a4r2cos2θ

+ 4a4r sin θs− 2a3w2γs− a6r2 − a2r2 − 2a6r sin θs

− w2βa2s+ w3δr cos θ − r2cos2θw4a2 − 2a2r sin θs+ aw2γs) +O(ε2)

= εF2(θ, r, s) +O(ε2).

We shall apply the averaging theory described in Theorem 2.1 to the differen-
tial system (12). Using the notations of Section 2, we have

t = θ, T = 2π, X = (r, s)T ,

F (θ, r, w) =

(
F1(θ, r, s)
F2(θ, r, s)

)
,

and

f(r, s) =

(
f1(r, s)
f2(r, s)

)
.
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It is readily checked that system (12) satisfies all the assumptions of Theorem
2.1.

Now, we compute the integrals (4), i.e.

f1(r, s) =
1
2π

2π∫
0

F1(θ, r, s)dθ

=
r

2w5
(4a3s− 2as− 2a5s+ a4w2γ + aw2s

− w4γ − w2βa+ w2γ + a2w4γ − 2a2w2γ − 2a3w2s)

f2(r, s) =
1
2π

2π∫
0

F2(θ, r, s)dθ

= − 1

2w5
(2ar2w2 − 2a3s2w2 − 2a3r2w2 + 2γsw2

− a5r2 + 4a3s2 + 2a3r2 − 2as2 − 2a5s2 − ar2w4

+ 2a4γsw2 + 2a2γsw4 − 4a2γsw2 − 2aβsw2 − ar2)

The system f1(r, s) = f2(r, s) = 0 has a unique solution (r∗, s∗) with r∗ > 0,
given by

r∗ =
2w2

√
Γ√

2a(a2 + w2 − 1)(2a4 + (2w2 − 4)a2 − w2 + 2)
,

s∗ =
w2(a4γ + γ(w2 − 2)a2 − βa+ (−w2 + 1)γ)

a(2a4 + (2w2 − 4)a2 − w2 + 2)
,

provided that Condition (6) holds. We note that the Jacobian (5) at (r∗, s∗)
takes the value

1

w6(2a4 + (2w2 − 4)a2 − w2 + 2)
(a8γ + (2w2 − 4)γa6 − βa5

+γ(w4 − 4w2 + 6)a4 + (−βw2 + 2β)a3 + (2w2 − 4)γa2

+(βw2 − β)a+ γ)(a4γ + γ(w2 − 2)a2 − βa+ (−w2 + 1)γ).

The eigenvalues of the Jacobian matrix ∂(f1,f2)
∂(r,s)

∣∣∣
(r,s)=(r∗,s∗)

are the ones given

in (7).
The rest of the proof of Theorem 3.2 follows immediately from Theorem

2.1 if we show that the periodic solution corresponding to (r∗, s∗) provides
a periodic orbit bifurcating from the origin of coordinates of the differential
system (8) at ε = 0.

Theorem 2.1 guarantees, for ε ̸= 0 sufficiently small, the existence of a
periodic solution (r(θ, ε), s(θ, ε)) of system (12) such that

(R(θ, ε), V (θ, ε)) → (R∗, V ∗) when ε → 0.

That is, system (10) has the periodic solution

(13) (u(θ, ε), v(θ, ε), s(θ, ε)) = (r(θ, ε) cos θ, r(θ, ε) sin θ, s(θ, ε)),
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for ε > 0 sufficiently small. Consequently, system (9) has the periodic solution
(X(θ), Y (θ), Z(θ)) obtained from (13) through the change of variables

(X,Y, Z)T = B−1(u, v, s)T .

Finally, for ε > 0 sufficiently small system (8) has a periodic solution

(x(θ), y(θ), z(θ)) = (εX(θ), εY (θ), εZ(θ))

which tends to the origin of coordinates when ε → 0. Therefore, it is a periodic
solution starting at the zero-Hopf equilibrium point, located at the origin of
coordinates when ε = 0. This completes the proof of Theorem 3.2. □
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