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ON A CONJECTURE OF AYAD AND KIHEL

ZOULIKHA BELBARGAT

Abstract. In this paper,we will prove some cases of the conjecture by Ayad and
Kihel about Catalan pseudoprimes and generalize a result by the author.
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1. INTRODUCTION

The Catalan numbers are the set of integers given recursively by

C0 = 1 and Cn =
n−1∑
i=0

CiCn−1−i for n ≥ 1.

The nth Catalan number is given explicitly as

Cn =
1

n+ 1

(
2n

n

)
.

The only prime Catalan numbers are C2 = 2 and C3 = 5, but we can suit-
ably define some Catalan numbers as Catalan pseudoprimes. The definition
for these Catalan pseudoprimes follows similarly to that of the Fermat pseudo-
primes, which we briefly recall here. Fermat’s little theorem states that if p is
a prime number and a is an integer relatively prime to p, then ap−1 ≡ 1 (mod
p). While the converse is not true in general, there exist infinitely many n, the
Carmichael numbers or Fermat pseudoprimes, for which an−1 ≡ 1 (mod n).

A theorem of Lucas [5] states that if p is a prime number, then
(
p−1
k

)
≡ (−1)k

(mod p) for every 0 ≤ k < p. Setting k = p−1
2 yields

(−1)
p−1
2 C p−1

2
≡ 2 (mod p)

whenever p is an odd prime. Aebi and Cairns [1] provided an alternative
proof of this same equivalence, which motivates the definition of the Catalan
pseudoprimes (A163209 in the OEIS [6]): a Catalan pseudoprime is an odd
integer n such that

(−1)
n−1
2 Cn−1

2
≡ 2 (mod n).
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Aebi and Cairns [1] proceeded to prove the following result:

Theorem 1.1. If p and q are odd primes such that p < q < 2p, then pq is
not a Catalan pseudoprime.

Ayad and Kihel [2] made the following conjecture:

Conjecture 1.2. If p and q are two odd primes, then pq is not a Catalan
pseudoprime.

Belbargat [3] then proved the following generalization of Theorem 1.1:

Theorem 1.3. Let p and q be odd primes such that p < q < p2, and let l
be the unique positive integer such that lp < q < (l + 1)p. If l is odd, then pq
is not a Catalan pseudoprime.

The aim of this paper is to further generalize Theorems 1.1 and 1.3, proving
more cases of Conjecture 1.2. In particular, we prove the following theorem:

Theorem 1.4. Let p and q be odd primes such that p < q. If the p-adic
expansion of q is of the form

q =

n∑
i=0

aip
i

where aj is odd for a single j ∈ {1, . . . , n} and ai is even for all i ∈ {0, . . . , n}\
{j}, then pq is not a Catalan pseudoprime.

2. PROOF OF THE MAIN RESULT

The proof of Theorem 1.4 relies on two lemmas. The first lemma is a result
due to Cai and Granville [4].

Lemma 2.1. If p and q are distinct odd primes, then(
pq − 1
pq−1
2

)
=

(
p− 1
p−1
2

)(
q − 1
q−1
2

)
(mod pq).

The second lemma is the well-known Legendre formula:

Lemma 2.2. Let n be a positive integer. Then the p-adic valuation of n! is
given by

vp(n!) =
n− sp
p− 1

,

where sp represents the sum of the digits in the p-adic expansion of n.

With these at our disposal, we proceed to the proof of Theorem 1.4.
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Proof. For convenience, we let I = {1, . . . , n}. Since p does not divide q,

we have a0 ̸= 0. Then q − 1 = (a0 − 1) +
∑
i∈I

aip
i so that

vp
(
(q − 1)!

)
=

q − 1−

(
(a0 − 1) +

∑
i∈I

ai

)
p− 1

=

(a0 − 1) +
∑
i∈I

aip
i − (a0 − 1)−

∑
i∈I

ai

p− 1

=
1

p− 1

∑
i∈I

ai(p
i − 1).

Writing ai as 2bi for each i ∈ I \ {j} and aj = 2k + 1, we obtain

q − 1

2
=

1

2

(2b0 − 1) + (2k + 1)pj +
∑

i∈I\{j}

2bip
i


= b0 + kpj +

pj − 1

2
+

∑
i∈I\{j}

bip
i

= b0 + kpj +
p− 1

2

(
1 + p+ · · ·+ pj−1

)
+

∑
i∈I\{j}

bip
i

= kpj +
∑

0≤i<j

(
p− 1

2
+ bi

)
pi +

∑
j<i≤n

bip
i.

Since bi ≤ p−1
2 for each i ∈ I \ {j}, we have p−1

2 + bi < p. Thus, we have the

p-adic expansion of q−1
2 . It follows that

vp

((q − 1

2

)
!

)
=

q − 1

2
−

k +
∑

0≤i<j

(p− 1

2
+ bi

)
+
∑

j<i≤n

bi


p− 1

=
1

2(p− 1)

a0 − 1 +
∑
i∈I

aip
i − 2k −

∑
0≤i<j

(p− 1 + ai)−
∑

j<i≤n

ai


=

1

2(p− 1)

∑
i∈I

aip
i − (2k + 1)−

∑
0≤i<j

(p− 1)−
∑

i∈I\{j}

ai


=

1

2(p− 1)

(∑
i∈I

aip
i − j(p− 1)−

∑
i∈I

ai

)



4 On a conjecture of Ayad and Kihel 37

=
1

2(p− 1)

(∑
i∈I

ai(p
i − 1)− j(p− 1)

)

=
1

2
vp
(
(q − 1)!

)
− j

2
.

Consequently, we obtain

vp

((q − 1

2

)
!2
)

= vp
(
(q − 1)!

)
− j,

and conclude that

vp

(
q − 1
q−1
2

)
= j > 0.

Therefore, (
q − 1
q−1
2

)
≡ 0 (mod p).

Suppose now for contradiction that pq is a Catalan pseudoprime. Then(
pq − 1
pq−1
2

)
≡ (−1)

pq−1
2 (mod pq),

and Lemma 2.1 implies that(
pq − 1
pq−1
2

)
≡
(
p− 1
p−1
2

)(
q − 1
q−1
2

)
(mod pq).

Since (
p− 1
p−1
2

)
≡ (−1)

p−1
2 (mod p)

by Lucas’ theorem, we obtain(
q − 1
q−1
2

)
≡ (−1)

q−1
2 (mod p),

which is a contradiction. Thus, pq cannot be a Catalan pseudoprime. □

3. CONCLUDING REMARKS

We conclude by justifying that Theorem 1.4 is indeed a generalization of
Theorem 1.3 and, by extension, also of Theorem 1.1. Suppose that p and q
are two prime numbers statisfying the conditions of Theorem 1.3. Then we
have p < q < p2 and an odd integer l such that lp < q < (l + 1)p.

Writing q in its p-adic expansion

q =

n∑
i=0

aip
i

it follows from 0 ≤ ai < p for each i ∈ {0, . . . , n} that p < q < p2 imposes on
q the form

q = a1p+ a0.
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Since both p and q are assumed odd, exactly one of {a0, a1} must be odd. We
have lp < q < (l + 1)p, from which we obtain the two inequalities

a1p < a1p+ a0 = q < (l + 1)p

and
lp < q = a1p+ a0 < a1p+ p = (a1 + 1)p.

The first yields a1 < l + 1, while the second yields a1 + 1 > l or l − 1 < a1.
Since a1 is an integer, we deduce that a1 = l, which itself is assumed odd
under the conditions of Theorem 1.3. Thus, a1 is odd, a0 is even, and the
conditions of Theorem 1.4 are satisfied.

That Theorems 1.3 and 1.4 are not equivalent follows by way of an example.
The only known Catalan pseudoprimes are {5907, 1194649, 12327121}, and the
fourth would necessarily either have more than two prime factors or be greater
than 1010 [1]. In light of this, we choose an appropriate example. Let p = 1087
and q = 16785407. The 1087-adic expansion of 16785407 is

16785407 = 14 · 10872 + 223 · 10871 + 1040 · 10870.
This clearly satisfies the conditions of Theorem 1.4, so pq = 18245737409 is
not a Catalan pseudoprime. It is also clear that showing such is beyond the
reach of Theorems 1.3 and 1.1 as 16785407 is not less than 10872 or 2 · 1087
respectively.
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