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ON Z-STATISTICALLY LIMIT POINTS AND Z-STATISTICALLY
CLUSTER POINTS OF SEQUENCES OF FUZZY NUMBERS

BINOD CHANDRA TRIPATHY, SHYAMAL DEBNATH, and DEBJANI RAKSHIT

Abstract. The main aim of this paper is to introduce Z-st limit points and
Z-st cluster points of a sequence of fuzzy numbers and also study some of its
basic properties. Conditions for a Z-st limit point of a Z-st cluster point are
investigated.
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1. INTRODUCTION

The idea of convergence of a real sequence had been extended to statistical
convergence by Fast [8]. Later on it was further investigated from sequence
space point of view and linked with summability theory by Fridy [9] and Salat
[23] and many others. Some applications of statistical convergence in number
theory and mathematical analysis can be found in [3, 4, 16, 18]. The idea is
based on the notion of natural density of subsets of N, the set of all positive
integers which is defined as follows: The natural density of a subset A of N
denoted by §(A) is defined by §(A) = limy, o0 2[{k <71 : k € A}|.

The notion of ideal convergence was introduced by Kostyrko et al. [15] which
generalizes and unifies different notion of convergence of sequences including
usual convergence and statistical convergence. They used the notion of an
ideal Z of subsets of the set N to define such a concept. For an extensive view
of this article we refer to [7, 14, 28].

The idea of Z-statistical convergence was introduced by Savas and Das [26]
as an extension of ideal convergence. Later on, it was further investigated by
Savas and Das [27], Debnath and Debnath [5], Et et al. [11] and many others.

On the other hand the concept of the convergence of the sequence of fuzzy
numbers was introduced by Matloka [17] who proved some basic theorems for
sequences of fuzzy number. Later on, several mathematician such as Nanda
[19], Savas [24] and many others have generalized this concept. Nuray and

The authors thank to the referees for their helpful comments and suggestions. The sec-
ond author is grateful to CSIR for financial support required to carry out this research
work through the Project No. 25(0236)/14/EMR-II. The corresponding author is Shyamal
Debnath.

DOLI: 10.24193 /mathcluj.2021.1.13



2 On Z-statistically limit points 141

Savas [20] generalized the concept of ordinary convergence and introduced
statistical convergence and statistically cauchy sequences of fuzzy number.
Later on, it was studied and developed by Aytar and Pehlivan [2] and many
others. Aytar [1] extended the concept of statistical limit points and cluster
points for sequences of fuzzy number. Kumar et al. [12, 13] introduced Z-
convergence, Z-limit points, Z-cluster point for sequence of fuzzy numbers.
The concepts of Z-statistically convergence for sequences of fuzzy numbers
was introduced by Debnath and Debnath [6].

In this paper, we investigate some basic properties of Z-statistically con-
vergent sequence of fuzzy numbers and introduce Z-statistical limit point,
ZI-statistical cluster point for fuzzy number sequences.

2. DEFINITIONS AND PRELIMINARIES

We first recall some basic notions in the theory of fuzzy numbers. We
denote by D the set of all closed and bounded intervals on real line R, i.e.,
D = {ACR:A: [A,Z]}. For A,B € D we define A < B if and only if
A< Band A< B and d =maz {]A — B|,|A - P\} (D,a) forms a complete
metric space.

DEFINITION 2.1. A fuzzy number is a function X from R to [0,1], which
satisfies the following conditions:

(i) X is normal.

(ii) X is fuzzy convex.

(iii) X is upper semi-continuous.

(iv) The closure of the set {z € R: X(z) > 0} is compact.

The properties (i)-(iv) imply that for each a € (0, 1], the a-level set, X =
{freR: X(z) >0} = [X O‘,YO‘] is a non-empty compact convex subset of
R. The 0-level set is the class of the strong O-cut, i.e., cl{x € R: X(x) > 0}.
Let L(R) denotes the set of all fuzzy numbers. Define a map d(X,Y) =

SUPgefo,1] A(X,Y9). (L(R),E) also forms a complete metric space [22].

DEFINITION 2.2 ([17]). A sequence (Xj) of fuzzy numbers is said to be
convergent to a fuzzy number Xj if for each € > 0 there exist a positive
number m such that d(X,, Xo) < ¢ for every n > m. The fuzzy number Xj is
called the ordinary limit of the sequence (X}) and we write limg_, o X = Xo.

DEFINITION 2.3 ([17]). A fuzzy number X is said to be a limit point of a
sequence of fuzzy number (X}j) provided that there is a subsequence of (X})

that converges to Xo. Lx denotes the set of all limit points of the sequence
X = (Xp).

DEFINITION 2.4 ([20]). A sequence (Xj) of fuzzy numbers is said to be
statistical convergent to a fuzzy number Xy if for each € > 0 the set A (¢) =
{k € N: d(Xg, Xo) > 5} has natural density zero. The fuzzy number Xj is
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called the statistical limit of the sequence (Xj) and we write St-limy_, o, X =
Xo.

DEFINITION 2.5 ([1]). If {X}(;)} be a subsequence of a sequence of fuzzy
numbers X = (X}) and density of K = {k (j) : j € N} is zero then {X;} is
called a thin subsequence. Otherwise, {X k(j)} is called a non-thin subsequence
of X. A fuzzy number X is said to be a statistical limit point of a sequence
of fuzzy numbers (X}), if there exists a non-thin subsequence of (Xj) which
conveges to Xy. Let Ax denotes the set of all statistical limit points of the
sequence (Xg).

DEFINITION 2.6 ([1]). A fuzzy number Xy is said to be a statistical cluster
point of a sequence of fuzzy numbers (Xj) provided that for each ¢ > 0 the
density of the set {k € N:d(Xy, Xo) < 5} is not equal to 0.

Let I'y denotes the set of all statistical cluster points of the sequence (X}).

DEFINITION 2.7 ([15]). Let X be a non-empty set. A family of subsets
Z C P(X) is called an ideal on X if and only if

(i) 0 eZ;

(ii) for each A, B € 7 implies AU B € T;

(iii) for each A € Z and B C A implies B € 7.

DEFINITION 2.8 ([15]). Let X be a non-empty set. A family of subsets
F C P(X) is called an filter on X if and only if

(i) 0 & F;

(ii) for each A, B € F implies AN B € F;

(iii) for each A € F and B D A implies B € F.

An ideal 7 is called non-trivial if Z # @ and X ¢ Z. The filter F =
F(I) = {X —A:AecTI} is called the filter associated with the ideal Z. A
non-trivial ideal Z C P(X) is called an admissible ideal in X if and only if
> {{z}:2e X}

DEFINITION 2.9 ([12]). Let Z C P(N) be a non-trivial ideal on N. A se-
quence (Xj) of fuzzy numbers is said to be Z-convergent to a fuzzy number
Xy if for each ¢ > 0 the set A (e) = {k € N:d(Xy, Xo) > e} belongs to Z.
The fuzzy number Xj is called the Z-limit of the sequence (Xj) and we write
T-limp oo X = Xo.

DEFINITION 2.10 ([13]). A fuzzy number Xy is said to be Z-limit point
of a sequence of fuzzy number (X}) provided that there is a subset K =
{k1 < ko < ...} C Nsuch that K ¢ 7 and lim X}, = Xj.

Let Z (Ax) denotes the set of all Z-limit points of the sequence X.

DEFINITION 2.11 ([13]). A fuzzy number Xy is said to be Z-cluster point
of a sequence of fuzzy numbers (X}) provided that for each & > 0 the set
{k eN: CZ(X]C,X()) < E} §7§ T.

Let Z (I'x) denotes the set of all Z-cluster points of the sequence X.
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DEFINITION 2.12 ([6]). A sequence of fuzzy numbers (X}) is said to be
I-statistically convergent to a fuzzy number Xy if for every € > 0 and every
§>0{neN:L{k<n:d(XyXo)>c}|>6} eI

The fuzzy number X is called Z-statistical limit of the fuzzy number se-
quence (Xj) and we write Z-st lim X = Xj.

Throughout the paper we consider Z as an admissible ideal.

3. MAIN RESULT

THEOREM 3.1. If (X}) be a sequence of fuzzy numbers such that Z-st lim X},
= Xy, then Xo determined uniquely.

Proof. Let the sequence (X}) be Z-statistically convergent to two different
fuzzy numbers X and Yy, i.e., for any € > 0, § > 0, we have

AI:{nEN:i|{k§n:J(Xk,X0)25}|<5}€]—'(I),
Agz{nEN::L|{k§n:d(Xk,Yo)25}]<6}Ef(I).

Therefore, Ay N A # (), since Ay N Ay € F(Z). Let m € Ay N A and take
€= M > 0 such that we have | {k <m:d(Xy, Xo) >¢e}| < ¢ and it
follows that L|{k <m:d(Xy,Yy) >} | < 4, ie., for maximum k < m we
have d (X, Xo) < € and d (X, Yp) < € for a very small § > 0. Thus we must
have

{k<m:d(Xy,Xo)<e}n{k<m:d(Xy,Yy) <e} #0,

a contradiction, as the nbd of Xy and Yy are disjoint. Hence Xg is uniquely
determined. O

THEOREM 3.2. Let (Xi) be a fuzzy numbers sequence then st-limXy = Xo
implies T-stlim X = Xj.

Proof. Let st-limX; = Xy. Then for each € > 0 the set
Ae) ={k <n:d(Xg Xo) > ¢}

has natural density zero, i.e., lim, o0 2| {k <n:d(Xg, Xo) >e}| = 0. So,
for every ¢ > 0 and § > 0, {n e N: 1| {k <n:d(Xy, Xo) >e}|>6} is a
finite set and therefore belongs to Z, as Z is an admissible ideal. Hence Z-
st lim Xk = X(]. ]

THEOREM 3.3. For any sequence of fuzzy numbers (Xx), Z-limXy, = X
implies T-stlim X = Xj.

Proof. The proof is obvious. O
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But the converse is not true. For example, take 7= Z, the fuzzy number
ntt <t <0

sequence (Xj), where Xy (t) = { n’

y for k = n?, n € N and

0
Xi(t) = for k # n%, n € N. Then (X}) is Z-statistically

1
n
1—-tn 0<
convergent, but not Z-convergent.

THEOREM 3.4. Let (Xy) and (Yy) be two fuzzy numbers sequence. Then
(i) Z-stlim X = Xy, ¢ € R, implies Z-stlim ¢ X}, = c¢Xj.
(i) Z-stlim Xy = Xo, Z-stlim Yy, = Y implies Z-st lim (X +Y:) = Xo+Y0.

Proof. (i) If ¢ = 0, we have nothing to prove. So, assume that ¢ # 0. Now

1 - 1 _
5‘ {k <n:d(cXg,cXp) 25} | = ﬁ|{k <n:|cld(Xg, Xo) 25}\

1 _
S’{kﬁnd(Xk,Xo)zg}‘ < 0.
n c|

Therefore we have {n € N: 2| {k <n:d(cXy, cXo) >e}| <8} € F(D), ie.,
T-stlim cX; = cXj. -

(ii) We have A1 = {n € N: L[ {k <n:d(X), Xo) > §}| < 5} € F(Z) and
Ay ={neN:L{k<n:d(¥i,Y0) > 5} <3} € F(I). Since A; N Ay # 0,
therefore for all n € A1 N Ay, we have

1 _
E|{k:§n:d(Xk+Yk,Xo+Yo)25}]

1 = 5 1 - e
< — <n: > — — <n: > —
< | {k<n:d(Xexo) > S+~ {k<nidv) > S} <o

e, {neN:I[{k<n:d(Xy+Y Xo+Y) >e} <} € F(Z). Hence I-

DEFINITION 3.5. An element Xy € L(N) is said to be an Z-statistical limit
point of a fuzzy number sequence X = (X}) provided that for each € > 0 there
is a set M = {m; <mg < ...} C Nsuch that M ¢ Z and st-lim X,,, = X.

Z-S (Ax) denotes the set of all Z-statistical limit points of fuzzy number
sequence (Xg).

THEOREM 3.6. If (X}y) is a sequence of fuzzy numbers such that Z-stlim X},
= Xy, then Z-S (Ax) = {Xo}.

Proof. Since (X}) is Z-statistically convergent to a fuzzy number Xy, for
each e >0 and § > 0, theset A={n eN: 1| {k <n:d(Xy, Xo) >c}|>6}
€ 7, where 7 is an admissible ideal.

Suppose Z-S (Ax) contains Yy different from Xy, i.e., Yo € Z-S(Ax). So
there exists a M C N such that M ¢ 7 and st-lim X,,,, = Yj.

Let B={neM:i|{k<n:d(XyYy) >c}|>6}. So B is a finite set
and therefore B € Z. So B¢ = {ne M : :[{k<n:d(X;,Yo) >e}| <6} €
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F(T). Againlet Ay = {neM:L|{k<n:d(Xy Xo)>e}|>6}. So 4 C
A€, ie., A] € F(I). Therefore, A{ N B¢ # (), since A{ N B¢ € F (I).
Let p € A{N B¢ and take ¢ = M > 0, so %\{kﬁp:J(Xk,Xo) >e}| <
0 and %\ {k<p:d(Xy Yo) >c}| <6, ie., for maximum k < p will satisfy
d(Xp,Xo) < ¢ and d(Xg,Yy) < ¢ for a very small 6 > 0. Thus we must
have {k <p:d(Xp, Xo) < E} N {k: <p:d(Xp, Yo < 8} # (), a contradiction,
as the nbd of X and Yp are disjoint. Hence Z-S (Ax) = {Xo}. O

DEFINITION 3.7. An element X € L(R) is said to be an Z-statistical cluster
point of a fuzzy number sequence X = (Xj) if for each € > 0 and § > 0 the
set {n eN:2[{k<n:d(Xy,Xo)>c}| <0} ¢

Z-S (I'x) denotes the set of all Z-statistical cluster points of fuzzy number
sequence (Xg).

THEOREM 3.8. For any sequence X = (Xy) of fuzzy numbers Z-S(I'x) is
closed.

Proof. Let the fuzzy number Yy be a limit point of the set Z-S(I'x). Then
for any ¢ > 0, Z-S(I'x )N B (Yo, e) # 0, where B (Yo,e) = {U € L(R) : d(U, Yp)
< e}. Let Zy € I-S(I'x) N B (Yy,€) and choose €1 > 0 such that B (Zy,e1) C
B (Yp,€). Then we have {k <n:d(Xy,Z0) >e1} 2 {k <n:d(X,Yy) > e},
which implies 1| {k <n:d(Xy, Zo) > e1}| > L[ {k <n:d(Xi, Yo) > e}

Now, for any § > 0, we have {n € N: L[ {k <n:d(Xy, Zo) >e1}| <4}
C{neN:i{k<n:d(XgYo) >e}| <4} Since Zy € Z-S(I'x), we have
{neN: 2 {k<n:d(Xy,Yy) >e}| <8} ¢ T, ie., Yy € Z-S(I'x). This ends
the proof. N

THEOREM 3.9. For any fuzzy number sequence (Xy), Z-S (Ax) CZ-S (I'x).

Proof. Let Xo € T-S (Ax ). Then there exists aset M = {m; <ma < ...} ¢
T such that st-lim Xp,, = Xo = limp_oo 7] {mi <k :d(Xp,, Xo) > e} | =
0. Take § > 0, so there exists kg € N such that for n > ky we have
%| {mZ <n:d(Xm,,Xo) > 5} | <.

Let A= {neN:i{m; <n:d(Xn,, Xo)>c}|<d}. Also, we have A D
M/{mi <mg < ...<my}. Since T is an admissible ideal and M ¢ Z, there-
fore A ¢ Z. So by definition of Z-statistical cluster point Xy € Z-S (I'y). This
ends the proof. O

THEOREM 3.10. If (Xj) and (Yy) are two sequences of fuzzy numbers such
that {n € N : X, #Y,} € Z, then

(i) Z-S (Ax) = Z-S (Ay).

(i) Z-S (I'y) = Z-S (I'y).

Proof. (i) Let Xo € Z-S(Ax). So by definition there exist a set K =

{k1 <ka<ks<---} of N such that K ¢ T and st-limXj, = Xo. Since
heK: X, #Y, ) c{neN: X, #2Y,} €I, K'={neK:X,=Y,} ¢
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and K’ C K. So, we have st-lim Y3, = Xo. This shows that Xy € Z-S (Ay)
and therefore Z-S (Ax) C Z-S (Ay). By symmetry, Z-S (Ay) C Z-S (Ax).
Hence Z-S (Ax) = Z-S (Ay).

(ii) Let Xo € Z-S (I'x). So, by definition for each € > 0 we have

A:{neN:i|{k§n:J(Xk,X0)25}|<5}¢I.

Let B={neN: %| {k<n:d(Ys,Xo)>e} <d}. We have to prove that
B ¢TI Suppose BEZ,SoB ={neN: i[{k<n:d(¥,Xo) >c}>6}¢€
F(Z). By hypothesis, C = {n e N: X,, =Y,} € F(Z). Therefore B°NC €
F(I). Also, it is clear that B°NC C A° € F(Z), i.e., A € 7, which is a
contradiction. Hence B ¢ Z and thus the result proved. g

4. CONCLUSION

T-statistical convergence is a generalization of many other convergences such
as Z-convergence, statistical convergence etc. In this paper, some existing the-
ories on convergence of fuzzy number sequences are extended to Z-statistical
convergence of fuzzy number sequence. We also introduce the notion of Z-
statistical limit points and Z-statistical cluster points for a sequence of fuzzy
numbers and investigate the relation between them.
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