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ON TRIPLE SEQUENCE SPACE OF BERNSTEIN STANCU
CHENEY AND SHARMA OPERATOR OF ROUGH

Iλ-CONVERGENCE OF WEIGHT g

ARULMANI INDUMATHI, AYHAN ESI, and NAGARAJAN SUBRAMANIAN

Abstract. We introduce and study some basic properties of rough Iλ-convergen-
ce of weight g, where g : N3 → [0,∞) is a function statisying g (n) → ∞ and
g (n) 6→ 0 as n → ∞ of a triple sequence of Bernstein Stancu Cheney and
Sharma operators and also investigate certain properties of rough Iλ-convergence
of weight g.
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1. INTRODUCTION

In this study, Bernstein Stancu Chenney and Sharma operator of rough Iλ-
convergence of weight g is applied for triple sequence spaces. The paper [18]
discussed the Stancu type extension of the well known Cheney and Sharma
operators, the definition of new rough statistical convergence with the Pascal
Fibonacci binomial matrix of rough statistical convergence and the approxi-
mation theory as a rate of the rough statistical convergence of Stancu type
of Cheney and Sharma operators. But this paper only studied some general
properties of Cheney and Sharma operators of weight.

The idea of rough convergence was first introduced by [14] in finite di-
mensional normed spaces, where it is showed that the set LIMr

x is bounded,
closed and convex, the notion of rough Cauchy sequence is introduced and
the relations between rough convergence and other convergence types and the
dependence of LIMr

x on the roughness of degree r is investigated.
Aytar [2] studied the rough statistical convergence and defined the set of

rough statistical limit points of a sequence and obtained statistical convergence
criteria associated with this set and proved that this set is closed and convex.
Also, [2] studied that the r-limit set of the sequence is equal to intersection of
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these sets and that r-core of the sequence is equal to the union of these sets.
Dündar and [10] investigated of rough ideal convergence and defined the set of
rough ideal limit points of a sequence. The notion of I-convergence of a triple
sequence which is based on the structure of the ideal I of subsets of N×N×N,
where N is the set of all natural numbers, is a natural generalization of the
notion of convergence and statistical convergence.

In this paper we investigate some basic properties of rough I-convergence
of a triple sequence of Bernstein polynomials in three dimensional cases. We
study the set of all rough I-limits of a triple sequence of Bernstein polynomials
and also the relation between analytic and rough I-convergence of a triple
sequence of Bernstein polynomials.

Let K be a subset of the set of positive integers N×N×N and let us denote
the set Kij` = {(m,n, k) ∈ K : m ≤ i, n ≤ j, k ≤ `}. Then the natural density
of K is given by

δ (K) = lim
i,j,`→∞

|Kij`|
ij`

,

where |Kij`| denotes the number of elements in Kij`.
Let β be a nonnegative real number and consider the following formulae.

(x+ y + uβ)u (x+ y + vβ)v (x+ y + wβ)w

=

u∑
m=0

v∑
n=0

w∑
k=0

(
u

m

)(
v

n

)(
w

k

)
u3 (u+mβ)m−1 (u+ nβ)n−1 (u+ kβ)k−1

[v + (u−m) (v − n) (w − k)](u−m)+(v−n)+(w−k)

(x+ y + uβ)u (x+ y + vβ)v (x+ y + wβ)w

=
u∑

m=0

v∑
n=0

w∑
k=0

(
u

m

)(
v

n

)(
w

k

)
(u+mβ)m (u+ nβ)n (u+ kβ)k

v [v + (u−m) (v − n) (w − k)](u−m−1)+(v−n−1)+(w−k−1)

(x+ y) (x+ y + uβ)u−1 (x+ y + vβ)v−1 (x+ y + wβ)w−1

=

u∑
m=0

v∑
n=0

w∑
k=0

(
u

m

)(
v

n

)(
w

k

)
u3 (u+mβ)m−1 (u+ nβ)n−1 (u+ kβ)k−1

v [v + (u−m) (v − n) (w − k)](u−m−1)+(v−n−1)+(w−k−1) ,

where u, v ∈ R and u, v, w ≥ 1.
Cheney and Sharma generalized Bernstein polynomials by taking β ≥ 0,

u = x and v = 1−x, x ∈ [0, 1], and u = r; v = s;w = t ∈ N as in the following
forms:
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P βrst (f, x) = (1 + rβ)−r (1 + sβ)−s (1 + tβ)−t
r∑

m=0

s∑
n=0

t∑
k=0

(
r

m

)(
s

n

)(
t

k

)
x3 (x+mβ)m−1 (x+ nβ)n−1 (x+ kβ)k−1

[1− x+ (r −m) (s− n) (t− k)β](r−m)+(s−n)+(t−k) f

(
mnk

rst

)
and

Gβrst (f, x) =
r∑

m=0

s∑
n=0

t∑
k=0

P βrst,mnk (x) f

(
mnk

rst

)
where

P βrst,mnk (x) = (1 +mβ)1−m (1 + nβ)1−n (1 + kβ)1−k(
r

m

)(
s

n

)(
t

k

)
x3 (x+mβ)m−1 (x+ nβ)n−1 (x+ kβ)k−1

(1− x) [1− x+ (r −m) (s− n) (t− k)β](r−m−1)+(s−n−1)+(t−k−1)

for f ∈ C [0, 1], the space of real valued continuous functions on [0, 1]. Denot-
ing eγ (t) := tγ , t ∈ [0, 1] , γ = 0, 1, 2, . . ., it is obvious that

Gβrst (e0;x) = 1

we have
Gβrst (e1;x) = x

since β ≥ 0, these operators are linear and positive and called as Bernstein
type Cheney and Sharma operators. The reduction formula

S (mnk, rst, x, y) = x S ((m− 1) (n− 1) (k − 1) , rst, x, y) + (rst)β

S (mnk, (r − 1) (s− 1) (t− 1) , x+ βy) ,

where

S (mnk, rst, x, y) :=

r∑
α=0

s∑
β=0

t∑
γ=0

(
r

α

)(
s

β

)(
t

γ

)
(x+ α)α+m−1 (x+ β)β+n−1 (x+ γ)γ+k−1

(y + (r − α) (s− β) (t− γ)β)(r−α)+(s−β)+(t−γ) ,

the authors proved uniform convergence of each sequence operators P βrst (f)

and Gβrst (f) to f on [0, 1] by taking β as a sequence of nonnegative real
numbers satisfying β = O

(
1
rst

)
, r, s, t → ∞. It is obvious that P 0

rst = G0
rst =

Brst, where Brst is the (r, s, t)th Bernstein operator.
In the present paper, we consider the Stancu operators Lrst,uvw in the basis

of the Bernstein type Cheney and Sharma operators Gβrst given by
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Lβrst,uvw (f ;x) =

r−u∑
m=0

s−v∑
n=0

t−w∑
k=0

P β(r−u,m)+(s−v,n)+(t−w,k) (x)[
(1− x) f

(
mnk

rst

)
+ xf

(
(m+ u) (n+ v) (k + w)

rst

)]
,

for f ∈ C [0, 1] and (u, v, w) is a nonnegative integer parameter with r ≥ 2u,

s≥2v, t≥2w, r,s,t∈N, where P β(r−u,m)+(s−v,n)+(t−w,k) with (r−u)(s− v)(t−w)

in places of (r, s, t). We shall call these operators as Stancu type extensions of
the Cheney and Sharma operators.

Throughout the paper, we consider the real three dimensional space with
the metric (X, d). Consider a triple sequence of the Bernstein Stancu Cheney

and Sharma polynomials
(
Lβrst,uvw (f, x)

)
such that

(
Lβrst,uvw (f, x)

)
∈ R,

m,n, k ∈ N. Let f be a continuous function defined on the closed interval
[0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma polynomials(
Lβrst,uvw (f, x)

)
is said to be statistically convergent to 0 ∈ R, written as

st3 − limLβrst,uvw(f,x) = f(x), provided that the set

Kε :=
{

(m,n, k) ∈ N3 :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ ε}
has natural density zero for any ε > 0. In this case, 0 is called the statistical
limit of the triple sequence of Bernstein Stancu Cheney and Sharma polyno-
mials, i.e., δ3 (Kε) = 0. That is,

lim
rst→∞

1

rst

∣∣∣{(m,n, k) ≤ (r, s, t) :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ ε}∣∣∣ = 0.

In this case, we write δ3 − limLβrst,uvw (f, x) = (f, x) or Lβrst,uvw (f, x)
st3−→

(f, x).
Throughout the paper, N denotes the set of all positive integers, χA-the

characteristic function of A ⊂ N. A subset A of N is said to have asymptotic
density d (A) if

d3 (A) = lim
ij`→∞

1

ij`

i∑
m=1

j∑
n=1

∑̀
k=1

χA (K) .

The theory of statistical convergence has been discussed in trigonometric
series, summability theory, measure theory, turnpike theory, approximation
theory, fuzzy set theory and so on.

A triple sequence (real or complex) can be defined as a function x : N3 →
R (C). The different types of notions of triple sequence was introduced and
investigated at the beginning by [7, 9, 8, 11, 16, 18] and many others.
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2. DEFINITIONS AND PRELIMINARIES

Throughout the paper R3 denotes the real three dimensional space with the
Euclid metric. Consider a triple sequence x = (xmnk) such that xmnk ∈ R;
m,n, k ∈ N.

Definition 2.1 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma op-

erators
(
Lβrst,uvw (f, x)

)
is said to be statistically convergent to f (x), denoted

by Lβrst,uvw (f, x)→st−limx (f, x), if for any ε > 0 we have d (A (ε)) = 0, where

A (ε) =
{

(m,n, k) ∈ N3 :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ ε} .
Definition 2.2 ([7]). Let f be a continuous function defined on the closed

interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma op-

erators
(
Lβrst,uvw (f, x)

)
is said to be statistically convergent to (f, x), denoted

by Lβrst,uvw (f, x)→st−limx (f, x), provided that the set{
(m,n, k) ∈ N3 :

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ ε} ,

has natural density zero for every ε > 0.
In this case, (f, x) is called the statistical limit of the sequence of Bernstein

Stancu Cheney and Sharma operators.

Definition 2.3 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators
(
Lβrst,uvw (f, x)

)
in a metric space (X, |., .|) and r be a non-negative

real number is said to be r-convergent to (f, x), denoted by Lβrst,uvw (f, x)→r

(f, x), if for any ε > 0 there exists Nε ∈ N3 such that for all m,n, k ≥ Nε we
have ∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ < r + ε

In this case Lβrst,uvw (f, x) is called an r-limit of (f, x).

Remark 2.4. We consider r-limit set Lβrst,uvw (f, x) which is denoted by
LIMr

Lβrst,uvw(f,x)
and is defined by

LIMr
Lβrst,uvw(f,x)

=
{
Lβrst,uvw (f, x) ∈ X : Lβrst,uvw (f, x)→r (f, x)

}
.

Definition 2.5 ([11]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators
(
Lβrst,uvw (f, x)

)
is said to be r− convergent if LIMr

Lβrst,uvw(f,x)
6= φ

and r is called a rough convergence degree of Lβrst,uvw (f, x). If r = 0 then
it is ordinary convergence of triple sequence of Bernstein Stancu Cheney and
Sharma operators.
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Definition 2.6 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma op-

erators
(
Lβrst,uvw (f, x)

)
in a metric space (X, |., .|) and r be a non-negative

real number is said to be r-statistically convergent to (f, x), denoted by

Lβrst,uvw (f, x)→r−st3 (f, x), if for any ε > 0 we have d (A (ε)) = 0, where

A (ε) =
{

(m,n, k) ∈ N3 :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}
.

In this case (f, x) is called r-statistical limit of Lβrst,uvw (f, x). If r = 0 then
it is ordinary statistical convergent of triple sequence of Bernstein Stancu
Cheney and Sharma operators.

Definition 2.7 ([11]). A class I of subsets of a nonempty set X is said to
be an ideal in X provided that

(i) φ ∈ I.
(ii) A,B ∈ I implies A

⋃
B ∈ I.

(iii) A ∈ I, B ⊂ A implies B ∈ I.
I is called a nontrivial ideal if X /∈ I.

Definition 2.8 ([11]). A nonempty class F of subsets of a nonempty set
X is said to be a filter in X provided that

(i) φ ∈ F .
(ii) A,B ∈ F implies A

⋂
B ∈ F .

(iii) A ∈ F , A ⊂ B implies B ∈ F .

Definition 2.9 ([11]). I is a non trivial ideal in X, X 6= φ, then the class

F (I) = {M ⊂ X : M = X\A for some A ∈ I}
is a filter on X, called the filter associated with I.

Definition 2.10 ([11]). A non trivial ideal I in X is called admissible if
{x} ∈ I for each x ∈ X.

Remark 2.11 ([11]). If I is an admissible ideal, then usual convergence in
X implies I convergence in X.

Remark 2.12 ([11]). If I is an admissible ideal, then usual rough conver-
gence implies rough I-convergence.

Definition 2.13 ([11]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators
(
Lβrst,uvw (f, x)

)
in a metric space (X, |., .|) and r be a non-negative

real number is said to be rough ideal convergent of weight g or rIλ-convergent

to (f, x), denoted by Lβrst,uvw →rIgλ (f, x), if for any ε > 0 we have{
(p, q, j) ∈ N3 :

1

g (λpqj)

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}
∈ I.
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In this case
(
Lβrst,uvw (f, x)

)
is called rIλ-limit of (f, x) and a triple sequence

of Bernstein Stancu Cheney and Sharma operators
(
Lβrst,uvw (f, x)

)
is called

rough Iλ-convergent weight g to (f, x) with r as roughness of degree. If r = 0,
then it is ordinary Iλ-convergent of weight g.

Remark 2.14 ([18]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators
(
Lβrst,uvw (f, y)

)
is not Iλ-convergent of weight g in usual sense and∣∣∣Lβrst,uvw (f, x)− Lβrst,uvw (f, y)

∣∣∣ ≤ r for all (m,n, k) ∈ N

or{
(p, q, j)∈N3 :

1

g(λpqj)

∣∣∣Lβrst,uvw(f, x)−Lβrst,uvw(f, y)
∣∣∣≥r}∈I for some r>0.

Then the triple sequence of Bernstein Stancu Cheney and Sharma operators(
Lβrst,uvw (f, x)

)
is rIλ -convergent of weight g.

Remark 2.15 ([18]). It is clear that rIgλ-limit of (f, x) is not necessarily
unique.

Definition 2.16 ([7]). Consider rIgλ-limit set of (f, x), which is denoted by

Igλ − LIMr
Lβrst,uvw(f,x)

=
{

(f, x) ∈ X : Lβrst,uvw (f, x)→rIgλ (f, x)
}
,

then the triple sequence of Bernstein Stancu Cheney and Sharma operators(
Lβrst,uvw(f,x)

)
is said to be rIλ-convergent of weight g, if Igλ−LIMr

Lβrst,uvw(f,x)
6=

φ and r is called a rough Iλ-convergence of weight g degree of Lβrst,uvw (f, x).

Remark 2.17. Let λ = (λpqj)(p,q,j)∈N3 be a non-decreasing sequence of

positive numbers tending to ∞ such thatλ(pqj)+1 ≤ λpqj + 1, λ111 = 1. The
collection of such sequences λ will be denoted by η.

We define the generalized de la Valée-Poussin mean of weight g by

tpqj (x) =
1

g (λpqj)

∑
(m,n,k)∈Ipqj

xmnk,

where Irst = [p− λp+1,q,j , p]× [q − λp,q+1,j , q]× [j − λp,q,j+1, j].

Definition 2.18 ([11]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators
(
Lβrst,uvw (f, x)

)
is said to be [V, λ] (I)g-summable to (f, x), if

I − lim
p,q,j

tpqj

(
Lβrst,uvw (f, x)

)
→ (f, x) .
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i.e., for any δ > 0,
{

(p, q, j) ∈ N3 :
∣∣∣tpqj (Lβrst,uvw (f, x)

)
− (f, x)

∣∣∣ ≥ δ} ∈ I and

it is denoted by [V, λ] (I)g.

Definition 2.19 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators
(
Lβrst,uvw (f, x)

)
is said to be Iλ-statistically convergent of weight g,

if for every ε > 0 and δ > 0{
(p, q, j)∈N3 :

1

g(λpqj)

∣∣∣{(m,n,k)∈Ipqj :
∣∣∣Lβrst,uvw(f,x)−(f,x)

∣∣∣≥r+ε
}∣∣∣≥δ}∈I.

In this case we write (Iλ)g − limLβrst,uvw (f, x) = (f, x), or Lβrst,uvw (f, x) →
(f, x) (Iλ)g.

3. MAIN RESULTS

Theorem 3.1. Let f be a continuous function defined on the closed interval
[0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma operators of(
Lβrst,uvw (f, x)

)
of real numbers and g1, g2 ∈ G be such that there exist M > 0

and (u0, v0, w0) ∈ N3 such that
g1(λpqj)
g2(λpqj)

≤ M for all p ≥ u0, q ≥ v0, j ≥ w0.

Then (Iλ)g1 ⊂ (Iλ)g2.

Proof. For any ε > 0,∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

g2 (λpqj)

=
g1 (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

g2 (λpqj) g1 (λpqj)

≤M

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

g1 (λpqj)

for p ≥ u0, q ≥ v0, j ≥ w0. Hence for any δ > 0,{
(p, q, j) ∈ N3 :

1

g2 (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ}
⊂
{

(p, q, j) ∈ N3 :
1

g1 (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ

M

}
⋃{

1, 2, . . . , (u0, v0, w0)
}
.
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If x = (xmnk) ∈ (Iλ)g1 . Hence (Iλ)g1 ⊂ (Iλ)g2 . �

Theorem 3.2. Let f be a continuous function defined on the closed interval
[0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma operators of(
Lβrst,uvw (f, x)

)
of real numbers, (I)g ⊂ (Iλ)g if limpqj inf

g(λpqj)
g(pqj) > 0.

Proof. Since limp,q,j inf
g(λpqj)
g(pqj) > 0, so we can find a M > 0 such that for

sufficiently large p, q and j, we have limp,q,j inf
g(λpqj)
g(pqj) > 0.

Since Lβrst,uvw (f, x) → (f, x) (Iλ)g, hence for every ε > 0 and sufficiently
large (r, s, t),

1

g (pqj)

∣∣∣{(m,n, k) ≤ (p, q, j) :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

≥ 1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

≥M 1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣ .

For δ > 0,{
(p, q, j) ∈ N3 :

1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ}
⊂
{

(p, q, j) ∈ N3 :
1

g (pqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥Mδ
}
∈ I,

since I is admissible ideal of weight g. �

Theorem 3.3. Let f be a continuous function defined on the closed interval
[0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma operators of(
Lβrst,uvw (f, x)

)
of real numbers, if λ ∈ η be such that limpqj

(pqj)−λpqj
g(pqj) = 0

then (Iλ)g ⊂ (I)g.

Proof. Let δ > 0 be given. Since limp,q,j
(pqj)−λpqj
g(pqj) = 0, we can choose

(u, v, w) ∈ N3 such that limp,q,j
(pqj)−λpqj
g(pqj) < δ

2 , for all p ≥ u, q ≥ v, j ≥ w.

Now observe that, for ε > 0

1

g (λpqj)

∣∣∣{(m,n, k) ≤ (p, q, j) :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

=
1

g (λpqj)

∣∣∣{(m,n, k) ≤ (p, q, j)− λpqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣+
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1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

≤ (p, q, j)− λpqj
g(pqj)

+
1

g(λpqj)

∣∣∣{(m,n, k)∈Ipqj :
∣∣∣Lβrst,uvw(f, x)−(f, x)

∣∣∣≥r+ε
}∣∣∣

≤ δ

2
+

1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣ ,

for all (p, q, j) ≥ (u, v, w). Hence{
(p, q, j) ∈ N :

1

g (λpqj)

∣∣∣{(m,n, k) ≤ (p, q, j) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ}
⊂
{

(p, q, j) ∈ N :
1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ

2

}⋃{
1, 2, 3, . . . , (u, v, w)

}
.

If (Iλ)g − limLβrst,uvw (f, x) = (f, x) ∈ I. Hence a triple sequence of Bern-

stein Stancu Cheney and Sharma operators of Lβrst,uvw (f, x) is I statistically
convergent of weight g to f (x). �

Theorem 3.4. Let f be a continuous function defined on the closed interval
[0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma operators of(
Lβrst,uvw (f, x)

)
of real numbers, g1, g2 ∈ G and let λ = (λpqj), µ = (µrst) be

two sequences in η such that λpqj ≤ µpqj for all p, q, j ∈ N3. If

(1) lim
p,q,j

inf
g2 (λpqj)

g1 (µpqj)
> 0

then (Iµ)g2 ⊂ (Iλ)g1.

Proof. Suppose that λpqj ≤ µpqj for all (p, q, j) ∈ N3 and let (1) be satisfied.
For given ε > 0 we have{

(m,n, k) ∈ Jpqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}

⊇
{

(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}

where Ipqj = [(pqj)− λpqj + 1, (pqj)] and Jpqj = [(pqj)− µpqj + 1, (pqj)].
Therefore we can write

1

g2 (µpqj)

∣∣∣{(m,n, k) ∈ Jpqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣

≥ g1 (λpqj)

g2 (µpqj)

1

g2 (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣ ,
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for all p, q, j ∈ N we have{
(p, q, j) ∈ N3 :

1

g1 (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ}
⊆
{

(p, q, j) ∈ N3 :
1

g2 (λpqj)

∣∣∣{(m,n, k) ≤ (p, q, j) ∈ Jpqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ g2 (λpqj)

g1 (µpqj)

}
∈ I.

Hence (Iµ)g2 ⊂ (Iλ)g1 . �

Theorem 3.5. Let f be a continuous function defined on the closed inter-
val [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma opera-

tors of
(
Lβrst,uvw (f, x)

)
of real numbers, if {λpqj} ∈ η then Lβrst,uvw (f, x) →

(f, x) [V, λ] (I)g =⇒ Lβrst,uvw (f, x)→ (f, x) (Iλ)g is a proper ideal of I.

Proof. Let ε > 0 and Lβrst,uvw (f, x)→ (f, x) [V, λ] (I)g, we have∑
(m,n,k)∈Ipqj

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣

≥
∑

(m,n,k)∈Ipqj and
∣∣∣Lβrst,uvw(f,x)−(f,x)∣∣∣>r+ε

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣

≥ r + ε ·
∣∣∣{(m,n, k) ∈ Ipqj :

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ .
Given δ > 0,

1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)− (f, x)

∣∣∣ ≥ r + ε
}∣∣∣ ≥ δ

=⇒ 1

g (λpqj)

∑
(m,n,k)∈Ipqj

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ εδ.

i.e.,

{
(p, q, j) ∈ N3 :

1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ}
⊂

(p, q, j) ∈ N3 :
1

g (λpqj)

 ∑
(m,n,k)∈Ipqj

∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣
 ≥ εδ.


since Lβrst,uvw(f, x)→ (f, x)[V, λ](I)g and hence it follows that Lβrst,uvw(f, x)→
(f, x) (Iλ)g is a proper ideal of I.
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Now to prove that (Iλ)g ( [V, λ] (I)g, take a fixed element A ∈ I. Define a
triple sequence Bernstein Stancu Cheney and Sharma operators defined by

Lβrst,uvw (f, x) =



for p−
[√

g (λpqj)
]

+ 1 ≤ m ≤ p,√
g (λpqj), q −

[√
g (λpqj)

]
+ 1 ≤ n ≤ q,

j −
[√

g (λpqj)
]

+ 1 ≤ k ≤ j; (p, q, j) /∈ A

for p−
[√

g (λpqj)
]

+ 1 ≤ m ≤ p,
0, q −

[√
g (λpqj)

]
+ 1 ≤ n ≤ q,

j −
[√

g (λpqj)
]

+ 1 ≤ k ≤ j; (p, q, j) ∈ A

for every ε > 0 (0 < ε < 1). Then

1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :
∣∣∣Lβrst,uvw (f, x)

∣∣∣ ≥ r + ε
}∣∣∣ =

[√
g (λpqj)

]
g (λpqj)

→ 0

as p, q, j →∞ and (p, q, j) /∈ A, for every δ > 0,{
(p, q, j) ∈ N3 :

1

g (λpqj)

∣∣∣{(m,n, k) ∈ Ipqj :∣∣∣Lβrst,uvw (f, x)− (f, x)
∣∣∣ ≥ r + ε

}∣∣∣ ≥ δ}
⊂ A

⋃{
(1, 1, 1) , (1, 2, 1) , . . . , (u, v, w)

}
for some (u, v, w) ∈ N3. Since I is admissible of weight g, it follows that

Lβrst,uvw (f, x) → 0 (Iλ)g. Hence 1
g(λpqj)

∑
(m,n,k)∈Ipqj

∣∣∣Lβrst,uvw (f, x)
∣∣∣ → ∞ as

p, q, j → ∞, i.e. Lβrst,uvw (f, x) 6→ 0 [V, λ] (I)g, if A ∈ I is infinite then

Lβrst,uvw (f, x) 6→ θ (Iλ)g. �
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