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ON TRIPLE SEQUENCE SPACE OF BERNSTEIN STANCU
CHENEY AND SHARMA OPERATOR OF ROUGH
I,-CONVERGENCE OF WEIGHT g¢
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Abstract. We introduce and study some basic properties of rough Iy-convergen-
ce of weight g, where g : N* — [0,00) is a function statisying g (n) — oo and
g(n) /& 0 as n — oo of a triple sequence of Bernstein Stancu Cheney and
Sharma operators and also investigate certain properties of rough I-convergence
of weight g.
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1. INTRODUCTION

In this study, Bernstein Stancu Chenney and Sharma operator of rough Iy-
convergence of weight g is applied for triple sequence spaces. The paper [18]
discussed the Stancu type extension of the well known Cheney and Sharma
operators, the definition of new rough statistical convergence with the Pascal
Fibonacci binomial matrix of rough statistical convergence and the approxi-
mation theory as a rate of the rough statistical convergence of Stancu type
of Cheney and Sharma operators. But this paper only studied some general
properties of Cheney and Sharma operators of weight.

The idea of rough convergence was first introduced by [14] in finite di-
mensional normed spaces, where it is showed that the set LIM! is bounded,
closed and convex, the notion of rough Cauchy sequence is introduced and
the relations between rough convergence and other convergence types and the
dependence of LIM!, on the roughness of degree r is investigated.

Aytar [2] studied the rough statistical convergence and defined the set of
rough statistical limit points of a sequence and obtained statistical convergence
criteria associated with this set and proved that this set is closed and convex.
Also, [2] studied that the r-limit set of the sequence is equal to intersection of
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these sets and that r-core of the sequence is equal to the union of these sets.
Diindar and [10] investigated of rough ideal convergence and defined the set of
rough ideal limit points of a sequence. The notion of I-convergence of a triple
sequence which is based on the structure of the ideal I of subsets of N x N x N,
where N is the set of all natural numbers, is a natural generalization of the
notion of convergence and statistical convergence.

In this paper we investigate some basic properties of rough I-convergence
of a triple sequence of Bernstein polynomials in three dimensional cases. We
study the set of all rough I-limits of a triple sequence of Bernstein polynomials
and also the relation between analytic and rough I-convergence of a triple
sequence of Bernstein polynomials.

Let K be a subset of the set of positive integers N x N x N and let us denote
the set K;jo = {(m,n,k) € K :m <i,n < j,k </} Then the natural density
of K is given by

§(K)= lim Hizel

ijl—oo  ijl

where |K;j¢| denotes the number of elements in Kjjp.
Let 8 be a nonnegative real number and consider the following formulae.

(x+y+up) (z+y+v8)" (x+y+wl)”
= (V) ()t mdy sy )
223 ()6 G)
[0+ (u—m) (v —n) (w— k)] @ HE=Fw=k

(x+y+uf)(x+y+v8)’ (z+y+wp)”

= Z Z i (f,i) (Z) (Z) (u+mp)™ (u+np)" (u+kp)"

m=0n=0 k=0
v [1) 4 (u . m) (v _ n) (U) . k)](u—m—l)-i—(v—n—l)-i—(w—k—l)

(z+y) (z+y+up) @ty +v8)" (@ +y+ws)

-3 5y (:1) (Z) Cf) u® (w+mB)" " (ut )" (ut KA

m=0n=0 k=0
v [’U + (U _ m) (’U _ TL) (w _ k)](u—m—1)+(v—n—1)+(w—k—1) 7
where u,v € R and u,v,w > 1.
Cheney and Sharma generalized Bernstein polynomials by taking 5 > 0,
u=zandv=1—x,z €[0,1],and u = r;v = s;w =t € N as in the following
forms:
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Pl(f,e)=(1+r8) " (1+s8) " (1+1t8)" ZZZ( )<><>

m=0n=0 k=0
2 (@ +mp)" (@ +np)" ! (z+ kB!

[1— 2+ (r—m) (s —n) (t — k) gr—mHe—m+(=k) ¢ <m”k‘>

rst

and

k
TSt Z Z Z rst mnk <T::t >

m=0n=0 k=0
where

Pl (@) = (1+mB) " (14 nB) " (1 + kB "

<7;> (751) <IZ> 2 (x+mB)" (@ +np)" ! (x+ kB!
(1—2)[l—z+ (r—m)(s —n) (t — k) B0 DHs=n=D+(-k-1)

for f € C'[0, 1], the space of real valued continuous functions on [0, 1]. Denot-
ing e, (t) :=¢t7,t€[0,1],7=0,1,2,..., it is obvious that
Gfst (60; J}) =1
we have
Gy (er3w) =
since 8 > 0, these operators are linear and positive and called as Bernstein
type Cheney and Sharma operators. The reduction formula
S (mnk,rst,z,y) =2 S ((m—1)(n—1)(k—1),rst,z,y) + (rst) B
S(mnk,(r—1)(s=1)(t—1),z+ By),

where

S (mnk,rst,x,y) :=

Z Z Z ( > < > < > (2 + )T (2 + 8P (2 4 )Y TR

a=0 =0~v=0
(y+ (r—a) (s — B) (t —~) )T~ FE=AHE=)

the authors proved uniform convergence of each sequence operators P,,St (f)
and G?

rst

numbers satisfying 5 = O (rst) r,s,t — oo. It is obvious that P

rst —

(f) to f on [0,1] by taking 5 as a sequence of nonnegative real
=G

rst —
B, st, where B, is the (r, s, t) Bernstein operator.
In the present paper, we consider the Stancu operators Lyt uw in the basis

of the Bernstein type Cheney and Sharma operators Gfst given by
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r—u s—vt—w

rstuvw fix ZZZ (r—u,m)+(s—v,n)+(t— wk)( )

m=0n=0 k=0

[(1_$)f<r:fnk> N f<(m+u)(n+v)(k+w))]’

rst

for f € C'0,1] and (u,v,w) is a nonnegative integer parameter with r > 2u,
s>2v, t>2w, r,s,t €N, where P(T sy Hs— vy —w k) WitH (r—u)(s—v)(t—w)
in places of (r,s,t). We shall call these operators as Stancu type extensions of
the Cheney and Sharma operators.

Throughout the paper, we consider the real three dimensional space with

the metric (X, d). Consider a triple sequence of the Bernstein Stancu Cheney
and Sharma polynomials <L£St7uvw (f,:r)) such that ( rstuvw (s ))

m,n,k € N. Let f be a continuous function defined on the closed mterval
[0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma polynomials

(Lﬁ (f, )) is said to be statistically convergent to 0 € R, written as

rst,uvw

stz — lim LTSt wow f>x) = f(x), provided that the set

Kei={(m.n.k) € N1 |1,y 0, (F0) = (£,2)] 2 ¢

has natural density zero for any € > 0. In this case, 0 is called the statistical
limit of the triple sequence of Bernstein Stancu Cheney and Sharma polyno-
mials, i.e., 03 (K.) = 0. That is,

lim 1 H(m,n,k‘) < (r,s,t): Lfst,uvw (f,z)— (f,:n)‘ > 6}‘ =0.

rst—oo 1St

In this case, we write d3 — lim Lfst’uvw (f,z) = (f,2) or L, wvw (f57) 213,

(f,z).

Throughout the paper, N denotes the set of all positive integers, xa-the
characteristic function of A C N. A subset A of N is said to have asymptotic
density d (A) if

The theory of statistical convergence has been discussed in trigonometric
series, summability theory, measure theory, turnpike theory, approximation
theory, fuzzy set theory and so on.

A triple sequence (real or complex) can be defined as a function z : N® —
R (C). The different types of notions of triple sequence was introduced and
investigated at the beginning by [7, 9, 8, 11, 16, 18] and many others.
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2. DEFINITIONS AND PRELIMINARIES

Throughout the paper R? denotes the real three dimensional space with the
Euclid metric. Consider a triple sequence & = (Z;nk) such that z,,x € R;
m,n, k € N.

DEFINITION 2.1 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma op-
erators (LB (f, 9:)) is said to be statistically convergent to f (z), denoted

rst,uvw

by Lrst wow (5 T) —yst=lima (£ ) if for any € > 0 we have d (A (¢€)) = 0, where
A(G):{(m,n,k>€N3: rstuvw(f 1’) (fﬂ?)’Ze}

DEFINITION 2.2 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma op-

erators (Lfst wow (s x)) is said to be statistically convergent to (f,x), denoted
by L,«st wow (f,x) =stlime (£ 2) provided that the set

{mon k) € N |L0y s (£12) = (Fr2)| 2 €}

has natural density zero for every € > 0.
In this case, (f,x) is called the statistical limit of the sequence of Bernstein
Stancu Cheney and Sharma operators.

DEFINITION 2.3 ([7]). Let f be a continuous function defined on the closed
interval [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma
operators (Lfst,ww (f, z)) in a metric space (X, |.,.|) and r be a non-negative
real number is said to be r-convergent to (f,x), denoted by L rst wow ) =7

(f,x), if for any € > 0 there exists N, € N3 such that for all m,n,k > N, we
have

rstuvw(f .CE) (f?x) <r+te
In this case Lrst wow (f> ) 1s called an r-limit of (f,x).

REMARK 2.4. We consider r-limit set Lmt wow (f,@) which is denoted by

LIM and is defined by
rat uuw(f7 )

LIM t (f7 ) {Lfst,uvw ( ) ) S X Lrst uVW (f,x) —T (f, 1:)} .

DEFINITION 2.5 ([11]). Let f be a continuous function defined on the closed
interval [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma

7 ¢

and r is called a rough convergence degree of Lrst,uvw (f,z). If r = 0 then
it is ordinary convergence of triple sequence of Bernstein Stancu Cheney and
Sharma operators.

operators (Lfst,uvw (f, :1:)) is said to be r— convergent if LIM

rst Uvw (fv
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DEFINITION 2.6 ([7]). Let f be a continuous function defined on the closed
interval [0, 1]. A triple sequence of Bernstein Stancu Cheney and Sharma op-

erators (Lfst’uvw (f, 9:)) in a metric space (X,|.,.|) and r be a non-negative

real number is said to be r-statistically convergent to (f,x), denoted by
Lfst’ww (f,x) =758 (f, ), if for any € > 0 we have d (A (¢)) = 0, where

L (F,2) = (fo2)| 2 7+ €}

In this case (f,z) is called r-statistical limit of Lfst’uvw (f,z). If r =0 then
it is ordinary statistical convergent of triple sequence of Bernstein Stancu
Cheney and Sharma operators.

A(e):{(m,n,k)€N3:

DEFINITION 2.7 ([11]). A class I of subsets of a nonempty set X is said to
be an ideal in X provided that

(i) p € I.

(ii) A, B € I implies A|JB € I.

(ii) A€ I, B C Aimplies B € I.
I is called a nontrivial ideal if X ¢ I.

DEFINITION 2.8 ([11]). A nonempty class F' of subsets of a nonempty set
X is said to be a filter in X provided that

(i) p € F.
(ii) A, B € F implies A(\B € F.
(iii) A€ F, AC B implies B € F.

DEFINITION 2.9 ([11]). I is a non trivial ideal in X, X # ¢, then the class
F(I)={McX:M=X\Aforsome A eI}
is a filter on X, called the filter associated with I.

DEFINITION 2.10 ([11]). A non trivial ideal I in X is called admissible if
{z} € I for each z € X.

REMARK 2.11 ([11]). If I is an admissible ideal, then usual convergence in
X implies I convergence in X.

REMARK 2.12 ([11]). If I is an admissible ideal, then usual rough conver-
gence implies rough I-convergence.

DEFINITION 2.13 ([11]). Let f be a continuous function defined on the closed
interval [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma
operators (Lfst’uvw (f, x)) in a metric space (X, |.,.|) and r be a non-negative
real number is said to be rough ideal convergent of weight g or r1)-convergent
to (f,x), denoted by P —rI3 (f,z), if for any € > 0 we have

rst,uvw

» 3.1
(i et s

Lfst,uvw (fvl‘)* (f,ﬂ?)‘ ZT+€} el.
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In this case (Lfst’ww (f, :U)) is called rIy-limit of (f,z) and a triple sequence

of Bernstein Stancu Cheney and Sharma operators (Lfst’uvw ( f,a:)) is called

rough I-convergent weight ¢ to (f, x) with r as roughness of degree. If r = 0,
then it is ordinary Iy-convergent of weight g.

REMARK 2.14 ([18]). Let f be a continuous function defined on the closed
interval [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators (Lfst,uvw (f, y)) is not Iy-convergent of weight g in usual sense and

‘Lfst,uvw (f? iL’) - Lfst,uvw (fa y)’ S r for all (m7 n, k) eN

or

{(p,qvj)GN?’:

1
a0 ‘Lfst,uvw(f,:c)—Lfst’ww(f, y)‘ Zr} e I for some 7>0.
Dqj

Then the triple sequence of Bernstein Stancu Cheney and Sharma operators
(Lfst’uvw (f, x)) is r1 -convergent of weight g.

REMARK 2.15 ([18]). It is clear that rI{-limit of (f,z) is not necessarily
unique.

DEFINITION 2.16 ([7]). Consider rI3-limit set of (f,z), which is denoted by

(f,x) - {(f’w) €X: Lfst,uvw (f7 x) _>TI§ (f?x)}7

then the triple sequence of Bernstein Stancu Cheney and Sharma operators
(Lfsmvw(fﬂ?)) is said to be rI-convergent of weight g, if I} —LIM’LB #*

rst,uvw (fvx)

¢ and r is called a rough Iy-convergence of weight g degree of Lfst,uvw (f,x).

1Y — LIM

Lrst,uvw

REMARK 2.17. Let A\ = ()\qu)(qu)eNg be a non-decreasing sequence of
positive numbers tending to oo such that)\(qu)H < Apgj + 1, AM11 = 1. The
collection of such sequences A will be denoted by 7.

We define the generalized de la Valée-Poussin mean of weight g by

1
tpgj () =
- 9 (Apgj)

Tmnk
(m,n,k)ElLq;
where I, = [p - >\p+1,q,ja p] X [q - )\p,q+1,j7 Q] X [] - )\p,q,j+1> ]}

DEFINITION 2.18 ([11]). Let f be a continuous function defined on the closed
interval [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators (Lfst,uvw (f, a:)) is said to be [V, \] (I)?-summable to (f,z), if

I'—lim tpqj (Lfst,uvw (f7 ‘T)) - (f7 ‘T) :

P,a,J
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i.e., for any 6 > 0,{(;0, q,7) € N3 ‘tqu (Lfst’ww (f, 1:)) (f, )) } € I and
it is denoted by [V, \] (1)?.

DEFINITION 2.19 ([7]). Let f be a continuous function defined on the closed
interval [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma

operators (Lfst,uvw (f, x)) is said to be I)-statistically convergent of weight g,

if for every € > 0 and 6 > 0
1
(p,q, ) EN?: {(m08) € s [t (F2) = (F)| 2 7€ 25}6[
{ 9(Apgj) { foas | Erat }
In this case we write (I)Y — lim Lfst’uvw (f,z) = (f,z), or Lfsauvw (f,z) —

(f7 1,') (I/\)g'

3. MAIN RESULTS

THEOREM 3.1. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma operators of

(Lfst,uvw ( ,a:)) of real numbers and g1, g2 € G be such that there exist M > 0

and (ug,vo, wo) € N3 such that 75;8”‘”:; < M for all p > ug, q > vo, j > wo.
Pq]
Then (I)\)gl C (I)\)gz.

Proof. For any € > 0,

H(m,n, k) € Ipg; : Lfst,uvw (fiz) — (f,:v)’ > r+e}
92 (Apgj)
91 (Apgj) H(mﬂl, k) € Ipg;

rstuvw (f,x) — (f,x)‘ > r+e}‘
92 (Apgj) 91 (Apgj)
H(m,n,k) € Ipgj : LEst,uvw (f,z) — (f,a?)‘ >r+ e}
91 (Apgs)
for p > ug, ¢ > vg, j > wp. Hence for any 6 > 0,

{(p,q, ) €N

<M

W(}\M’{(mnk) Ipgj -

L (F.2) = (f2)| 2 7+ cf| 2 6
C{(p,q,j)eNg:gl()\qu)H(m,n,k))equj:
v (F12) = (F2)| 2 74 €} 2]\(2}

U {1,2,...,(u0,v0,w0)}.
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If 2 = (Tppk) € (1N . Hence (Iy)” C (1)) . O

THEOREM 3.2. Let f be a continuous function defined on the closed interval
[0, 1] A triple sequence of Bernstein Stancu Cheney and Sharma operators of

rst JUVW (fv )) of real numbers, (I)g C (I)\)g iflimqu inf g((pz;q]])) > 0.

Proof. Since lim,, 4 ; inf g((pij)) 0, so we can find a M > 0 such that for

(Apgs)
sufficiently large p, ¢ and j, we have lim,, 4 j inf g (p’;g) > 0.

Since Lrst,uvw (f,z) = (f,x)(Ir)?, hence for every ¢ > 0 and sufficiently
large (r, s, t),

= [{tmn k) < pq.5)

79 (;qu) H(m n,k) € Ipg; :

L () = (f.2)] 2 7 ¢}

Lfst,uvw (f,x) — (f,w)‘ > 7‘+6H

m,n, k) € Ipg;

=M [ s (F,0) = (F,)] 27+ €},

For 6 > 0,

{(p7Q7j) e N’ 70ua) H(m,n,k) € Ipgj

L (£:2) = (fi0)| 2 7+ €}| = 0}

C {(p,q,j) e N3 g(;qj) H(m n, k) € Ly

LY g () — (f,x)‘ 2r+e}‘ zMé} el

since [ is admissible ideal of weight g. O

THEOREM 3.3. Let f be a continuous function defined on the closed interval
[0, 1] A triple sequence of Bernstein Stancu Cheney and Sharma operators of

(PQj)—quj =0

rst wow (s )) of real numbers, if A\ € n be such that lim,y; e

then (1) C (I)7.

N
(Pa1)“Apq; = 0, we can choose
9(pqy)

(u,v,w) € N? such that hmqu(pqgj()piqj)w < 2,f0rallp>u q>v,j > w.
Now observe that, for e > 0

o [{mn k) < e

1

9 0) H(m k) < (P, ¢:5) = Apaj :

Proof. Let 6 > 0 be given. Since lim, g ;

Lfst,uvw (f,m) — (ﬂw)‘ > T—FEH

Lot (£:2) = ()| 27+ €} +
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|
——— |y (m,n, k) € Lg; :
9 (Apgj) { =

S(l%‘]a])_)‘pq]_’_ 1
9(pqj) 9(Apgj
_9 1
+ -
2 9 (Apgs) H(

for all (p,q,j) > (u,v,w). Hence

Lfst,uvw (f,z) = (f, Jf)‘ >r4 e}

ﬂﬁm”kﬁ Toas | Lostuons () = (fo) | 274 e}

m,n, k) € Ipg;

L () = (fr)| 274 €}

{(p,q,j)GN:g(;MH(mnk) (:¢:7) € Ipg; :
L (£:2) = ()| 27+ €}| = 0}
c {(p,q,j) N ({(m,n,k) € Ly

L}t o (f, ) — (f,:c)‘ >r+e}

> g}U{l,Q,&...,(u,v,w)}.

If (I,)? — lim Lrst ww () = (f,z) € I. Hence a triple sequence of Bern-
stein Stancu Cheney and Sharma operators of Lrst ww (f>x) is I statistically
convergent of weight g to f (). O

THEOREM 3.4. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma operators of
(Lfst,uvw( ,x)) of real numbers, gi,g92 € G and let X = (N\pgj), 1t = (frst) be
two sequences in 1 such that Apqj < fipgj for all p,q,j € N3, If

(1) lim inf 22 000)
D,q.J 91 (Mqu)

then (I1,,)% C (I))".
Proof. Suppose that A\pq; < ppg; for all (p, g, j) € N3 and let (1) be satisfied.
For given € > 0 we have

{(m.n,8) € Togy + | L (F.2) = ()| 27+ €]

> {(m, ) € Iy | L (o) = (1) 2 7+ )

where I = [(pqj) — Apgs + 1, (pqj)] and Jpg; = [(pgF) — pipgs + 1, (pqd)]-
Therefore we can write

|

——— S (m,n, k) € Jpy; :
92 (Kpqs) { P
> 9 ()‘qu) 1

= 92 (pgi) 92 (Mpgj

Lfst,uvw (f,z) — (fw)‘ > T‘+6}‘

[ 0mn ) € By [P () = ()| 274 e



108 A. Indumathi, A. Esi, and N. Subramanian 11

for all p,q,j € N we have

{(paQ7.j) eN?: 1) H(’m,n,k) € Ly :

91 (Apgj
L (F0) = (fy2)| 2 7 4 €}| > 6

- {(pa%j) eN’: 92(/1\qu) H(m,n k) < (P, ,J) € Jpgj -

92 (Apg;)
rstuvw(f $) (f,x)‘Zr—i—e} 591(/1;2)}6[

Hence (1,)% C (I))7". O

THEOREM 3.5. Let f be a continuous function defined on the closed inter-
val [0,1]. A triple sequence of Bernstein Stancu Cheney and Sharma opera-

tors of (Lfst wow ([ )) of real numbers, if {\pqi} € 1 then Lmt wow (f,x) =
(f,x)[V,N (1) = Lfst wow r2) = (f,2) (In)Y is a proper ideal of I.

Proof. Let € > 0 and Lrstﬂww (f,z) = (f,z) [V, A] (I)?, we have

> B (F2) = (£)

(m,n,k)ElLq;

> >

(mﬂ’t,k)GIqu and Lfst,uvw (f,l‘)—(f,.l’)‘>7‘+6

{(m,n,k) € Ipgj : Lfst,uvw (fiz) = (fﬁ)’ > T+€} :

P (F,2) = ()]

>r+e-

Given § > 0,

1
——— S (m,n, k) € L)y :
g()\qu) ‘{( ) pqj

L (F2) = (fr)| 274 €} 2 6
1

_
g ()\qu)

rst uvw (f) ) (f,ﬂl')’ > €.

(m,n,k)Elpq;

ie., {(p,q,j) e N3 O] H(m n,k) € Ipg :

L (F.2) = (f2)| 2 7+ cf| 26

1 >

g (quj) (m,n,k)Elpq;

c{(p,q,j) € N?:

Tst uvw (f7 ) (f, x)‘ > €o.

since Lrst wow(fr ) = (f,2) [V, A (1 )9 and hence it follows that Lmt v (frT) =
(f,z) (I ) is a proper ideal of I.
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Now to prove that (I,)? C [V, \] (I)?, take a fixed element A € I. Define a
triple sequence Bernstein Stancu Cheney and Sharma operators defined by

' for p— [v/9 Opgg)] +1 < m <p,
g()‘PQJ)’ q_[\/M"‘lgngq,
i V9 Ow)] +1<k<j;(p,q,5) ¢ A

for p — [\/g Apgj)] +1 <m <p,
0, - [vVaOwy)] +1<n<gq,
i [VaOpei)] +1 <k <ji(pg.j) € A

rst ,UVW (f7 )

for every e > 0 (0 < e < 1). Then

g(;gy)‘{(WzTLkﬁ p47i‘Lfmmvw(f,x)‘zir_ke}‘:: [giijzgo] o

as p,q,j — oo and (p,q,j) ¢ A, for every § > 0,

{(p,q,j)eN?’:l)H(mnk:) Ipgj -

Q(quj
L (F,2) = (F,2)| 27+ €}| 2 6}

CAU{@LDJL%waWWw&

for some (u,v,w) € N3. Since I is admissible of weight g, it follows that

rst ,UVW (f’ ) - 0([)\)9 Hence Z(mnk Ipgj Lfst,uvw (f? l‘)‘ — 00 as

p,q j — oo, ie. Lfst’uvw (f, ) 74> 0[V,AJ(I)?, if A € I is infinite then

rst JUVW (f7 ) 70 (I)\)g' U
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