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GLOBAL EXISTENCE AND ENERGY DECAY OF SOLUTIONS
FOR A WAVE EQUATION WITH A TIME-VARYING
DELAY TERM

AISSA BENGUESSOUM

Abstract. In this paper, we consider in a bounded domain the wave equation
with a weak internal time-varying delay term:
e (2, 1) — Agu(a, 1) + pa (t) we(x, ) + po(t) we(z, t — 7(t)) = 0.

Under appropriate conditions on the functions w1 and p2, we prove global ex-
istence of solutions by the Faedo-Galerkin method and establish a decay rate
estimate for the energy using the multiplier method.
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1. INTRODUCTION

In this paper, we investigate the existence and decay properties of solutions
to the following initial-boundary value problem for a linear wave equation of
the from:

ug(x,t) — Agu(x, t) + 1 (t) we(x, t)

+po(t) ug(z,t —7(t)) =0 in 2x]0, 00|,
(P) u(z,t) =0 on I'x]0, +o0],

u(z,0) = up(z), u(z,0)=ui(x) in Q,

ut(x,t —7(0)) = fo(z,t —7(0)) in 2x]0,7(0)],

where () is a bounded domain in R, n € N* with a smooth boundary 02 = T,
7(t) > 0 is a time-varing delay term and the initial data (ug,u1, fo) belong to
a suitable function space.

In absence of delay (ue = 0), the energy of problem (P) is exponentially
decaying to zero provided that y; is constant, see, for instance, [5, 6, 9, 10, 14].
On the contrary, if g3 = 0 and o > 0 (a constant weight), that is, there exits
only the internal delay, the system (P) becomes unstable (see, for instance
[7]). In recent years, the PDEs with time delay effects have become an active
area of research since they arise in many pratical problems (see, for example,
[1, 21]). In [7], it has been shown that a small delay at the boundary can
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turn a well-behave hyperbolic system into a wild one and, therefore, delay
becomes a source of instability. To stabilize a hyperbolic system involving
input delay terms, additional control terms will be necessary (see [15, 17,
22]). For instance, the authors of [15] studied the wave equation with a linear
internal damping term with constant delay (7=const. in the problem (P))
and determined suitable relations between p; and peo, for which the stability
or alternatively instability takes place. More precisely, they showed that the
energy is exponentially stable if ys < p; and they also found a sequence of
delays for which the corresponding solution of (P) will be instable if g > .
The main approach used in [15] is an observability inequality obtained with a
Carleman estimate. The same results were obtained if both the damping and
the delay are acting on the boundary. We also recall the result by Xu, Yung
and Li [22], where the authors proved a result similar to the one in [15] for
the one-space dimension by adopting the spectral analysis approach.

In [19], Nicaise, Pignotti and Valein extended the above result to higher
space dimensions and established an exponential decay.

Very recently, in [2], the energy of problem (P) is exponentially decaying
under appropriate conditions on two functions p; and po are time-varying.

The case of time-varying delay in the wave equation has been studied re-
cently by Nicaise, Valein and Fridman [18] in one-space dimension. They
proved an exponential stability result under the condition

p2 < V1 —du,

where the fuction 7 satisfies
T'(t) <d, Vt>0,

for a constant d < 1.

In [19], Nicaise, Pignotti and Valein extended the above result to higher
space dimensions and established an exponential decay.

Our purpose in this paper is to give an energy decay estimate of the solution
of problem (P) in the presence of a time-varing delay term in the feedback.
We use the Galerkin approximation scheme and the multiplier technique to
prove our results.

2. PRELIMINARIES AND MAIN RESULTS

First assume the following hypotheses:
(H1) 7 is a function such that

(1) € W2>([0,T]), VT >0,
(2) 0<to<7(t) <7, Vt>0,
(3) T(t)<d<1, Vit>0,

where 7y and 71 are two positive constants.
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(H2) p1 : Ry —]0, +00[ is a non-increasing function of class C1(R,) satis-
fying
(4)

such that M > 0.
(H3) p2 : Ry — R is a function of class C'(R, ), which is not necessarily
positive or monotone, such that

(5) \p2(t)| < Bua(t),

(6) |15 (t)] < Mpn(t),

for some 0 < 8 < v/1—d and M > 0.
We now state a lemma needed later.

=

10
() ‘ =

LEMMA 2.1 ([12]). Let E : Ry — R4 be a non increasing function and
¢ : Ry — Ry an increasing C' function such that

$(0)=0 and ¢(t)—+oc0 as t— +oo.
Assume that there exist o > —1 and w > 0 such that

+o0o 1

(7) / EY™o )¢/ (t)dt < —E°(0)E(S), 0< S < 4oo0.

S w
Then
(8) Bty=0 w>20% v _1osc0

wlo|
1+o : .

(9) E(t) < E(0) <1+w0qb(t)> Vt>0, if o>0,
(10) E(t) < E(0)e!™® v¢>0, if o=0.

We introduce, as in [15], the new variable

(11) z(x, p,t) = w(x, t — p71(t)), x €Q, p€]0,1], ¢>0.

Then, we have

(12) T(t)ze(z, p,t) + (1 — p7'(1))2p(x, p, t) = 0, in Qx]0,1[x]0, +00].
Therefore, problem (P) takes the form:

(utt(x, t) — Agu(x,t) + pr(t) we(x, t)
+:u2(t) Z(l’,l,t) =0, in QX]07+OO[7
T(t)ze(x, p, t) + (1 — p7'(t))zp(x, p,t) = 0, in Qx]0, 1[x]0, +o0],
(13) u(z,t) =0, on I'x]0, +o0],
2(x,0,t) = u(x, t), on 92x]0, 400,
u(x70) = UO(.Z'), ut(x¢0) = ul(x)v in 2,
z(x,p,0) = fo(z,—p7(0)), in 2x]0,1]
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Let £ be a positive constant such that

s g
V1—d Vi—d
We define the energy associated to the solution of problem (13) by the following
formula:

T 1
(15) () = gl 0l + 519w 0l + S0 [ [ 20 dpda

(14) <f<2-

where &(t) = Eu1(£).
We have the following theorem.

THEOREM 2.2. Let (ug,u1, fo) € (H?(Q)NHE(Q))x HL(Q) x HY(Q; H(0,1))
satisfy the compatibility condition

fO('aO) = u1.

Assume that the hypotheses (H1)-(H3) hold. Then problem (P) admits a
unique global strong solution

u € LS ((—7(0), +o0); HA(Q) N H (),
up € Lig ((—7(0), +00); HY (),
uy € L5 ((—7(0), +00); L*(Q)).

Moreover, for some positive constants ¢, w, we obtain the following decay
property:

(16) E(t) < cE(0)e @ lom®ds v > g,

We finish this section by giving an explicit upper bound for the derivative
of the energy.

LEMMA 2.3. Let (u,z) be a solution to the problem (13). Then, the energy
functional defined by (15) satisfies

B < —m(t)<1—§— B )uutn%

R
(17) () (5(1 _27'(”) - ﬁvlz_d)/QzQ(x,l,t)dx.

Proof. Multiplying the first equation in (13) by w(z,t) and integrating the
result over €2, we obtain

%iOW&mﬂ@+HVM%Q%%+M@[éUR%®dx

(18)
—i—ug(t)/gz(x,l,t)ut(x,t) dz = 0.
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We multiply the second equation in (13) by £(¢)z and integrate over £2x]0, 1]
to obtain:

t (t)/ﬁ/{)lztz(:z,p,t)dpdx—— // (1—p7'( (z(z, p,t))* dpdz.

Consequently, we have

d (‘5(t) (*) 1z2 (z, p, 1) dpdx>

_ (2 // 5y (1= P ()2 (2. .1)) dpd
(20) )2 // (@, p, ) dpda

= (2) /Q( (z,0,t) — 2%(z,1,t)) dx + §(t);-’(t) /(222(3:,1,0 dz

( // (z,p,t)dpdex.

From (15), (1 ) and (20) we obtain

(// 22(z, p,t) dpdx)
:_// S = P ()2, p. 1) dpda
(21) //0 22, p, 1) dpda

) o EOPO) [
/Q( (,0,) — 2z, 1,1)) dar + £ /Q(,l,t)d

// (z,p,t)dpdex.

Due to Young s inequality, we have

,ug(t)/gz(x,l,t)ut(x,t)d

£(t)
2
(

9 /7 2
+ |ﬂ2 ‘2\’ 1— /QZZ(CC 1

(22)

t)dx.

Inserting (22) into (21), we obtian

Et) < - <u1(t) - f;“ - 2'5%) el

) EOT()  |pe)V1i-d
_ (  ~ 5 _ K2 5 )/QzQ(x,l,t)dx
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§'(t)7(t) '
+ 2/9/0 z%(x, p,t) dpdz.

Then, we have

B0 <m0 (1-5 - 52— Jul}
T

23 3 (t V1—-d
( ) _Hl()< ))_5 )/22(1‘,1,t)d{1}
2 2 Q
<0.
This completes the proof of the lemma. O

3. GLOBAL EXISTENCE

We are now ready to prove Theorem 2.2 in the next two sections.

Throughout this section we assume ug € H2(Q) N H}(Q),u1 € HL(Q) and
fo € LA(Q: HY(0,1)).

We employ the Galerkin method to construct a global solution. Let T > 0
be fixed and denote by V), the space generated by {wy,ws,...,wy}, where the
set {wy, k € N} is a basis of H2(Q) N H ().

Now, we define, for 1 < j < k, the sequence ¢;(x, p) as follows:

¢j (.T, O) = Wj.
Then, we may extend ¢;(x,0) by ¢;(z, p) over L*(Q x (0,1)) such that (¢;);

form a basis of L?(€2; H!(0,1)) and denote by Z, the space generated by
{61,002, .., Pr}-

We construct approximate solutions (ug, 2x),k = 1,2,3,..., in the form

K k
) => guw;,  zt) = hir(t),
P =1

where g;; and h;t, 7 = 1,2,...,k, are determined by the following ordinary
differential equations:
(24)
(W (1), w;) + (Vaun(t), Towy) + or () (6),w5) + pa(B) (24, 1), ) = 0,
1<j<k,
2 (2, 0,t) = up(z, 1),

k
(25) uk(0) = ugx = Z(ug,wj)wj —ug in H*(Q)NH(Q) as k — +oo,
j=1

k
(26) ul(0) = uyg, = Z(ul,wj)wj —wup in HYQ) as k — 4oo,
j=1
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and
)zt + (1= p7' (1) 2k, $5) = 0,
(27) { &jgk? () 2y, ;)
k
(28) 2k(p,0) = 206 = Y _(fo,$j)05 — fo in Hy(Q; H'(0,1)) as k — +oo.
j=1

By virtue of the theory of ordinary differential equations the system (24)-(28)
has a unique local solution which is extended to a maximal interval [0, Tj[
(with 0 < Ty < +00) by Zorn lemma. Note that uy(t) is from the class C2.

In the next step we obtain a priori estimates for the solution, such that it
can be extended beyond [0, Ty to obtain a single solution defined for all ¢ > 0.

In order to use a standard compactness argument for the limiting procedure,
we will derive some a priori estimates for (ug, zj).

The first estimate. Since the sequences (ugg), (u1x) and (zgx) converge,
then standard calculations, using (24)-(28), similar to those used to derive
(17), yield

t

(20) Ey(t) + /0 ax(3) [l (. ) 35 + /0 ax(8)l| (. 1, 8) 2ds < Fy(0) < C,

where
B() = 3kl + 5 Vool + S5 [ / (2, p,0)) dpda,
ar(t) = pi(t) (1 — g — 2%) and as(t) = py(t) < (12_d) BV?)

for some C' independent of k.
Estimate (29) yields

(30) (uy) is bounded in L{2,(0, o0; Hy (),

(31) (u},) is bounded in L{2.(0, 00; L*(9)),

(32) (1 (H)u'3(t)) is bounded in LY(Q x (0,7)),

(33) (11(t) 22 (2, p, 1)) is bounded in L2,(0,00; L*(Q x (0,1))),
(34) (p1(t)22(x,1,t)) is bounded in LY(2 x (0,T)).

The second estimate. First, we estimate uj(0). Testing (24) by g7 (¢)
and choosing t = 0 we obtain

luz (0)ll2 < [|Aguokll2 + p1(0)[[urkll2 + [12(0)]]| 2ok |2
Since (ugr), (21x) are bounded in L2(Q), (25), (26) and (28) yield
luz (0)]]2 < C.
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Differentiating (24) with respect to t we get

(g (8) = Dgup (6) +pa (L (8)+ 1y (), () +p2(8) 25 (1, ) + 45 () 26 (1, 1), wy) = 0.
Multlplylng by gé-’k(t) and summing over j from 1 to k implies

2
3 (RO + Vo)) + s 0) [ a2(e)da
Q
B9 () [ OOt palt) [ (O 10 o
Q Q
+ //Q(t)/ (V) zp(x, 1,t) do = 0.
Q
Differentiating (27) with respect to t gives

0 Ny O D o)
<(1—m’(t)> k() + =y n(t) + 9 k(t),qb]) =0.

Multiplying by h;.k (t) and summing over j from 1 to k leads to

36) (10 ) IO + 51— s 14O + 5 11 =

Then, we have

67) 5 (1o ) WO+ 5 5 (1= 1R OIB )+ 5 4 O =0,

Consequently, we have

1d Y/ o) I O
) th/o (1—p7"(t)||zk(t)”%>dp+2/o <1—,07"(t)> [EAQIEY

1 1
+ Sk 10 - Sl @I3 = o.

Taking the sum of (35) and (38), we obtain
1 T(t
33t (O + 190+ [ 17O lshta )y
+,u1(t)/ W () dz + = / |2 (2,1, 1) 2 da
Q
1 [t T(t !
— 5 [ (1755 Ikt lBao — at) [ (0ot )

1—pr
1
=) [ (00 d = ) [ (Ol 10 do o+ Sl O]
Using (H1)-(H3), Cauchy-Schwarz and Young’s inequalities, we conclude

1
2 / 2 T<t) / 2
th (II r(O5 + ||Vﬂcuk(t)|2+/0 =) 122 (@, p, D) 72(q) dp)
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1
s [ wiodet g [P
Q 2 Ja
1/t T(t !
<3 [ (7285 ) ekt 0lBdo + a0l o1,

1—pr

1
1 @l k@ lallur @)l + @l @ll2ll2x (2, 1 1) |2 + S i ()13

1 T
<o [ 1l 0l o+ 208 o 1+ Leto 1,012
O 013 + 1 1013 + L2, o

1
+ s ()] |2k (2, 1,)[|5 + 5||U%(t)||§
< AN 2 / / 2 ! 7(t) / 2 d
< A"k @Oz + [pa @)ui (D2 + ¢ ; m||zk(xvpvt)|’L2(Q) P

1

+ 5l (=, L3 + s (8)]]|2x (2, 1, 8)]13

< ey 2 M / 2 ! T(t) / 2

< Ak (O)lz + Mpa ()|[ui(t)]|z + ¢ A m”%(%ﬂﬁ”m(m dp
1 -

+5”%(%1775)\!%+MM1(75)HZk($,Lt)H%-

Integrating the last inequality over (0,t) and using (29), we get

1
(I3 + 190+ [ 1 skt oy o)
< (I3 + 19 WO+ [ O ek 0l
= “kt 2 a Uy, Zto 1— pr(0) 2z, (2, p,0 L2(Q) 4P
2 / s <>Hst+2M / 1(5) 1t (s) [3ds + 207 / i1 (3)]12x(, 1, 5) |2ds

2o [ [ Sk ot + [ kG030
< (113 + 19, uk< M+ [ 1 ek p Oy o+ €

t o |
Lo /0 <||uz<s>r%+rvu;<s>||§+ /0 %||z;<x,p,s)||ig(9)dp> n

Using Gronwall’s lemma, we deduce that

1
70\ (12 / 2 (1) / 2
O + Va3 + [ =0 \zk<<x,)p,t>um a
T " 2 / 2 L / 2
(103 + IV, 015 + [ 10 llh .0y o €
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for all t € RT, therefore, we conclude that

(39) (u}l) is bounded in L{2,(0, +-o00; L*(Q)),
(40) (u},) is bounded in L52.(0, +o0; HJ (Q)),
(41) (7(t)z},) is bounded in Lj2.(0, +00; L*(2 x (0,1))).

Applying Dunford-Petti’s theorem we conclude from (30), (31), (32), (33),
(34),(39), (40) and (41), after replacing the sequences (uy) and (zj) by subse-
quence if necessary, that

(42) up — u weak-star in LS, (0, +o0; H2(Q) N H (Q)),
uj, — v’ weak-star in L{2.(0, +o0; H} (Q)),
(43) u"y — v weak-star in Li2.(0, +o0; L*(Q)),
uf — x weak in L?(Q x (0,T); 1 (1)),

2p — 2z weak-star in  L{2.(0, +o0; Hy (Q; L*(0,1)),
(44) 2}, — 2 weak-star in L§2.(0, +00; L*(Q x (0,1))),

Q0
2p(z,1,t) = ¢ weak in L2 x (0,T); u1(t))
2

)
for suitable functions u € L°(0,T; H?(Q) N H(Q)),z € L>®(0,T; L*(Q x
(0,1))), x € L3 x (0,T); u1(t)),% € L*(Q x (0,T); u1(t)) for all T > 0.

We have to show that (u, z) is a solution of (P).

From (30) and (31), we have that (u}) is bounded in L>(0,T; H}(£2)). Then
(u},) is bounded in L%(0,T; H}(Q2)). Since (u}) is bounded in L>°(0,T; L*(12)),
then (u}) is bounded in L2(0,T;L?(£2)). Consequently, (u},) is bounded in
H'(Q).

Since the embedding H'(Q) — L?(Q) is compact, using Aubin-Lions theo-
rem [11], we can extract a subsequence (u,) of (uy) such that

(45) ul, — ' strongly in L*(Q).
Therefore,

(46) u, —u’  strongly and a.e in Q.
Similarly we obtain

(47) z, — z strongly in L*(Q x (0,1) x (0,T))
and

(48) z, — z strongly and a.e in  x (0,1) x (0,7T).
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It follows directly from (42), (43), (44), (45) and (47) that for each fixed
v e L2(0,T; L*(Q)) and w € L2(0,T; L*(22 x (0,1)))

T
/ / (u’lf — Aguy + p (H)u), + ug(t)z,,>v da dt
0 Q

O —
—

—>/ / u” — mu—i—,ul(t)u'—l—ug(t)z)vdwdt,

/ // )2l + 1—p7'())aapzy>wd:zdpdt
_>/ / / 1) + l—pT());i)z)wdxdpdt

as k — +o0. Hence, for all v € L?(0,T; L?(2)),

T
/ / u" + Agu+ p (H)u' + Mg(lﬁ)z)v dzdt =0

and for all w € L2(0,T; L2(Q x (0,1))),

/// £ + l—pT())aal)z)wdxdpdt:O.

Thus, the problem (P) admits a global weak solution wu.

4. ASYMPTOTIC BEHAVIOR

From now on, we denote by c¢ various positive constants which may be
different at different occurrences. We multiply the first equation of (13) by
¢' E%u, where ¢ is a bounded function satisfying all the hypotheses of Lemma
2.1. We obtain

T
0 = / quﬁl/ u(u" — Au+ py ()u + po(t)z(x, 1, t)> da dt
S Q

T T
= {qui)//uu/dx} —/ (qE’Eq_l(;S/—I—qub”)/ wu da dt
Q S

S Q
T T
—2/ E‘%’/ u'? da:dt+/ qub’/ (u? +|Vul?) dzdt
S Q S Q
T T
—i—/ Eq¢’,u1(t)/uu/dwdt+/ Eq(ﬁ’ug(t)/uz(x,l,t)dmdt.
S Q S Q

Similarly, we multiply the second equation of (13) by E4¢/&(t)e=2P" 2 (x, p, t)
and get

0 :/STqub’/Q/Ole_Q”T(t)f(t)z<T(t)zt+ (1—pr’(t))zp> dp da dt
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T

[ B (1) / / Yo 20 () dxdpL
—/ // E1¢'E(t) —2pr(t >z2dpdxdt
+ /g B¢/ /Q /0 é(t)(zap e—2f”<t>(1— m/(t))f)

+7(t)(1 - pT'(t))e*ZpT(t)z2 + ;T'(t)eQPT(t)zQ) dpdxdt

[ Ei¢/¢(t) // —207(t) dpdxr
_1/ (E9¢'¢(t) // e 2702 dpda dt

/E%{ / —2r(t (1—7-’(t))z2(m,1,t)—22(x,0,t)>dxdt

/qubg // —207() 22 Qg dp dt.

Taking their sum, we obtain
T
A / Bty dt
S

T T
< — [E%’ / uu’dw] + / (qE'ET1¢! + E1¢") / wy' dz dt
Q Q

S S

T T
+2/ E%’/u’?dxdt—/ ,ul(t)E%’/uu’dxdt
S Q

T
(49) / ot qui)/uz x,1,t)dxdt

S

[E%g // —27(t), dpdx}
+;/S (B14/e(t) // 20702 4 dz it

T
-3 /5 E1gE(t) /Q (7200 — /(1) (w,1,1) = 2(w,0,¢) ) dat,

where A = 2min{1, e 2m }. Using the Cauchy-Schwarz and Poincaré’s inequal-
ities and the definition of E' and assuming that ¢’ is a bounded non-negative
function on RT, we get

< cE(t)T,

‘Eq(t)gb' /Q uu’ dx
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By recalling (17), we have

r

dt < c/T E9(t)|E'(t)| dt
S

qE’qu(b’/ wu dx
Q

/ E(t "(t)) dt < cEITL(S),

T T
Eq // /d d Equl o d
/ 10) /ﬂuu rdt < c/S (t)(—¢")dt

S

T
< cEIT(S) / (—¢")dt < cETHY(S),
S
and
El¢ | w?dzdt <c (t)u'? dz dt
I
: /S i ) 4
Define

(51) o(t) = /O i (5) ds.

It is clear that ¢ is a non-decreasing function of class C'! on R*, ¢’ is bounded
and

(52) cb(t) — 400 as t — +oo.
So, we deduce, from (50), that
(53) / EQ¢ / u/2 dx dt < C/ Eq dt < CEq—H(S)

By the hypothesis (H1), Young’s and Poincaré’s inequality and (17), we have

T T
E%’/uu’daﬁdt‘ < 0/ B¢/ ||ull2][u[|2 dt
S Q S

IN

T T
ce’/ Eq¢'||u|y§dt+c(s/)/ E9¢/|l/ |5 dt
S S

IN

T T
sc*/ qub’HquH%dt—I—c(e')/ E9¢/|[u/||5 dt
S S

T
< £e, / ET ¢ dt + cEITL(S).
S

Recalling that & < 0 and the definition of E, we have

/S(quag // —207(1) 2 qpda dt
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< /S (qub // ~207(M) 22 dp dx dt
T

< c/ EYE ¢ dt

< of moCR@)a

< CEQ+1 )

/ " puge) / 2701 — 7/(1))22(x, 1, 1) dz dt
S

Q

< C/TEQ¢/§(t)/ 22(x,1,t)dz dt
S Q

< / El¢ (—E') dt

< cEq'H )

T T
q 4/ 2 _ q ./ 2
/S E ¢§(t)/9z (2,0, ) da dt /S E ¢£(t)/gu (2,1) dz dt
cETT(9),

IN

where we also have used Cauchy-Schwarz inequality. Combining these esti-
mates and choosing ¢’ sufficiently small, we conclude from (49) that

T
/ EL dt < cET(S) < cB(S).
S
Hence, we deduce from Lemma 2.1.

E(t) < cE(0)elom@ds  yy>q
This ends the proof of Theorem 2.2.
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