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GENERALIZATIONS OF REGULAR AND NORMAL SPACES II

AHMAD AL-OMARI and TAKASHI NOIRI

Abstract. A family mx of subsets of a nonempty set X is called an m-structure.
A set X with a topology 7 and m-structure mx is called a mixed-space and is
denoted by (X,7,mx). As a generalization of g-closed sets due to Levine, we
introduce the notion of mgy-closed sets in (X, 7,mx). By using mg-open sets, we
define and investigate mixed-regularity and mixed-normality in (X, 7,mx). As
special cases, we obtain Z,-regular spaces and s-normal spaces.
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1. INTRODUCTION

In 1970, Levine [10] introduced the notion of generalized closed (briefly
g-closed) sets in a topological space. Since then, many modifications of g-
closed sets have been defined and investigated in topological spaces and ideal
topological spaces (see Definitions 2.1 and 2.2 of [18]). Popa and Noiri [17]
introduced the notion of a minimal structure (briefly m-structure) my on a
nonempty set X. A subfamily myx of the power set of a nonempty set X is
called an m-structure if 0, X € mx.

In this paper, a nonempty set X equipped with a topology 7 and an m-
structure mx is called a mixed-space and is denoted by (X, 7, mx). We define
mg-closed sets and mg-open sets in (X, 7,my) and, by using mg-open sets,
we define mixed-regularity and mixed-normality on (X, 7,mx). In Section 3,
we obtain a sufficient condition for a mixed-regular space to be regular. As a
special case of mixed-regular spaces, we obtain a characterization of Z,-regular
spaces [13]. In Section 4, we obtain several characterizations of mixed-normal
spaces. We show that let mx have property B and 7 C mx C 7%, then
mixed-normal and normal are equivalent. By setting mx = SO(X, 1), we
obtain characterizations of s-normal spaces [8]. Moreover, we obtain some
preservation theorems of mixed-normal spaces. Recently, papers [1-7] have
introduced some new classes of sets via m-structures.
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2. MINIMAL STRUCTURES

DEFINITION 2.1. A subfamily m of the power set P(X) of a nonempty set
X is called a minimal structure (briefly m-structure) [17] on X if () € m and
X em.

By (X, m) we denote a nonempty set X with a minimal structure m on
X and call it an m-space. Each member of m is said to be m-open and the
complement of an m-open set is said to be m-closed. For a point x € X, the
family {U : € U and U € m} is denoted by m(x).

DEFINITION 2.2. Let (X, m) be an m-space and A a subset of X. The m-
closure mCl(A) and the m-interior mInt(A) of A [12] are defined as follows:

(1) mCl(A)={FCX:ACF X\F em},

(2) mint(A) =U{U C X :U C AU € m}.

LEMMA 2.3 ([12]). Let X be a nonempty set and m a minimal structure on
X. For subsets A and B of X, the following properties hold:

(1) AC mCIl(A) and mCI(A) = A if A is m-closed,

(2) mCl(0) =0, mCl(X) = X,

(3) If A C B, then mCl(A) C mCIl(B),
(4) mCl(A) UmCIl(B) CmCIl(AU B),
(5) mCl(mCIl(A)) = mCI(A),
(6) mClUX — A) = X —miInt(A).

DEFINITION 2.4. A minimal structure m of a set X is said to have property
B [12] if the union of any collection of elements of m is an element of m.

LEMMA 2.5 ([17]). Let (X, m) be an m-space and A a subset of X.

(1) 2 € mCI(A) if and only if UN A # ) for every U € m(x).

(2) Let m have property B. Then the following properties hold:

(i) A is m-closed (resp. m-open) if and only if mCI(A) = A (resp.
mInt(A) =A)

(ii) mCI(A) is m-closed and mInt(A) is m-open.

3. GENERALIZATIONS OF REGULAR SPACES

By (X, 7,mx) we denote a nonempty set X with a topology 7 and an m-
structure mx on X and call it a mixed-space. In this section, we introduce
and characterize the notion of mixed-regularity in a mixed space (X, 7, mx).

DEFINITION 3.1. Let (X, 7, mx) be a mixed space. A subset A of X is said
to be mgy-closed if mCIl(A) C U whenever A C U and U € 7. A subset A of
X is said to be mg-open if the complement of A is mg-closed.

n [16], mg-closed (resp. mg-open) sets are said to be gm-closed (resp.
gm-open).

PROPOSITION 3.2 ([16]). A subset A of a a mized space (X, T, mx) is mgy-
open if and only if F C mInt(A) whenever F' C A and F is closed.
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DEFINITION 3.3. A mixed space (X, 7,mx) is said to be mixed-regular if

for each closed set A and each point « ¢ A, there exist disjoint mg-open sets
U,V such that z € U and A C V.

THEOREM 3.4. For a mized space (X,7,mx) such that mx has property
B, the following properties are equivalent:

(1) X is mized-reqular.

(2) For any open set U containing x € X, there exists an mg-open set V
such that x € V. C mCIl(V) C U.

(3) For any closed set A, the intersection of all mg-closed neighborhoods of
A s A.

(4) For any set A and any open set B such that AN B # 0, there exists an
mg-open set U such that ANU # () and mCl(U) C B.

(5) For any nonempty set A and any closed set B such that AN B = 0,
there exist disjoint mg-open sets U, V' such that ANU # 0 and BC V.

Proof. (1) = (2): Let U be an open set such that x € U. Then X —U is a
closed set not containing x. By hypothesis, there exist disjoint m4-open sets V,
W such that x € V and X — U C W. By Proposition 3.2, X — U C mInt(W)
and so X — mInt(W) C U. Now VNW = () implies that V N mInt(W) = (
and hence mCl(V) C X —mInt(W). Thus, x € V CmCl(V) CU.

(2) = (3): Let A be any closed set and x ¢ A. Then X — A is an open
set containing x. By hypothesis, there exists an mg-open set V' such that
reV CmCl(V) C X —A Thus, A C X —mCl(V) C X —V. Since
X — mCl(V) is m-open, then X — V is an mgy-closed neighborhood of A
and x ¢ X — V. This shows that A is the intersection of all the mg-closed
neighborhoods of A.

(3) = (4): Let A be any set and B be any open set such that AN B # ().
Let x € AN B. Then, X — B is closed and z ¢ X — B. By hypothesis,
there exists an mgy-closed neighborhood V' of X — B such that z ¢ V. Let
X —-B C G CV, where G is m-open. Then U = X — V is an mg-open
set such that z € U and ANU # (. Furthermore X — G is m-closed and
mCl(U) =mCl(X — V) CmCIl(X —G) C B.

(4) = (5): Let A be any nonempty set and B any closed set such that
AN B =10. Then X — B is an open set and AN (X — B) # (). By hypothesis,
there exists an mg-open set U such that ANU # ) and U C mCIl(U) C X —B.
Let V.= X —mCIl(U). Then U and V are disjoint mg-open sets such that
BCX-mCl(U)=V.

(5) = (1): Let B be a closed set and ¢ B. Put A = {z}. Then, there
exist disjoint mg-open sets U, V such that ANU # () and B C V, hence z € U.
Thus X is mixed-regular. U

An ideal topological space (X, 7,Z) is said to be Zg-regular [13] if for each
closed set A and each point z ¢ A, there exist disjoint Zg-open sets U, V such



6 A. Al-Omari and T. Noiri 4

that x € U and A C V. By Theorem 3.4, if mx = 7" we obtain the following
corollary.

COROLLARY 3.5 ([13]). An ideal topological space (X,7,T) is Ty-regular if
and only if for any open set V containing any x € X, there exists an Ly-open
set U such that x € U C CI*(U) C V.

DEFINITION 3.6. Let (X, mx) be an m-space and A a subset of X.

(1) A is said to be mg-closed [15] if mCl(A) C U whenever A C U and
U € m. The complement of an mg-closed set is said to be mg-open.

(2) X is mg-regular if for each m-closed set A and each point = ¢ A, there
exist disjoint mg-open sets U, V such that z € U and A C V.

Similarly with Theorem 3.4 we obtain the following corollary.

COROLLARY 3.7. For an m-space (X, m), the following properties are equiv-
alent:

(1) X is mg-regular.

(2) For any m-open set U containing x € X, there exists an mg-open set
V such that x € V CmCl(V) CU.

(3) For any m-closed set A, the intersection of all mg-closed neighborhoods
of A is A.

(4) For any set A and any m-open set B such that AN B # (), there exists
an mg-open set U such that ANU # 0 and mCI(U) C B.

(5) For any nonempty set A and any m-closed set B such that AN B =0,
there exist disjoint mg-open sets U, V such that ANU # (0 and BC V.

A topological space (X, 7) is said to be g-regular if for each closed set A
and each point = ¢ A, there exist disjoint g-open sets U, V such that x € U
and A C V. In Corollary 3.7, put mx = 7 (topology), then we obtain the
following corollary.

COROLLARY 3.8. For a topological space (X, T), the following properties
are equivalent:

(1) X is g-regular.

(2) For any open set U containing v € X, there exists a g-open set V' such
that x € V CCl(V) CU.

(3) For any closed set A, the intersection of all g-closed neighborhoods of A
is A.

(4) For any set A and any open set B such that AN B # (), there exists a
g-open set U such that ANU # () and CI(U) C B.

(5) For any nonempty set A and any closed set B such that AN B = (),
there exist disjoint g-open sets U, V such that ANU # () and B C V.

THEOREM 3.9. If a a mized space (X, T, mx) is a mized-regular, T} -space
such that mx C 7% and mx has property B. Then X is reqular space.
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Proof. Let B be a closed set not containing x € X. By Theorem 3.4, there
exists an mg-open set U of X such that x € U € mCl(U) C X — B. Since
X is a Ty-space, {z} is closed and so {x} C mInt(U), by Proposition 3.2.
Since mx C 7* and mx has property B and so mInt(U) and X — mCI(U)
are 7%-open sets. Now mInt(U) C Int(Cl(Int(mInt(U)))) = G and B C
X —mCl(U) C Int(Cl(Int(X —mCIl(U)))) = H. Then G and H are disjoint
open sets containing x and B, respectively. Therefore, X is regular. O

THEOREM 3.10. If every open subset of a mized space (X,7,mx) is m-
closed, then (X, T,mx) is mized-regular.

Proof. Suppose every open subset of X is m-closed. Let A C X and U be
any open set containing A. Then U is m-closed and mCIl(A) C mCl(U) = U.
Hence every subset of X is mg-closed and every subset of X is mg-open. If
B is a closed set not containing z, then {z} and B are the required disjoint
mg-open sets containing x and B, respectively. Therefore, (X, 7, mx) is mixed-
regular. O

THEOREM 3.11. Let (X, 7,mx) be a mized space such that mx has property
B and T Cmyx C 7. Then the following properties are equivalent:
(1) X is regular.
(2) For every closed set A and each x ¢ A, there exist disjoint m-open sets
U andV such thatx € U and AC V.
(3) For every open set V of X and x € V, there exists an m-open set U
such that x € U CmCl(U) C V.

Proof. (1) = (2): Let A be a closed subset of X and let z € X — A. Then
there exist disjoint open sets U and V such that x € U and A C V. But every
open set is m-open. Then there exist disjoint m-open sets U and V such that
xeUand ACV.

(2) = (3): Let V be an open set containing x € X. Then X — V is closed
and x € V. By hypothesis, there exist disjoint m-open sets U and W such
that r € U and X —V CW. Since UNW = 0, we have U C X — W and
X — W is m-closed. So mCIl(U) C X — W C V. Therefore, U is the required
m-open set such that x € U C mCl(U) C V.

(3) = (1): Let A be a closed set and x ¢ A. By (3), there exists an m-
open set U such that x € U C mCIl(U) C X — A. Let V. = X — mCI(U).
Then A C V, and U and V are disjoint m-open sets. Since mx C 7% and
so U and V are 7%open sets. Therefore, x € U C Int(Cl(Int(U))) = G and
ACV C Int(Cl(Int(V))) = H. Then G and H are disjoint open sets such
that z € G and A C H. Hence X is regular. O

COROLLARY 3.12 ([14]). For a topological space (X, T), the following prop-
erties are equivalent:

(1) X is regular.
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(2) For every closed set A and each x ¢ A, there exist disjoint a-open sets
U andV such thatz € U and AC V.

(3) For every open set V of X and © € V, there exists an a-open set U
such that x €e U C Cl,(U) C V.

Proof. Let mx = 7* in Theorem 3.11. Since 7 C 7%, the corollary easily
follows from Theorem 3.11. O

DEFINITION 3.13. A function f : (X,7,mx) — (Y,0,ny) is said to be mg-
closed (resp. mg-open) if for every closed (resp. open) set F' of X, f(F) is
ng-closed (resp. ng-open) in Y.

THEOREM 3.14. Let f : (X,7,mx) — (Y,0,ny) be a continuous, mg-open
and mg-closed surjection. If X is reqular, then Y is mized-regular.

Proof. Let y € Y and V be any open set containing y. Take a point x €
f~Y(y). Then x € f~1(V) and f~1(V) is open in X. By the regularity of X,
there exists an open set U of X such that x € U C Cl(U) C f~%(V). Then
ye f(U)C f(CI(U)) CV and f(U) is ng-open and f(CI(U)) is ng-closed in
Y. Therefore, we obtain y € f(U) C nCI(f(U)) C nCI(f(CL(U))) C V. It

follows from Theorem 3.4 that Y is mixed-regular. U

4. GENERALIZATIONS OF NORMAL SPACES

DEFINITION 4.1. A mixed space (X, 7,mx) is said to be mixed-normal if
for every pair of disjoint closed sets A and B, there exist disjoint m4-open sets
U and V such that AC U and BC V.

THEOREM 4.2. For a mized space (X,T,mx) such that mx has property
B, the following properties are equivalent:

(1) X is mized-normal.

(2) For every pair of disjoint closed sets A and B, there ezist disjoint m-
open sets U and V' such that AC U and BCV.

(3) For any closed set A and an open set V' containing A, there exists an
m-open set U such that ACU CmCl(U) CV.

(4) For any closed set A and an open set V' containing A, there exists an
mg-open set U such that AC U CmCIl(U) C V.

Proof. (1) = (2): For every pair of disjoint closed sets A and B, there exist
disjoint mgy-open sets U and V such that A C U and B C V. By Proposition
3.2, A C mInt(U) and B C mInt(V). Since mx has property B, mInt(U)
and mInt(V') are m-open and disjoint.

(2) = (3): Let A be a closed set and V' be an open set containing A. Since
A and X — V are disjoint closed sets, there exist disjoint m-open sets U and
W such that A C U and X —V C W. Again, U N W = () implies that
mCl(U) N W = 0 and hence mCl(U) C X — W. Thus, we have A C U C
mCl(U)C X -W CV.

(3) = (4): The proof is obvious.
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(4) = (1): Let A and B be two disjoint closed subset of X. By hypothesis,
there exists an mgy-open set U such that A C U C mCI(U) C X — B. Let
W = X —mCI(U). Since every m-open set is mg-open, U and W are the
required disjoint mg-open sets containing A and B, respectively. Therefore,
(X, 7,mx) is mixed-normal. O

A subset A of a topological space (X,7) is said to be semi-open [9] if
A CCl(Int(A)). Let SO(X, 7) be the family of all semi-oppen sets of (X, 7).
Then SO(X,7) is an m-structure with property B and by setting mx =
SO(X,T), we obtain the following characterizations due to Arya and Nour
[8]. A topological space (X, 7) is said to be s-normal [11] if for any pair of
disjoint closed sets A and B of X, there exist disjoint semi-open sets U and
V such that AC U and BC V.

COROLLARY 4.3 ([8]). For a topological space (X, T), the following properties
are equivalent:

(1) X is s-normal.

(2) For every pair of disjoint closed sets A and B, there exist disjoint gs-
open sets U and V' such that AC U and BC V.

(3) For any closed set A and an open set V' containing A, there exists an
gs-open set U such that A C U C sCl(U) C V.

(4) For any closed set A and a g-open set B containing A, there exists a
semi-open set U such that A CU C sCIl(U) C Int(B).

(5) For any g-closed set A and an open set B containing A, there exists a
semi-open set U such that A C sCl(A) CU C sCIl(U) C B.

Proof. Let mx = SO(X, ), then an mgy-closed set is gs-closed. Therefore,
the proof follows from Proposition 3.2 and Theorem 4.2. O

THEOREM 4.4. For a mized space (X,T,mx) such that mx has property
B and T Cmyx C 7%, the following properties are equivalent:

(1) X is normal.
(2) X is mized-normal.

Proof. (1) = (2): Since 7 C mx, the proof follows from Theorem 4.2.

(2) = (1): Let A and B be two disjoint closed subsets of X. By Theorem 4.2,
there exist disjoint m-open sets U and V' such that A C U and B C V. Since
myx C 7%, U and V are 7%open sets. Hence A C U C Int(Cl(Int(U))) =G
and B CV C Int(Cl(Int(V))) = H. Then G and H are the required disjoint
open sets containing A and B, respectively. Hence X is normal. O

COROLLARY 4.5. For a topological space (X, T), the following properties
are equivalent:
(1) X is normal.

(2) For any disjoint closed sets A and B, there exist disjoint g-open sets U
and V such that ACU and BCV.
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(3) For any closed set A and an open set V containing A, there exist an
g-open set U such that ACU CCI(U)C V.

Proof. In Theorem 4.4, set mx = 7. Then the proof is obvious by Theorem
4.2. O

COROLLARY 4.6. For a mized space (X,T,mx) such that mx has property
B, the following properties hold:

(1) If mx C 7%, then every mized-normal space is normal.

(2) If T € mx, then every normal space is mized-normal.

THEOREM 4.7. Let a mized space (X,7,mx) be mized-normal. If F is
closed and A is a g-closed set such that ANF = (0, then there exist disjoint
mg-open sets U and V such that ACU and FFC V.

Proof. Since ANF =0, AC X — F where X — F is open. Therefore, by
hypothesis, Cl1(A) € X — F. Since CI(A)NF = () and X is mixed-normal,
there exist disjoint mg-open sets U and V such that A C CI(A) C U and
FCV. O

THEOREM 4.8. For a mized space (X, T,mx), mized-normality implies the
following equivalent properties:

(1) For every closed set A and every g-open set B containing A, there exists
an mg-open set U such that A C mInt(U) CU C B.

(2) For every g-closed set A and every open set B containing A, there exists
an mg-closed set U such that A CU C mCl(U) C B.

Proof. First, we show that mixed-normailty implies (1). Let A be a closed
set and B be a g-open set containing A. Then AN (X — B) = (), where A is
closed and X — B is g-closed. By Theorem 4.7, there exist disjoint m4-open
sets U and V such that A C U and X — B C V. Since U NV = ), we have
U C X — V. By Proposition 3.2, A C mInt(U). Therefore, A C mInt(U) C
UCX-VCB.

(1) = (2): Let A be a g-closed set and B be an open set containing A. Then
X — B is a closed set contained in the g-open set X — A. By (1), there exists
an mg-open set V such that X — B C mInt(V) C V C X — A. Therefore,
ACX-VCmC(X-V)CB. LetU=X-V,then ACU CmCI(U)C B
and U is the required mg-closed set.

(2) = (1): Let A be any closed set and B be any g-open set containing A.
Then X — B is a g-closed set contained in the open set X — A. By (2), there
exists an mgy-closed set V such that X —B C V C mCI(V) € X —A. Therefore,
ACX-mClI(V)CX-V CB. LetU =X—-V,then ACmInt(U) CUCB
and U is the required mgy-open set. O

DEFINITION 4.9. A function f : (X,7,mx) — (Y,0,ny) is said to be mg-
closed if for every mgy-closed set F' of X, f(F) is closed in Y.
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THEOREM 4.10. If a function f : (X,7,mx) — (Y,0,ny) is a continuous
myg-closed surjection and X is mived-normal, then Y is normal.

Proof. Let A and B be any disjoint closed sets of Y. Since f is continuous,
f~1(A) and f~1(B) are disjoint closed sets of X. Since X is mixed-normal,
there exist disjoint mg-open sets U and V of X such that f~!(A) C U and
fFABCV. Pt H=Y - f(X-U)and G=Y — f(X —V), then H and G
are open sets in Y, A C H and B C G. Since UNV = () and f is surjective,
we have H NG = (). This shows that Y is normal. O

DEFINITION 4.11. A function f : (X,7,mx) — (Y,0,ny) is said to be
mg-continuous if f~1(A) is mg-open in X for every ng-open in Y.

THEOREM 4.12. If a function f : (X,7,mx) — (Y,o,ny) is closed mgy-
continuous injection. If Y is mixzed-normal, then X is mized-normal.

Proof. Let A and B be any disjoint closed sets of X. Since f is a closed
injection, f(A) and f(B) are disjoint closed sets of Y. By mixed-normality
of Y, there exist disjoint ng-open sets U and V' of Y such that f(4) C U
and f(B) C V. Since f is mgy-continuous, f~H(U) and f~1(V) are disjoint
mg-open sets in X and A C f~}(U) and B C f~1(V). This shows that X is
mixed-normal. n
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