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COMMON FIXED POINT THEOREMS
FOR WEAKLY COMPATIBLE MAPPINGS IN MENGER SPACES

VIA COMMON LIMIT RANGE PROPERTY
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Abstract. Inspired by the well-known concept of common limit range property
due to Sintunavarat and Kumam, we prove common fixed point theorems for
two pairs of weakly compatible mappings in Menger spaces. Some illustrative
examples are given in order to demonstrate the validity of our main result. We
extend our results to four finite families of self-mappings.
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1. INTRODUCTION

Sehgal [32] initiated the probabilistic version of the celebrated Banach Con-
traction Principle in his doctoral dissertation. Since then the subject has been
further investigated by various authors (see [31, 33]). The study of common
fixed points of compatible mappings satisfying contractive conditions emerged
as an area of vigorous research activity after Jungck [12] introduced the no-
tion of compatibility in metric spaces. In the study of common fixed points
of compatible mappings we often require assumptions on completeness of the
whole space and continuity of the mappings, besides some contractive condi-
tions. Later, Jungck and Rhoades [13] weakened the notion of compatibility,
by introducing the notion of weakly compatible mappings. They proved com-
mon fixed point theorems without assuming continuity of the mappings or
completeness of the whole space.

However, the study of common fixed points of non-compatible mappings
is also interesting due to Pant [23]. In 2002, Aamri and Moutawakil [1] in-
troduced the property (E.A) for self-maps which applies to the class of non-
compatible mappings. In [19], Liu et al. introduced the notion of the common
property (E.A) which implies the property (E.A), and proved several fixed
point theorems for single-valued and multi-valued mappings under hybrid con-
tractive conditions. Many mathematicians exploited these concepts (see, for
example, [2, 14, 15, 21, 35]) in the framework of probabilistic metric spaces in
order to obtain a number of common fixed point results. Recent literature on
fixed point in probabilistic metric spaces, using different approaches, can be
found in [3, 6, 7, 8, 9, 10, 16, 17, 18, 22, 24, 25, 26, 28, 29, 30]. Both property
(E.A) and the common property (E.A) require the closeness of the underlying
subspaces for the existence of coincidence points. Sintunavarat and Kumam
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introduced in [36] the notion of “common limit range property” which doesn’t
require the closeness of the subspaces for the existence of fixed points in fuzzy
metric spaces (also see [37]). Recently, Imdad et al. [11] utilized the notion of
common limit in the range property for two pairs of self-mappings and proved
some interesting theorems in Menger spaces (also see [4, 5, 34]).

The aim of this paper is to prove some fixed point theorems for weakly com-
patible mappings in Menger spaces satisfying a common limit range property.
We also give some examples which demonstrate the validity of the hypotheses
and the generality of our results. As an application, we present a fixed point
theorem for four finite families of self-mappings.

2. PRELIMINARIES

Definition 1 ([31]). A mapping ∗ : [0, 1] × [0, 1] → [0, 1] is called a tri-
angular norm (briefly, t-norm) if it satisfies the following conditions: for all
a, b, c, d ∈ [0, 1]

(1) a ∗ 1 = a,
(2) a ∗ b = b ∗ a,
(3) a ∗ b ≤ c ∗ d, whenever a ≤ c and b ≤ d,
(4) a ∗ (b ∗ c) = (a ∗ b) ∗ c.

Some examples of t-norms are a ∗ b = min{a, b}, a ∗ b = ab and a ∗ b =
max{a+ b− 1, 0}.

Definition 2 ([31]). A mapping F : R→ R+ is called a distribution func-
tion if it is non-decreasing, left continuous, and such that inf{F (t) : t ∈ R} = 0
and sup{F (t) : t ∈ R} = 1. We denote the set of all distribution functions on
(−∞,∞) by =, while H will always denote the specific distribution function
defined by

H(t) =

{
0, if t ≤ 0
1, if t > 0.

If X is a non-empty set, F : X ×X → = is called a probabilistic distance on
X, and F (x, y) is usually denoted by Fx,y.

Definition 3 ([20]). The ordered pair (X,F) is called a probabilistic metric
space (briefly, PM-space) if X is a non-empty set and F is a probabilistic
distance satisfying, for all x, y, z ∈ X and all t, s > 0, the following conditions:

(1) Fx,y(t) = H(t) if and only if x = y,
(2) Fx,y(t) = Fy,x(t),
(3) Fx,z(t) = 1, Fz,y(s) = 1⇒ Fx,y(t+ s) = 1.

The ordered triplet (X,F , ∗) is called a Menger space if (X,F) is a PM-
space, ∗ is a t-norm and the following inequality holds for all x, y, z ∈ X and
all t, s > 0

Fx,y(t+ s) ≥ Fx,z(t) ∗ Fz,y(s).
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Every metric space (X, d) can be realized as a PM-space, by defining the map
F : X ×X → = by Fx,y(t) = H (t− d(x, y)) for all x, y ∈ X.

Definition 4 ([31]). Let (X,F , ∗) be a Menger space and ∗ be a continuous
t-norm. A sequence {xn} in X is said to converge to a point x in X if, for every
ε > 0 and every λ ∈ (0, 1), there exists an integer N such that Fxn,x(ε) > 1−λ
for all n ≥ N.

Definition 5 ([21]). A pair (A,S) of self-mappings of a Menger space
(X,F , ∗) is said to be compatible if FASxn,SAxn(t)→ 1 for all t > 0, whenever
{xn} is a sequence in X such that Axn, Sxn → z, for some z ∈ X, as n→∞.

Definition 6 ([15]). A pair (A,S) of self-mappings of a Menger space
(X,F , ∗) is said to satisfy property (E.A) if there exists a sequence {xn} in X
such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

for some z ∈ X.

Definition 7 ([3]). A pair (A,S) of self-mappings of a Menger space
(X,F , ∗) is said to be non-compatible if there exists at least one sequence
{xn} in X such that lim

n→∞
Axn = z = lim

n→∞
Sxn, for some z ∈ X, but, for some

t > 0, either lim
n→∞

FASxn,SAxn(t) 6= 1 or the limit does not exist.

In view of Definition 6, it is easy to see that any two non-compatible self-
mappings of (X,F , ∗) satisfy the property (E.A). But two mappings satisfying
the property (E.A) need not be non-compatible (see [9, Example 1]).

Definition 8 ([3]). Two pairs (A,S) and (B, T ) of self-mappings of a
Menger space (X,F , ∗) are said to satisfy the common property (E.A) if there
exist two sequences {xn}, {yn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Byn = lim
n→∞

Tyn = z,

for some z ∈ X.

Definition 9 ([13]). A pair (A,S) of self-mappings of a non-empty set X is
said to be weakly compatible (or coincidentally commuting) if they commute at
their coincidence points, that is, if Az = Sz, for some z ∈ X, then ASz = SAz.

If self-mappings A and S of a Menger space (X,F , ∗) are compatible, then
they are weakly compatible, but the reverse need not be true (see [35, Example
1]). Moreover, the weak compatibility and the property (E.A) are independent
of each other (see [27, Example 2.2]).

Definition 10 ([11]). A pair (A,S) of self-mappings of a Menger space
(X,F , ∗) is said to satisfy the common limit range property with respect to the
mapping S, i.e., the (CLRS) property, if there exists a sequence {xn} in X
such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,
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where z ∈ S(X).

It is evident that a pair (A,S) of self-mappings satisfying the property
(E.A), along with the closeness of the subspace S(X), implies the (CLRS)
property.

Definition 11 ([11]). Two pairs (A,S) and (B, T ) of self-mappings of a
Menger space (X,F , ∗) are said to satisfy the common limit range property
with respect to the mappings S and T , i.e., the (CLRST ) property, if there
exist two sequences {xn} and {yn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Byn = lim
n→∞

Tyn = z,

where z ∈ S(X) ∩ T (X).

Lemma 1 ([21]). Let (X,F , ∗) be a Menger space. If there exists a constant
k ∈ (0, 1) such that, for fixed x, y ∈ X,

Fx,y(kt) ≥ Fx,y(t)

for all t > 0, then x = y.

Definition 12 ([10]). Two families of self-mappings {Ai} and {Bj} are
said to be pairwise commuting if:

(1) AiAj = AjAi, i, j ∈ {1, 2, . . . ,m},
(2) BiBj = BjBi, i, j ∈ {1, 2, . . . , n},
(3) AiBj = BjAi, i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}.

3. RESULTS

We first prove the following lemma.

Lemma 2. Let A,B, S, and T be self-mappings of a Menger space (X,F , ∗)
with a continuous t-norm ∗ = min, satisfying the following conditions:

(1) A(X) ⊂ T (X)
(

or B(X) ⊂ S(X)
)

,

(2) T (X)
(

or S(X)
)

is a closed subset of X,

(3) B(yn) converges for every sequence {yn} in X, whenever T (yn) con-
verges (or A(xn) converges for every sequence {xn} in X whenever
S(xn) converges),

(4) the pair (A,S) satisfies the (CLRS) property (or the pair (B, T ) sat-
isfies the (CLRT ) property),

(5) there exists a constant k ∈ (0, 1) such that

[1 + aFSx,Ty(kt)] ∗ FAx,By(kt) ≥ a
{

FAx,Sx(kt) ∗ FBy,Ty(kt)∗
FAx,Ty(2kt) ∗ FBy,Sx(2kt)

}
+

{
FSx,Ty(t) ∗ FAx,Sx(t) ∗ FBy,Ty(t)∗

FAx,Ty(2t) ∗ FBy,Sx(2t)

}
for all t > 0, x, y ∈ X and a ≥ 0.

Then (A,S) and (B, T ) satisfy the (CLRST ) property.



5 Common fixed point theorems for weakly compatible mappings 163

Proof. Since the pair (A,S) satisfies the (CLRS) property with respect to
S, there exists a sequence {xn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = z,

where z ∈ S(X). As A(X) ⊂ T (X) (where T (X) is a closed subset of X), we
can find a sequence {yn} ⊂ X such that Axn = Tyn. Therefore,

lim
n→∞

Tyn = lim
n→∞

Axn = z,

for some z ∈ S(X) ∩ T (X). Thus we have Axn → z, Sxn → z and Tyn → z.
Now we show that Byn → z. Using inequality (5) with x = xn, y = yn, we get

[1 + aFSxn,T yn(kt)] ∗ FAxn,Byn(kt) ≥ a
{

FAxn,Sxn(kt) ∗ FByn,T yn(kt)∗
FAxn,T yn(2kt) ∗ FByn,Sxn(2kt)

}
+

{
FSxn,T yn(t) ∗ FAxn,Sxn(t) ∗ FByn,T yn(t)∗

FAxn,T yn(2t) ∗ FByn,Sxn(2t)

}
.

For t > 0, let Byn → l ( 6= z), as n→∞. Then, passing to limit with n→∞,
we get

[1 + aFz,z(kt)] ∗ Fz,l(kt) ≥ a {Fz,z(kt) ∗ Fl,z(kt) ∗ Fz,z(2kt) ∗ Fl,z(2kt)}

+

{
Fz,z(t) ∗ Fz,z(t) ∗ Fl,z(t)∗

Fz,z(2t) ∗ Fl,z(2t)

}
.

Since Fz,l(kt) ≤ Fz,l(2kt) and Fz,l(t) ≤ Fz,l(2t), we obtain

(1 + a) ∗ Fz,l(kt) ≥ aFl,z(kt) + Fl,z(t).

Taking into account that a ≥ 0, it follows that

(1 + a) ∗ Fz,l(kt) ≤ Fz,l(kt) + aFz,l(kt).

The above inequalities imply then

Fz,l(kt) + aFz,l(kt) ≥ aFl,z(kt) + Fl,z(t), Fz,l(kt) ≥ Fz,l(t).

In view of Lemma 1, we obtain l = z. Thus we conclude that the pairs (A,S)
and (B, T ) satisfy the (CLRST ) property. �

Theorem 1. Let A,B, S, and T be self mappings of a Menger space (X,F , ∗)
with a continuous t-norm ∗ = min, satisfying the inequality (5) of Lemma 2.
If the pairs (A,S) and (B, T ) share the (CLRST ) property, then each of the
pairs (A,S) and (B, T ) has a coincidence point. Moreover, A,B, S, and T
have a unique common fixed point, provided both pairs (A,S) and (B, T ) are
weakly compatible.

Proof. Since the pairs (A,S) and (B, T ) satisfy the (CLRST ) property, there
exist two sequences {xn} and {yn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Byn = lim
n→∞

Tyn = z,

where, z ∈ S(X) ∩ T (X). Since z ∈ S(X), there exists a point u ∈ X such
that Su = z. First we show that Au = Su. Putting x = u and y = yn in
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inequality (5), we get

[1 + aFSu,Tyn(kt)] ∗ FAu,Byn(kt) ≥ a
{

FAu,Su(kt) ∗ FByn,T yn(kt)∗
FAu,Tyn(2kt) ∗ FByn,Su(2kt)

}
+

{
FSu,Tyn(t) ∗ FAu,Su(t) ∗ FByn,T yn(t)∗

FAu,Tyn(2t) ∗ FByn,Su(2t)

}
.

Passing now to limit with n→∞, we obtain

[1 + aFz,z(kt)] ∗ FAu,z(kt) ≥ a
{

FAu,z(kt) ∗ Fz,z(kt)∗
FAu,z(2kt) ∗ Fz,z(2kt)

}
+

{
Fz,z(t) ∗ FAu,z(t) ∗ Fz,z(t)∗

FAu,z(2t) ∗ Fz,z(2t)

}
.

The inequalities FAu,z(kt) ≤ FAu,z(2kt) and FAu,z(t) ≤ FAu,z(2t) yield

(1 + a) ∗ FAu,z(kt) ≥ aFAu,z(kt) + FAu,z(t).

Since a ≥ 0, it follows that (1 + a) ∗ FAu,z(kt) ≤ FAu,z(kt) + aFAu,z(kt). The
above inequality implies

FAu,z(kt) + aFAu,z(kt) ≥ aFAu,z(kt) + FAu,z(t), FAu,z(kt) ≥ FAu,z(t).

In view of Lemma 1, we get Au = z. Therefore Au = Su = z, i.e., u is a
coincidence point of the pair (A,S).

Since z ∈ T (X), there exists a point v ∈ X such that Tv = z. We assert
that Bv = Tv. Putting x = u and y = v in inequality (5), we have

[1 + aFSu,Tv(kt)] ∗ FAu,Bv(kt) ≥ a
{

FAu,Su(kt) ∗ FBv,Tv(kt)∗
FAu,Tv(2kt) ∗ FBv,Su(2kt)

}
+

{
FSu,Tv(t) ∗ FAu,Su(t) ∗ FBv,Tv(t)∗

FAu,Tv(2t) ∗ FBv,Su(2t)

}
,

so

[1 + aFz,z(kt)] ∗ Fz,Bv(kt) ≥ a
{

Fz,z(kt) ∗ FBv,z(kt)∗
Fz,z(2kt) ∗ FBv,z(2kt)

}
+

{
Fz,z(t) ∗ Fz,z(t) ∗ FBv,z(t)∗

Fz,z(2t) ∗ FBv,z(2t)

}
.

The inequalities Fz,Bv(kt) ≤ Fz,Bv(2kt) and Fz,Bv(t) ≤ Fz,Bv(2t) yield

(1 + a) ∗ Fz,Bv(kt) ≥ aFBv,z(kt) + FBv,z(t).

Since a ≥ 0, it follows that (1 + a) ∗ Fz,Bv(kt) ≤ Fz,Bv(kt) + aFz,Bv(kt). The
above inequality implies

Fz,Bv(kt) + aFz,Bv(kt) ≥ aFBv,z(kt) + FBv,z(t), Fz,Bv(kt) ≥ Fz,Bv(t).

Thus, by Lemma 1, we conclude that z = Bv. Therefore Bv = Tv = z, i.e., v
is a coincidence point of the pair (B, T ).

Since the pair (A,S) is weakly compatible, the equalities Az = ASu =
SAu = Sz hold. Putting x = z and y = v in inequality (5), we have
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[1 + aFSz,Tv(kt)] ∗ FAz,Bv(kt) ≥ a
{

FAz,Sz(kt) ∗ FBv,Tv(kt)∗
FAz,Tv(2kt) ∗ FBv,Sz(2kt)

}
+

{
FSz,Tv(t) ∗ FAz,Sz(t) ∗ FBv,Tv(t)∗

FAz,Tv(2t) ∗ FBv,Sz(2t)

}
,

so

[1 + aFAz,z(kt)] ∗ FAz,z(kt) ≥ a
{

FAz,Az(kt) ∗ Fz,z(kt)∗
FAz,z(2kt) ∗ Fz,Az(2kt)

}
+

{
FAz,z(t) ∗ FAz,Az(t) ∗ Fz,z(t)∗

FAz,z(2t) ∗ Fz,Az(2t)

}
.

The inequalities FAz,z(kt) ≤ FAz,z(2kt) and FAz,z(t) ≤ FAz,z(2t) imply

[1 + aFAz,z(kt)] ∗ FAz,z(kt) ≥ aFAz,z(kt) + FAz,z(t).

Since a ≥ 0, we get [1 + aFAz,z(kt)] ∗FAz,z(kt) ≤ FAz,z(kt) + aFAz,z(kt). This
implies

FAz,z(kt) + aFAz,z(kt) ≥ aFAz,z(kt) + FAz,z(t), FAz,z(kt) ≥ FAz,z(t).

Applying again Lemma 1, we get z = Az. Therefore Az = Sz = z, thus z is a
common fixed point of the pair (A,S).

The weak compatibility of the pair (B, T ) implies Bz = BTv = TBv = Tz.
Using inequality (5) with x = u, y = z, we obtain

[1 + aFSu,Tz(kt)] ∗ FAu,Bz(kt) ≥ a
{

FAu,Su(kt) ∗ FBz,Tz(kt)∗
FAu,Tz(2kt) ∗ FBz,Su(2kt)

}
+

{
FSu,Tz(t) ∗ FAu,Su(t) ∗ FBz,Tz(t)∗

FAu,Tz(2t) ∗ FBz,Su(2t)

}
,

so

[1 + aFz,Bz(kt)] ∗ Fz,Bz(kt) ≥ a
{

Fz,z(kt) ∗ FBz,Bz(kt)∗
Fz,Bz(2kt) ∗ FBz,z(2kt)

}
+

{
Fz,Bz(t) ∗ Fz,z(t) ∗ FBz,Bz(t)∗

Fz,Bz(2t) ∗ FBz,z(2t)

}
.

From Fz,Bz(kt) ≤ Fz,Bz(2kt) and Fz,Bz(t) ≤ Fz,Bz(2t) we conclude

[1 + aFz,Bz(kt)] ∗ Fz,Bz(kt) ≥ aFBz,z(kt) + FBz,z(t).

Since a ≥ 0, we get [1 + aFz,Bz(kt)] ∗Fz,Bz(kt) ≤ Fz,Bz(kt) + aFz,Bz(kt). This
implies

Fz,Bz(kt) + aFz,Bz(kt) ≥ aFBz,z(kt) + FBz,z(t), Fz,Sz(kt) ≥ Fz,Sz(t).

Thus we get z = Bz, by Lemma 1. Therefore Bz = Tz = z, so z is a common
fixed point of the pair (B, T ). We conclude that z is a common fixed point of
the pairs (A,S) and (B, T ). The uniqueness of this common fixed point is an
easy consequence of inequality (4). �

Remark 1. The above result shows that the (CLRST ) property does not
necessarily require continuity conditions or certain containments of the ranges
of the involved mappings, and completeness (or closeness) of the underlying
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space (or subspaces). Theorem 1 improves the results of Pant and Chauhan
[25, Theorem 3.1] and Pathak and Verma [28, Theorem 3.2].

The following example illustrates Theorem 1.

Example 1. Let X = [5, 21) and define Fx,y(t) := H(t− d(x, y)), where d
is the usual metric, that is d(x, y) =| x − y | for all x, y ∈ X. Then (X,F , ∗)
is a Menger space, where ∗ = min is a continuous t-norm. Let A,B, S, and T
be self-mappings on X defined by

A(x) =

{
5, if x ∈ {5} ∪ (9, 21)
20, if x ∈ (5, 9],

B(x) =

{
5, if x ∈ {5} ∪ (9, 21)
13, if x ∈ (5, 9],

S(x) =


5, if x = 5
10, if x ∈ (5, 9]
x+1
2 , if x ∈ (9, 21),

T (x) =

 5, if x = 5
18, if x ∈ (5, 9]
x− 4, if x ∈ (9, 21).

Consider the sequences {xn} =
{

9 + 1
n

}
n∈N, {yn} = {5} or {xn} = {5},

{yn} =
{

9 + 1
n

}
n∈N. It is obvious that both pairs (A,S) and (B, T ) satisfy

the (CLRST ) property:

lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Byn = lim
n→∞

Tyn = 5 ∈ S(X) ∩ T (X).

Note that A(X) = {5, 20} * [5, 17) ∪ {18} = T (X) and B(X) = {5, 13} *
[5, 11) = S(X). Also observe that S(X) and T (X) are not closed subsets of
X. All requirements of Theorem 1 are satisfied for some fixed 0 < k < 1
and a ≥ 0. Moreover, 5 is the unique common fixed point of the pairs (A,S)
and (B, T ), as well a point of coincidence. We point out that the involved
mappings are discontinuous at their unique common fixed point 5.

Theorem 2. Let A,B, S, and T be self-mappings of a Menger space (X,F , ∗)
with a continuous t-norm ∗ = min, satisfying the conditions (1)-(5) of Lemma
2. Then each of the pairs (A,S) and (B, T ) has a coincidence point. More-
over, A,B, S, and T have a unique common fixed point, provided both pairs
(A,S) and (B, T ) are weakly compatible.

Proof. In view of Lemma 2, both pairs (A,S) and (B, T ) satisfy the (CLRST )
property. Therefore there exist two sequences {xn} and {yn} in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = lim
n→∞

Byn = lim
n→∞

Tyn = z,

for some z ∈ S(X) ∩ T (X). The rest of the proof is similar to the proof of
Theorem 1, hence we omit it. �
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Example 2. In the setting of Example 1, replace the self-mappings A,B, S,
and T by the following ones

A(x) =

{
5, if x ∈ {5} ∪ (9, 21)
15, if x ∈ (5, 9],

B(x) =

{
5, if x ∈ {5} ∪ (9, 21)
10, if x ∈ (5, 9],

S(x) =


5, if x = 5
11, if x ∈ (5, 9]
x+1
2 , if x ∈ (9, 21),

T (x) =

 5, if x = 5
17, if x ∈ (5, 9]
x− 4, if x ∈ (9, 21).

The pairs (A,S) and (B, T ) satisfy the (CLRST ) property. Note that A(X) =
{5, 15} ⊂ [5, 17] = T (X) and B(X) = {5, 10} ⊂ [5, 11] = S(X). The pairs
(A,S) and (B, T ) commute at 5 which is also their common coincidence point.
Thus all hypotheses of Theorem 2 are satisfied for some fixed 0 < k < 1 and
a ≥ 0. Moreover, 5 is a unique common fixed point of the mappings A,B, S,
and T . We point out that Theorem 1 is not applicable in this case, since S(X)
and T (X) are closed subsets of X.

By taking A = B and S = T in Theorem 1, we get the following immediate
consequence of it.

Corollary 1. Let A and S be self-mappings of a Menger space (X,F , ∗)
with a continuous t-norm ∗ = min. Suppose that

(1) the pair (A,S) satisfies the (CLRS) property,
(2) there exists a constant k ∈ (0, 1) such that the inequality

[1 + aFSx,Sy(kt)] ∗ FAx,Ay(kt) ≥ a
{

FAx,Sx(kt) ∗ FAy,Sy(kt)∗
FAx,Sy(2kt) ∗ FAy,Sx(2kt)

}
+

{
FSx,Sy(t) ∗ FAx,Sx(t) ∗ FAy,Sy(t)∗

FAx,Sy(2t) ∗ FAy,Sx(2t)

}
holds for all t > 0, x, y ∈ X and a ≥ 0.

Then the pair (A,S) has a coincidence point. Moreover, A and S have a
unique common fixed point, provided the pair (A,S) is weakly compatible.

Now we utilize the notion of pairwise commuting pairs due to Imdad et al.
[10], and extend Theorem 1 to six self-mappings in Menger spaces.

Theorem 3. Let A,B,R, S,H, and T be self-mappings of a Menger space
(X,F , ∗) with a continuous t-norm ∗ = min. Suppose that

(1) the pairs (A,SR) and (B, TH) satisfy the (CLR(SR)(TH)) property,
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(2) there exists a constant k ∈ (0, 1) such that

[1+aFSRx,THy(kt)]∗FAx,By(kt) ≥ a
{
FAx,SRx(kt) ∗ FBy,THy(kt)∗
FAx,THy(2kt) ∗ FBy,SRx(2kt)

}
+

{
FSRx,THy(t) ∗ FAx,SRx(t) ∗ FBy,THy(t)∗
FAx,THy(2t) ∗ FBy,SRx(2t)

}
holds for all t > 0, x, y ∈ X and a ≥ 0.

Then each of the pairs (A,SR) and (B, TH) has a point of coincidence. More-
over, A,B,R, S,H, and T have a unique common fixed point, provided the
pairs (A,S) and (B, T ) commute pairwise (that is, AS = SA, AR = RA,
SR = RS, BT = TB, BH = HB, and TH = HT ).

Proof. Since the pairs (A,SR) and (B, TH) commute pairwise, both pairs
are weakly compatible. By Theorem 1, the maps A,B, SR, and TH have a
unique common fixed point z in X. We are going to prove that z is a unique
common fixed point of the self-mappings A,R and S. Putting x = Rz and
y = z in inequality (2), we have

[1 + aFSR(Rz),THz(kt)] ∗ FA(Rz),Bz(kt)

≥ a
{

FA(Rz),SR(Rz)(kt) ∗ FBz,THz(kt)∗
FA(Rz),THz(2kt) ∗ FBz,SR(Rz)(2kt)

}
+

{
FSR(Rz),THz(t) ∗ FA(Rz),SR(Rz)(t) ∗ FBz,THz(t)∗

FA(Rz),THz(2t) ∗ FBz,SR(Rz)(2t)

}
,

so

[1 + aFRz,z(kt)] ∗ FRz,z(kt) ≥ a
{

FRz,Rz(kt) ∗ Fz,z(kt)∗
FRz,z(2kt) ∗ Fz,Rz(2kt)

}
+

{
FRz,z(t) ∗ FRz,Rz(t) ∗ Fz,z(t)∗

FRz,z(2t) ∗ Fz,Rz(2t)

}
.

The inequalities FRz,z(kt) ≤ FRz,z(2kt) and FRz,z(t) ≤ FRz,z(2t) imply

[1 + aFRz,z(kt)] ∗ FRz,z(kt) ≥ aFRz,z(kt) + FRz,z(t).

Since a ≥ 0, we get [1 + aFRz,z(kt)] ∗FRz,z(kt) ≤ FRz,z(kt) + aFRz,z(kt). This
implies

FRz,z(kt) + aFRz,z(kt) ≥ aFRz,z(kt) + FRz,z(t), FRz,z(kt) ≥ FRz,z(t).

Thus z = Rz, by Lemma 2. Hence S(z) = S(Rz) = z. Therefore we have
z = Az = Sz = Rz. Finally we show that z is a fixed point of B, T and H.
For this we use inequality (3) with x = z, y = Hz. Hence we get

[1 + aFSRz,TH(Hz)(kt)] ∗ FAz,B(Hz)(kt)

≥ a
{

FAz,SRz(kt) ∗ FB(Hz),TH(Hz)(kt)∗
FAz,TH(Hz)(2kt) ∗ FB(Hz),SRz(2kt)

}
+

{
FSRz,TH(Hz)(t) ∗ FAz,SRz(t) ∗ FB(Hz),TH(Hz)(t)∗

FAz,TH(Hz)(2t) ∗ FB(Hz),SRz(2t)

}
,
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so [1 + aFz,Hz(kt)] ∗ Fz,Hz(kt) ≥ a
{

Fz,z(kt) ∗ FHz,Hz(kt)∗
Fz,Hz(2kt) ∗ FHz,z(2kt)

}
+

{
Fz,Hz(t) ∗ Fz,z(t) ∗ FHz,Hz(t)∗

Fz,Hz(2t) ∗ FHz,z(2t)

}
.

The inequalities Fz,Hz(kt) ≤ Fz,Hz(2kt) and Fz,Hz(t) ≤ Fz,Hz(2t) yield

[1 + aFz,Hz(kt)] ∗ Fz,Hz(kt) ≥ aFz,Hz(kt) + Fz,Hz(t).

Since a ≥ 0, we get [1+aFz,Hz(kt)]∗Fz,Hz(kt) ≤ Fz,Hz(kt)+aFz,Hz(kt). This
implies

Fz,Hz(kt) + aFz,Hz(kt) ≥ aFHz,z(kt) + FHz,z(t), Fz,Hz(kt) ≥ Fz,Hz(t).

Thus z = Hz, by Lemma 2. Hence T (z) = T (Hz) = z. Therefore z is the
unique common fixed point of the self-mappings A,B,R, S,H, and T . �

We can extend now Theorem 1 to four finite families of self-mappings.

Corollary 2. Let {A1, A2, . . . Am}, {B1, B2, . . . Bp}, {S1, S2, . . . Sn}, and
{T1, T2, . . . Tq} be four finite families of self-mappings of a Menger space (X,F , ∗)
with a continuous t-norm ∗ = min such that the maps A := A1A2 . . . Am,
B := B1B2 . . . Bp, S := S1S2 . . . Sn, and T := T1T2 . . . Tq satisfy inequality (5)
of Lemma 2. If the pairs (A,S) and (B, T ) share the (CLRST ) property, then
(A,S) and (B, T ) have a coincidence point each.

Moreover, if the family {Ai}mi=1 commutes pairwise with the family {Si}nj=1,

whereas the family {Br}pr=1 commutes pairwise with the family {Tw}qw=1, then
Ai, Bj, Sr, and Tw have a common fixed point in X, for all i ∈ {1, 2, . . . ,m},
j ∈ {1, 2, . . . , n}, r ∈ {1, 2, . . . , p}, and w ∈ {1, 2, . . . , q}.

By setting A1 = A2 = . . . = Am = A, B1 = B2 = . . . = Bp = B,
S1 = S2 = . . . = Sn = S, and T1 = T2 = . . . = Tq = T in Corollary 2, we
deduce the following result.

Corollary 3. Let A,B, S, and T be self-mappings of a Menger space
(X,F , ∗) with a continuous t-norm ∗ = min. Suppose that the pairs (Am, Sp)
and (Bn, T q) satisfy the (CLRSpT q) property, where m,n, p, q are fixed positive
integers. Then there exists a constant k ∈ (0, 1) such that

[1 + aFSnx,T qy(kt)] ∗ FAmx,Bpy(kt) ≥ a
{

FAmx,Snx(kt) ∗ FBpy,T qy(kt)∗
FAmx,T qy(2kt) ∗ FBpy,Snx(2kt)

}
+

{
FSnx,T qy(t) ∗ FAmx,Snx(t) ∗ FBpy,T qy(t)∗

FAmx,T qy(2t) ∗ FBpy,Snx(2t)

}
,

for all t > 0, x, y ∈ X and a ≥ 0. Then A,B, S, and T have a unique common
fixed point, provided both pairs (Am, Sp) and (Bn, T q) commute pairwise.

Remark 2. By taking the constant a = 0 in our results, we obtain several
corollaries which improve the result of Ali et al. [2, Theorem 2.1].
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(E.A) and existence of fixed points in Menger spaces, J. Inequal. Appl., 2014, Article
No. 56.

[6] Chauhan, S. and Pant, B.D., Common fixed point theorem for weakly compatible
mappings in Menger space, J. Adv. Res. Pure Math., 3 (2011), 107–119.

[7] Chauhan, S. and Pant, B.D., Existence of fixed points in Menger spaces using common
property (E.A), Indian J. Math., 54 (2012), 321–342.

[8] Dalal, S., Chauhan, S. and Vujaković, J., Employing common property (E.A) on
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