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FRACTIONAL ¢-CALCULUS AND CERTAIN SUBCLASSES OF
UNIVALENT ANALYTIC FUNCTIONS
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Abstract. By applying the concept (and theory) of fractional g-calculus, we
first define and introduce new classes of univalent functions analytic in the open
unit disk involving a g¢-differeintegral operator. Among the results investigated
for these function classes are the coefficient inequalities and distortion theorems.
Special cases are briefly pointed out.
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1. INTRODUCTION, PRELIMINARIES AND DEFINITIONS

The fractional calculus operators has gained importance and popularity,
mainly due to its vast potential of demonstrated applications in various fields
of applied sciences, engineering and also in the geometric function theory of
complex variables (see, for example [8] and [13]). The fractional g-calculus is
the g-extension of the ordinary fractional calculus. The theory of g-calculus
operators in recent past have been applied in the areas of ordinary fractional
calculus, optimal control problems and in finding solutions of the g-difference
and g-integral equations, and in g-transform analysis. One may refer to the
books [5]-[6], and the recent papers [1], [2], [4], [7], [11] and [12] on the subject.

Recently, authors in [10] have used the fractional g-calculus operators and
investigated some new classes of functions which are analytic in the open disk.
Purohit [9] also studied similar work and considered new classes of multiva-
lently analytic functions in the open unit disk. In the present paper, our
purpose is to introduce further new subclasses of functions defined by apply-
ing the fractional g-calculus operators which are univalent and analytic in the
open unit disk. Among the results derived include, the coefficient inequali-
ties and distortion theorems for the subclasses defined and introduced below.
Special cases of the results are also pointed out briefly.

For the convenience of the reader, we deem it proper to give here the basic
definitions and related details of the g-calculus:

The g-shifted factorial (see [5]) is defined for o, ¢ € C as a product of n
factors by

1 ) n = 0;
(1) (a;Q)n:{(1_a)(1_aq)...(1—aqn_1) , neN,
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and in terms of the basic analogue of the gamma function by
_Tyla+n)(1—q)"

2 7" Qn n>0),

&) (¢ +0) e (n>0)

where the ¢g-gamma function is defined by ([5, p. 16, eqn. (1.10.1)])
0 Q)oc(1 =)'

(3) Fy(z) = (45 ) ) (0<g<1).

(4% )0
If |g| < 1, the definition (1) remains meaningful for n = oo, as a convergent
infinite product given by
a .
(@iq)o =] 1 —ad)).
j=0
We recall here the following g-analogue definitions given by Gasper and
Rahman [5].

The recurrence relation for g-gamma function is given by
1—¢")Ty(x
l—gq
and the g-binomial expansion is given by

oo

1—(y/x)q
(5) (@ =y =2"(-y/z;0)0 = 2" H[l—y/x’”"]
Also, the Jackson’s g-derivative and g¢-integral of a function f defined on a
subset of C are, respectively, given by (see Gasper and Rahman [5, pp. 19,
22])

(6) D, .f(z) = M

() /0 W dgt=2(1-0)Y ¢ F(og)
k=0

In view of the relation that

(4% )n
© A g~
we observe that the ¢g-shifted factorial (1) reduces to the familiar Pochhammer
symbol (@), where (a)g =1 and (a), =a(a+1)---(a+n—1) (n € N).
We now mention below the fractional g-calculus operators of a complex-
valued function f(z) (which were recently studied by Purohit and Raina [10]).
DEFINITION 1. (Fractional g-Integral Operator) The fractional g-integral
operator I, f(z) of a function f(2) of order « is defined by

O 0@ =D = i [ S0 4 (@0,
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where f(z) is analytic in a simply-connected region of the z-plane containing
the origin. In view of relation (5), the g-binomial function (z — tq),—1 can be
expressed as

(10) (2 —tq)a—1 = 2* 1 1®o[q~ s —; ¢, tg™/2].

The series 1Po[a; —; ¢, 2] (which is a special case of the series 2@ [, 8;7; q, 2]
for v = ) is obviously single-valued when |arg(z)| < 7 and |z| < 1, (see
for details [5, pp. 104-106]), therefore, in view of the representation of the
integral defined by (7), it may be noted that the function (z —tq)q—1 in (9) is
single-valued when |arg (—t¢®/2)| < 7, |tq¢*/z)| < 1 and |arg z| < 7. Thus,
for suitably selected function f(z) (which ensures its convergence), the oper-
ator (9) is well defined.

DEFINITION 2. (Fractional ¢g-Derivative Operator) The fractional g-deriva-
tive operator Dy , f(z) of a function f(2) of order « is defined by

(11) Dg.f(z) =D, I'7° <z>zrq(11_a)Dq,z /0 (2 — tg)—a J(1) dyt,

(0<a<1),
where f(z) is suitably constrained and the multiplicity of (z —tq)_q is removed
as in Definition 1 above.
DEFINITION 3. (Extended Fractional g-Derivative Operator) Under the
hypotheses of Definition 2, the fractional g-derivative for a function f(z) of
order « is defined by

(12) D7 . f(2) =Dy, 17", f(2) (m—1<a<m;meNy=NuU{0}),

where N denotes the set of natural numbers.
Also for o = 1, we have

(13) Dy .f(2) = Dy = f(2).
In the sequel, we shall be using the following image formulas which are easy
consequences of the operators (9) and (12) ([10, pp. 58-59]):

To(1+X)

14 ¢ A= T/ e 0, A>—1
(14) +* ST i4r+a)” (>0, A>-1)
and

Ly (1+ X
(15) pe = _Lal+ A7 (>0, A > —1).

L2 T T (14N —a)
2. NEW CLASSES OF FUNCTIONS

By A,, we denote the class of functions of the form:

(16) f(z) =2+ Z ar, 2" (n € N),
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which are analytic and univalent in the open unit disc
U={z:z€ C, |2|] < 1}.

Also, let A denote the subclass of A, consisting of analytic and univalent
functions expressed in the form

o0

(17) f(z)=2z— Z ar 2¥ (ap > 0,n € N).
k=n-+1

For the purpose of this paper, we define a fractional g-differintegral operator
Qg , for a function f(2) by
[q(2—-a)
[4(2)
(<2, 0<g<1; zel),
where D¢, f(2) in (18) represents, respectively, a fractional g-integral of f(2)

of order o when —oo < av < 0, and a fractional g-derivative of f(z) of order o
when 0 < o < 2. Thus, in view of (17), the operator (18) has the form:

(18) Qg.f(z) = 2% Dy .f(2)

(19) Qg,zf(z) =z — i A(Oé,]ﬁq) a Zk (—OO ca< 2)’
k=n+1

where

(20) Aok, q) = 02—l R

T,2T,(1+k—a)

REMARK 1. In view of (15), the above operator (19) has the following form:

(21) Q. f(z) =2~ Z Aok, q) ag 28 (0 < a < 2),
k=n-+1

where A(a, k, q) is given by (20).

REMARK 2. Again, on making use of (14), we get

(22) Q. f(2)=2— > Al—a,k.q)ax 2" (a>0),
k=n+1

where A(a, k, q) is given by (20) (with « replaced by —«, therein).

Suppose S% (A, d, ¢) denotes the subclass of A, consisting of functions f(z)
which satisfy the inequality that

1 {ZDq,qu(a’/\) (2) 1}

- ol BV

<1,

where

(24) FioN(2) = Xz Dz (94 .f(2)) + (1= A) 95 . f(2)
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(<2, 0<A<1;0eC\{0}; 0<g<1; z€l).

Also, let R (A, 9, q) denote the subclass of A, consisting of functions f(z)
which satisfy the inequality that

(25) 5 {Das (9.5(2)) + X2 D2 (95.7(2) ~ 1} <1

(<2, 0<A<1;0€C\{0}; 0<g<1; z€l).

The following give the characterization properties for functions of the form
(17) to belong to the classes defined above.

THEOREM 1. Let the function f defined by (17) be in the class ST (A, 0,q),
then

akq

where A(a, k, q) is given by (20) and B(\,0,k,q) is given by

27)  B(X\,6,k,q) = (1-q)°
O T N A= ) 1 —q a0l —F D)+ [ (1 — )]

The result is sharp.
Proof. Let f(z) € S¥(A, 0, q), then on using (23), we get

A\ A

2Dy Fy V() - FV ) |

R 7Sy > —14].
Fq (2)

In view of (19), (24) and the g-derivative formula, namely:
1— k
D,. Sk — ( q ) k1
bl 1 _ q
we obtain

> Ag(1—gFYH+1-
(28) Fq(o")‘)(z) =z— Z Ao, k, q) ag [ a f—q> q} 2k
k=n-+1

and

(29) 2z Dy . Fq(O"A)(z) =z—

S Ag(—d"N+1-q] | &
k:ZmA(a’k’Q)ak[ (1-q)? } =g

Now, on making use of the above relations, we get
Ag (1—gF " H41- _ _
- ZZO:nJrl A(a, k, Q) ag [ g ( (1q_q)2) q} q (1 - qk 1) ZF1

1 SR Al by g) ap [MLUSE ] ke

— 4]
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By putting z = r, and noting that the denominator is positive for » = 0,
and also remains positive for 0 < r < 1, so that on letting r — 17, we get

00 k-1 B
(30) Y Ala,k.q)a [A 7(1 (1q_ q));L : q} g(1—¢"") <
k=n+1

00 ke .
’5|<1_ > A(a,k,q)ak[”(l 1) +1 q])

k=n+1 1=q

which yields the desired coefficient bound inequality (26).
Conversely, by applying hypothesis (26) and letting |z| = 1, we find that

a,\ a,\
2Dy FN (2) — By (z)
A
Fy*Y(2)

0o A _ k-1 _ _ _
= S Alek, ) [FHUGEDHS g (1 gt

1 S0 Al by g) ag | MU e

. 5] (1 Ly Alakg)a [)\ q (1_321)“_(1])

= = 3]
=30 Ales k, q) ag {’\ g (1-¢" 1)+1—q}

1—q
Hence, by the maximum modulus principle and the condition (23), we infer
that

f(z) € S5 (X, 6,q).
It is easy to verify that the equality in (26) is attained for the function f(z)
given by
o |6’B<)‘767n+17q) n+1
Aa,n +1,9)
where A(a, k,q) and B(\, 0, k,q) are given by (20) and (27), respectively. [

(31) f(z) =z

(n €N),

Similarly, we can prove the following.

THEOREM 2. Let the function f defined by (17) be in the class R%(\,0,q),
then

Ala, k, q
(32) > C(A q> a < 18]

k=n+1

where A(a, k, q) is given by (20) and C(\, k,q) is given by

_ (1-q)?
(33) COk0) = T m T —g) + 21— 0]
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The result is sharp with the extremal function given by

L BICOn Ly
e IO=" danstg

(n € N).

We next prove a simple inclusion property which is given as follows:

THEOREM 3. Let o« <2, 0<A<1, 0<qg<1, 0,02 € C\{0} €N and
|01] < |92, then

(35) Sg()H(Sl)q) C Sg()‘vé%q)‘
Proof. Suppose that f(z) € SS(), d1,¢q), then in view of Theorem 1, we have

. Ao, k,
Z ( Q)

< 1§
BOvork,q) "¢ =10l

k=n+1

where A(a, k,q) and B(\,d1,k,q) are given by (20) and (27), respectively.
Now |d1] < |d2] implies that

which in view of Theorem 1 immediately leads to f(z) € S$(A, 92, q), and the
result (33) follows. O

Similarly, we can prove the following inclusion property:

THEOREM 4. Let o« <2, 0< A <1, 0<qg<1, 0,02 € C\{0} €N and
|01] < |92, then

(36) Rg()‘761’q) C Rg()‘aé%(ﬁ
3. DISTORTION THEOREMS

In this section, we establish distortion theorems for classes of functions de-
fined above involving the fractional g-calculus operators.

THEOREM 5. Let o, A € R and § € C\ {0} € N satisfy the inequalities
a<2,neN; 0<A<1, 0<g< 1.
Also, let the function f(z) defined by (17) be in the class S¥(A,0,q), then
(37) |2l = 16] D(a, X, 6,n,q) |2["" < |f(2)] < |2] +
5 D( A, 6m,q) |2 (= € 1),
where

B()\7 57” + ]" Q)
Ala,n+1,q)

(38) D(a, A, 6,n,q) =

)
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A(a,n+1,q) and B(\,0,n+ 1,q) are given by (20) and (27), respectively.

Proof. Since f(z) € S§(A,6,q), then under the hypotheses of Theorem 1,

we have
o0

Z ap < ‘5|B()‘36an+1aQ)7
Ala,n+1,q)

k=n+1

(39)
which in view of (38), implies that

Z ap < |6’ D(O[,)\,(SJ’L,Q).
k=n+1

This last inequality in conjunction with the following inequality (easily ob-
tainable from (16)):

[e.e] oo
(40) 2l = 12" Y an < IFE < 2l + = Y an
k=n+1 k=n+1
yields the assertion (37) of Theorem 5. O

A further distortion theorem involving the generalized fractional g¢-differ-
integral operator Qf , f(z) is given by the following result.

THEOREM 6. Let « <2,0< A <1, 6 C\{0} eN, neN, 0<qg<1and
let the function f(z) defined by (17) be in the class Sg(\,d,q). Then

(41) |zl = 18] B\, 6.+ 1,9) |2 < Q5. f(2)] <

2+ 18] BOGn+1,9) 2" (z € D),
where B(A,6,n+ 1,q) is given by (27).

Proof. In view of (19), we first show that the function A(a,k,q) (—o0 <
a<2k>n+1; neN)is a decreasing function of k for & < 2,0 < ¢ < 1.
It follows that
Al k+1,q)  Te+E)(1+k—a)
Ala,kyq) T,1+k)T,2+k—a)

and it is sufficient to consider here the value k = n+1, so that on using (4), we

get AX?;)’ZZ;’)Q) = 1i;2q_t:fa (0 < g < 1). The function A(a, k, q) is a decreasing

function of k if % < 1(n € N), and this gives % <1(0<g<1).

Multiplying the above inequality both sides by 1 — ¢?>t"~* (provided that
a < 2), we are at once lead to the inequality a < O. Thus, A(a, k,q) (k >
n+ 1;n € N) is a decreasing function of k for —oco < a < 2,0 < g < 1.

Now, on using (19), we observe that

(k>n+1;neN),

|Q?,z >|z Z Ala, k,q) ay, |2|"
k=n+1
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o
> | — Alan+ 1) ™Y o
k=n+1
Since f(z) € 8%(A,0,q), then under the hypotheses of Theorem 1 on using
inequality (39), we obtain

(42) (20 .f(2)] = |2| = [6| B(,6,n + 1,q) |2|"*" .

Similarly, it follows that

(43) 190 .S (2)] < |z] + 16| BOX, 6,0+ 1,q) |2",

which establishes the assertion (41) of Theorem 6. U

In view of (18) and (21), Theorem 6 gives the following distortion inequality
for the function f(z) € S§(A,d,q) involving the fractional g-derivative opera-
tor DY ,:

4,z

COROLLARY 1. Let the function f(z) defined by (17) be in the class S5 (), 9, q),
then

. r?z(—%oa 211 =181 B 6. n+1,0) 12"} < D5 f(2)] <
I‘ql(jg(f)a) |z| {1+ |6] B\, 6,n+1,q) |2|"} (2 € 1),

where 0 < a <2, neN; 0<A<1; 0<g<1and B(\d,n+1,q) is given
by (27).

Also, in view of (18) and (22), Theorem 6 gives the following inequality
involving fractional g-integral operator I :

COROLLARY 2. Let the function f(z) be in the class S¥(A,0,q), then

4) s B B BB+ 1) [} < |15 6(0)] <
r,(2) .
m!z\{l—f—]ﬂB()\,é,n—i—l,q) |z|"} (2 € V),

where a >0, n € N; 0 <A <1; 0<¢q<1and B(\dn+1,q) is given by
(27).

Similarly, one can easily prove the following distortion inequalities for the
function f(z) € RY(A,6,q):

THEOREM 7. Let a, A € R and 0 € C\ {0} € N satisfy the inequalities
a<2,neN; 0<A<1, 0<g< 1.

Also, let the function f(z) defined by (17) be in the class R%(\,0,q), then

(46) |2| = 18] E(a, A n,q) 2" < [f(2)] < |2 + 18] E(a,An,q) |2
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(z € U),
where
C(A\,n+1,q)
4 E — et )
( 7) (047)\7n7q> A(a,n—’—l’q)’

Ala,n+1,q) and C(A\,n+ 1,q) are given by (20) and (33), respectively.
THEOREM 8. Let « <2,0<A<1, 6 C\{0} eN, neN, 0<qg<1and
let the function f(z) defined by (17) be in the class R (N, d,q). Then
(48) |2l = 18] COAn+1,q) 12" < [Qg . f(2)] < |2|+
6] C(An+1,q) |2"" (2 €,
where C(A\,n+1,q) is given by (33).
Now, again in view of (18), (21) and (22), Theorem 8 gives the following

distortion inequalities for the function f(z) € RE(A,d,q) involving fractional
g-derivative operator Dy , and fractional g-integral operator I¢" ..

COROLLARY 3. Let the maof(z) defined by (17) be in the class RS (A, 0,q),
then

y(2)

W) Fa_a I -RICOR+L | <D f()] <
I%|Z’{1+|5’C(A,n+l,q) 12"} (z € U),

where 0 <a <2, neN; 0<A<1; 0<qg<1and C(\,n+1,q) is given by
(33).

COROLLARY 4. Let the function f(z) be in the class R (A, 0,q), then

B0) e =IO 1) ) < 15 5) <
r,() )
m|z|{1+|5]0()\,n+l,q) Iz["} (2 € V),

wherea >0, n €N; 0<A<1; 0<qg<1and C(\n+1,q) is given by (33).
4. SPECIAL CASES

In this section we briefly consider some special cases of the results derived
in the preceding sections.
In view of the relationship (18), we find that

(51) Q. f(2) = f(2).
When a =0and 6 =3 (y € C\ {0}, 0 < 5 <1), the condition (23) reduces
to the inequality

(52)

A\ 32 Dot T - NfGE) 7

1 {z Dy f(2) + A\gz® Dy . f(2) 1}
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(0<A<L,0<B<1;veC\{0}; 0<g<1; z€U),

and we have

(53) S2N B, q) = Ha(N 7, B, 9),

where H,,(\, v, B, q) represents a subclass of analytic functions, which satisfy
the condition (52).

Similarly, the condition (25) when @ = 0 and § = 4§ reduces to the in-
equality

(54) i {Dg.f(z)+ Xz D;Zf(z) -1} <p

0<A<L0<B<1; veC\{0}; 0<g<1; z€l),

and we write

(55) RYN B, 9) = Gn(A 7, B,9),
where G, (\, 7, 8, q) is another subclass of analytic functions which satisfy the
condition (54).

By setting @ = 0, § = v, and making use of the relations (53) and (55),
Theorems 1 and 2 give the following coefficient inequalities for the classes
Hn (A, v, B,q) and Gy, (A, 7, B, q), respectively.

COROLLARY 5. Let f defined by (17) be in the class Hnp (N, 7, B,q), then

(56) i [A g(1—¢" ) +1- q] [q(l —¢" N+ 81 - q)} ay, <

k=n-+1
Bl (1-q)?
The result is sharp with the extremal function given by
(57)
1— 2
f(z) =2— fil 1 =9) 2T (n e N).

A a1l —q") +1=ql[a(1—q") + By (1 —q)]
COROLLARY 6. Let f defined by (17) be in the class Gn(\, 7, B,q), then

o

(58) > (1-d[1-a+r1-¢"N] @ <Bhl (1-q)?

k=n-+1

The result is sharp and the equality is attained for the function f(z) is given

by

Bl (1-4q)?

59 flz)=2z—

GO B = o - g+ A=)
If we put @ = 0, § = 3, then Theorem 5 and Theorem 7, respectively, yield

the following distortion theorems for the classes H,,(\, 7, 5, q) and G, (A, v, B, q).

2" (n € N).
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COROLLARY 7. Let A\,B € R and v € C\ {0} € N satisfy the inequalities
neN; 0<A<1,0<f8<1, 0<g<1.
Also, let the function f(z) defined by (17) be in the class Hn(\, v, B, q), then
(60) 21 = B B Br,n+1,q) 2" < [f(2)] < |2|+

Blvl BOBy,n+1,q) 12" (z € ),
where B(\, fy,n+1,q) (with § and k) is given by (27).

COROLLARY 8. Let 0 <A <1, 0< <1, veC\{0}eN, neN, 0<
g < 1 and let the function f(z) defined by (17) be in the class Gn(X, 7, 5,q).
Then

(61) 2l = Bl COun+1,9) |2 < [f(2)] < |2] +

Bl CAn+1,q) 2" (€U,
where C(A\,n+1,q) is given by (33).

By letting ¢ — 17, and making use of the limit formula (8), we observe that
the function class H,, (A, 7, 3, ¢) and the inequality (56) of Corollary 5 provide,
respectively, the g-extensions of the known class and the related inequality due
to Altintag, Ozkan and Srivastava [3, p. 64, eqn. (16)]. Also, the function class
Gn(A, 7, B, q) defined by condition (54) and Corollary 6 are the g-extensions of
the corresponding known function class and the related result due to Altintas,
Ozkan and Srivastava [3, p. 65, Lemma 2, eqn. (20)].

Lastly, we conclude this paper by remarking that the fractional g-calculus
operators defined in Section 2 can fruitfully be used in the investigation of
several other multivalent (or meromorphic) analytic function classes and their
various geometric properties like, the coefficient estimates, distortion bounds,
radii of starlikeness, convexity and close to convexity etc. can be studied in
the unit disk. These considerations can be pursued by using the theory of
fractional g-calculus.

REFERENCES

[1] ABU-RisHA, M.H., ANNABY, M.H., IsMAIL, M.E.H. and MANSOUR, Z.S., Linear g¢-
difference equations. Z. Anal. Anwend. 26 (2007), 481-494.

[2] ALBAYRAK, D., PUROHIT, S.D. and UGAR, F., On g-analogues of Sumudu transforms.
An. St. Univ. Ovidius Constanta, 21(1), (2013), 239-260.

[3] ALTINTAS, O., OzKAN, O. and SrivasTava, H.M., Neighborhoods of a class of analytic
functions with negative coefficients. Appl. Math. Letters 13 (2000), 63-67.

[4] BANGEREZAKO, G. Variational calculus on g-nonuniform lattices, J. Math. Anal. Appl.
306 (1) (2005), 161-179.

[6] GASPER, G. and RAHMAN, M., Basic Hypergeometric Series, Cambridge University
Press, Cambridge, 1990.

[6] Kac, V.G. and CHEUNG, P., Quantum Calculus, Universitext, Springer-Verlag, New
York, 2002.



74 S.D. Purohit and R.K. Raina 13

[7] MANSOUR, Z.S.1., Linear sequential q-difference equations of fractional order, Fract.
Calc. Appl. Anal., 12(2) (2009), 159-178.

[8] PODLUBNY, 1. Fractional Differential Equations (An Introduction to Fractional Deriva-
tives, Fractional Differential Equations, Some Methods of Their Solution and Some
of Their Applications), Academic Press, San Diego-Boston-New York-London-Tokyo-
Toronto, 1999.

[9] PUROHIT, S.D., A new class of multivalently analytic functions associated with fractional
g-calculus operators, Fractional Differ. Calc., 2 (2) (2012), 129-138.

[10] PuroHIT, S.D. and RAINA, R.K., Certain subclass of analytic functions associated with
fractional q-calculus operators, Math. Scand., 109 (1) (2011), 55-70.

[11] PuroHIT, S.D. and RAINA, R.K., Chebyshev type inequalities for the saigo fractional
integrals and their g-analogues, J. Math. Inequal., 7(2) (2013), 239-249.

[12] RaJkOVIé, P.M., MARINKOVI¢, S.D. and STANKOVI¢, M.S., Fractional integrals and
derivatives in g-calculus. Appl. Anal. Discrete Math., 1 (2007), 311-323.

[13] SRivAasTAvVA, H.M. and Owa, S. Editors, Current Topics in Analytic Function Theorey,
World Scientific Publishing Company, Singapore, New Jersey, London and Hongkong,

1992.
Received January 11, 2013 SDP-RKR*
Accepted November 5, 2013 M.P. University of Agriculture and Technology

College of Technology and Engineering
Department of Basic-Sciences (Mathematics)
Udaipur-813001, India
E-mail: sunil_a_purohit@yahoo.com

* Present Address: 10/11, Ganpati Vihar
Opposite Sector-5, Udaipur-313001, India
E-mail: rkraina 7@hotmail.com



