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LAYER POTENTIAL ANALYSIS OF A NEUMANN PROBLEM
FOR THE BRINKMAN SYSTEM

DENISA FERICEAN

Abstract. In this paper we obtain the existence and uniqueness result (up to a
constant pressure) in some Sobolev spaces for a Neumann problem associated to
the Brinkman system on Lipschitz domains in compact boundaryless Riemannian
manifolds. In order to obtain the desired result, we use an indirect boundary
integral formulation based on the potential theory for the Brinkman system.
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1. INTRODUCTION

Recently, various boundary value problems for elliptic operators on smooth
or even Lipschitz domains have been studied by using potential theory. The
importance of this subject is already well known (see, e.g., [1], [5] [12], [13],
[14]). Note that a valuable contribution in the study of the Dirichlet problem
for the Stokes system on Lipschitz domains in R"™, n > 3 has been provided by
Fabes, Kenig and Verchota in [4]. Well-posedness results for the main bound-
ary value problems associated to the Stokes system on Lipschitz domains in
Euclidean setting, with the boundary data in various function spaces, have
been obtained by Mitrea and Wright [18]. Mitrea and Taylor [17] used the
layer potential theory to study the Poisson problem for the Navier-Stokes
equations on arbitrary Lipschitz domains in compact Riemannian manifolds
and with boundary data in Sobolev or Besov spaces. They have also devel-
oped the layer potential theory for elliptic operators on Lipschitz domains in
compact Riemannian manifolds and studied related boundary value problems
on such domains (see e.g., [15]). The Poisson problem for the Stokes system on
C' or, more generally, on Lipschitz domains in a smooth compact Riemann-
ian manifold and with data in Sobolev or Besov spaces has been studied by
Dindos$ and Mitrea in [2], by using a layer potential approach. In addition,
they treated the Poisson problem for the stationary, nonlinear Navier-Stokes
equations on Riemannian manifolds. Recently, Kohr, Pintea and Wendland
[6]-[11] used layer potential methods to study boundary value problems (in-
cluding transmission problems) for pseudodifferential Brinkman operators on
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Lipschitz domains in compact Riemannian manifolds, with the given bound-
ary data in LP, Sobolev or Besov spaces. Note that the pseudodifferential
Brinkman operator is an extension of the Brinkman operator from the Eu-
clidean setting to the case of the compact Riemanian manifolds and has been
introduced in [7].

The purpose of this paper is to show the existence and uniqueness (up to a
constant pressure) for a Neumann problem associated to the Brinkman system
on Lipschitz domains in compact Riemannian manifolds.

2. PRELIMINARIES

We consider a compact boundaryless manifold (M, g) of dimension m >
2 equipped with a smooth Riemannian metric tensor g = Z;?k:l gjkdrj @
dzy =: gjrdzj ® dxy, and let (¢7F) be the inverse of (g;x). Let us mention
that the volume element on M is given by dVol = ,/gdx1 ... dwy,, where g :=
det(gjr). The tangent and cotangent bundles are TM = Upe v IpM and
"M = UpeM Ty M, respectively. By X'(M) we denote the space of smooth
vector fields on M, i.e., the space C*°(M,TM) of smooth sections of TM. In
a natural way we can identify 7*M with TM and A'TM with X (M). Next,
we define following inner product on A'TM:

(2.1) (dzj, dxy) = %, (X,Y) = X,;¢""V;,

where the vector field X = X*9, € TM is identified with the one form
X, dz, = X*gp,dx,, X, = g, X¥, and the notation (-,-) is used for the in-
ner product. Consequently, the gradient operator grad : C*°(M) — X (M)
identifies the exterior derivative operator d : C°(M) — C*°(M,A'TM),
d = 0jdxj. On the other hand, —div : X(M) — C*°(M) is identified with
the exterior co-derivative operator 6 : C®(M,A'TM) — C®(M), § = d*.
Next, assume that X € X' (M). Then, the symmetric part of the tensor field
VX : X(M)x X(M) = C®*(M, TM®TM), (VX)(Y,Z) = (VyX, Z), where
by V we denote the Levi-Civita connection on M, is the deformation of X,
denoted by Def X. Thus,

(2.2)  (Def X)(Y,Z) = %{(VyX, Z)+ (VzX,Y)}, VY, ZeX(M).

A Killing field is a vector field X € X(M), which satisfies the equation
Def X =0 on M. All along this paper, we assume that the manifold M has
no nontrivial Killing fields (for more details such manifolds see [17]). Note
that the Killing fields in R™ are the usual rigid body motion fields.

Let us consider the second-order partial differential operator

(2.3)  L:X(M)— X(M), L:=2Def*Def=—A +dj — 2Ric,
where Def* is the adjoint of Def, A := —(dd + 0d) is the Hodge Lapla-

cian and Ric is the Ricci tensor. Note that L is the natural operator for
the Stokes system on an arbitrary Riemannian manifold (cf. [3]). Next,
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by OPSfl one denotes the class of classical pseudodifferential operators of
order ¢ (for details the interested reader can consult e.g. [19], [20]). Let
P € OPSY(A'TM,A'TM) be a self-adjoint and non-negative operator with
respect to the L?(M, A'TM) - inner product (-,-), i.e.,

(2.4) (Pu,w) = (u, Pw), (Pu,u) >0 forall u,we L*(M,A'TM).
Then the pseudodifferential Brinkman operator on M is given by (see [7])
(2.5)

Bp ::( 5L+ P g ) L 0% (M, A'T M) x C% (M) — C®(M, AMTM)x C=(M),

and the Stokes operator is defined as

By = < 5L ‘Oi ) L C°(M, A T M) x C®(M)— C®(M,AN'TM) x C>®(M).
All along this paper we consider the pseudodifferential operator P in the form
P = X\°T, where ) # 0 is a constant. Thus, the operator (2.5) takes the form
(2.6)

2
By = < L+ X1 d

5 0 ) L C(M, A TM)xC®(M) — C°(M,A'TM)xC>(M).

3. SOBOLEV SPACES ON LIPSCHITZ DOMAINS IN M

Let Q4 := Q C M be a Lipschitz domain and assume that Q_ := M \
Q is connected. Next, we denote by y+(z) = {y € Qu : |z —y| < (1 +
k)dist(y,00Q)}, x € 99, the non-tangential approach regions lying in Q4 and
Q_, respectively, for fixed k = k(9Q) > 0. Let Tr™ be the non-tangential

boundary trace operators on 99, (Tr¥u)(z) :=  lim wu(y), = € 9Q (see
V(@) y—z
e.g. [15]). For s > 0, consider the Sobolev spaces of functions

H(Q) == {flay : f€ HY(M)}, H*(Qx):={f € H (M) : suppf C Qu},
and denote by H*(Qy) the dual of the space ﬁIS(Qi) with respect to the

L2(Q4)-duality, ie., H5(Q4) = (H*(Q))"
In addition, consider the Sobolev spaces of one forms

HS<Q:‘:, AlTM|Qi) = Hs(Qi) (= AlTM‘Qi,
f{S(Qi, AITM|Qi) = I‘}S(Qi) X AITM‘Q:E.
Also, H=5(Qy, A'TM) := (ﬁs(Qi,AlTM))*. Next, assume that 3 € (—%, %),
and consider the spaces
H Qe A'TM) = {f € H"B(M,A'TM) : supp f C Q. },
(3.1) H"™(Q, L) = {(u,7,f) :ue HTP(Qp, A'TM), m € HP (Q),
f e H 1P (Qy, A'TM) such that £y (u,7) = flg,, du=0in Q+},

where £y (u, ) := Lu + \?u + dr.
Let us mention the following useful result (see e.g. [1, 2, 17]):
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LEMMA 3.1. For every s € (%, %), the restriction operator to the bound-

ary, C®°(Qy, A\ITM) — CO(Qy, A'TM), u — ulso, , extends to a linear and
bounded operator Tr* : H*(Qu, A'TM) — HS_%((?Qi,AlTM), which is onto,
having a bounded right inverse Z* : HS_%(ﬁﬁi,AlTM) — H*(Qy, AITM).
For s > %, Tet : H5(Qu, A'TM) — HY (004, AYT M) is also bounded.

The conormal derivative operator for the Brinkman system on Lipschitz
domains in Riemannian manifolds has been introduced in [9, Lemma 2.2], as
an extension to the notion of conormal derivative operator for the Stokes
system on Euclidean setting, for s € [0,1] and some X C M, (,)x :=
me(x, A7) (s ) (s (x, a1 7)) denotes the pairing between two dual Sobolev
spaces H*(X,A'TM) and (HS(X,AlTM))*, due to Mitrea and Wright [18,
Theorem 10.10] (see also [2, 6, 7, 17]):

LEMMA 3.2. For any S € (—%, %), the conormal derivative operator

(3.2) oF  HY'P(Qy, Lp) — H 2890, AVTM)

(OF (u,m, £), B)oq = 2 /

(Def u, Def (Z%®))dVol + / (Pu, Z£®)dVol
Qi

Qy

(3.3) +/ (r,6(2EW))dVol — (£, ZE®)q, , ¥ & € H22(9Q, A'TM),
Qyp
is well defined and bounded. Also, the Green formula

:|:<8l:,t(u,7r,f),T1"i V>aQ - 2/

(Def u,Def v)dVol—/ (Pu,v)dVol
Q4

Qt

(3.4) = / (m,év)dVol — (f,v)q,
Q4
holds for all (u,7,f) € H'*P(Qx, Lp) and v € H' =P (Qy, A'TM).

4. THE INVERTIBILITY OF THE BRINKMAN OPERATOR

The Brinkman operator (2.6) is elliptic in the sense of Agmon-Douglis-
Nirenberg (see [6]) and extends to a Fredholm operator with index zero

By : HY(M,A'TM) x L*(M) — H*(M,A'TM) x L*(M).

The kernel of this operator is the set {0} xR, and its range is H (M, AT M) x
L2(M), where L2(M) := {q € L*(M) : {(g,1) = 0}. In addition, the restric-
tion of the Brinkman operator to H'(M,AYTM) x L?(M), denoted by BY, is
invertible (for more details see [6]).

Next, let us refer to the second order differential operator

(4.1) Ly = 2Def*Def + X2 : H' (M, A'TM) — H-Y(M,A'TM),
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which is invertible as a Fredholm operator with index zero and injective (due to
the assumption of non-existence of non-trivial Killing fields on M) (for details,
see [6, Lemma 5.8]). Then one obtains the following result (see also [6, 7]):

LEMMA 4.1. The following operators are invertible
(4.2) Yy: LE(M) — L2(M), Y,:=0Ly'd,
(4.3) BY: HY(M,AN'TM) x L2(M) — H-Y(M,\'TM) x LZ(M),

and the inverse of BY : H-1(M,A'TM) x L2(M) — HY(M,A'TM) x L?(M)
1s the operator given by

_ Ay B

0y—1 ._ A A

(4.4 = (o).

where the pseudodifferential operators Ay, By, €\, Dy are defined as
(4.5) Ay =Ly —Lytd vyt oLy, By = Lyldyy

(4.6) Cy =Y 0Ly, Dy=— vyt

Note that the matrix operator
_ Ao B
0y—1 ._ 0 0
(4.7) (By) " = < ¢ Do )

is the inverse of the operator Bg, which corresponds to the Stokes system.

5. THE FUNDAMENTAL SOLUTION FOR THE BRINKMAN OPERATOR

In view of Lemma 4.1, one obtains the following relations M:
(5.1) LAy +dey, =1, Ay =0,

where I is the identity operator on H—1(M, A'TM). Let us denote by Gy (z,y)
and II)(z,y) the Schwartz kernels of the operators 2, and €,, respectively.
In addition, let G(z,y) and II(z,y) be the Schwartz kernels of &y and ¥y. By
using (5.1) one then obtains the following equations on M:

(5.2) (Ly + A2)G(z,y) + dI1\(z,y) = Diracy(z), 0,G:(z,y) =0,

where Dirac, denotes the Dirac distribution with mass at y. Hence the pair
(Gx(z,y),I\(x,y)) is the fundamental solution of the Brinkman system on M.

5.1. Layer potential operator for the Brinkman system. In this section
we present the main properties of layer potential operators for the Brinkman
system on Lipschitz domains in compact Riemannian manifolds.

For s € [0,1], f € H*"1(0Q, A'TM) and h € H*(0Q, A'TM), the single-
layer potential V y.paf is the one form given on M \ 092 by
(5.3) (Vaoaf)(z) == (Gr(,-),f)oq, =€ M\ .
In addition, the corresponding pressure potential has the expression

(5.4) Ploaf == (M\(z,-), Fo, =€ M\ 0.
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Similarly, the double-layer potential is defined at any point x € M \ 9 by

(WA;th)(!E) = 20 < —2 [(Defy g)\(l'v '))Vag] (y)

(5.5) + (IL) " (y, )0 (y), h(y) )do (y),
and the corresponding pressure potential
(5.6)
(Pxoah)(z) := [99<—2[(Defy I (2, +))1p0] (4) = EX(2, y)10 (y), h(y))do(y),

where E)(z,y) is the Schwartz kernel of (—D,)" € OPSY(R,R), and
(L)e(Tn) T (4 2) = du B (2,)

(see [6]). These layer potentials satisfy in M C 99 the Brinkman system:

(5.7) §(Vaoaf) =0, (L + N1)Vysof +dQxsaf =0,

(5.8) SWiaoh =0, (L+ NT)W ) 90h + dPy,soh = 0.

Now, consider the (principal value) boundary version of Wp.goh a.e. x € 052

by (see e.g. [2])

(Kronh)(@) := p.v. / ( — 2[(Defy Ga(z, )] ()

o0
(5.9) + (1) (4, 2) @ 10 (1), () )doy,
where p.v. means the principal value of a singular integral. Thus, one has
(Kxo0h)(z) = lim (= 2[(Defy Ga(z,))1p0] ()
=0 J1yeour(z,y)>e}
(5.10) + (L) (3, ) ® 1 (), h(y))doy,

where r(x,y) means the geodesic distance between the points z and y in M.
In addition, one has the following jump relations a.e. on 99 (see e.g. [2, 6])
(5.11)

T (Wigah) = (+ 31+ Koo )b,

07 (Wxaah, Pxooh) := Dy yoh, DJs0h —Dyyoh € Ry,
TrJr(V)\;an) =Tr" (V)\;an) = V)\;agﬂ

9, (Vaoof, Qronf) = F3f + K1 o0f,

where

(Ki.p0f)(2) := P-V-/ (—2[Def . Ga(-, y)V](z)+ T\ (2, y) @ v(), f(y)>ydff(y)

o0
a.e. x € 010,

is the formal transpose of Kj.pq.
The next results extend to the Brinkman system the results of M. Mitrea

and M. Taylor [17] and M. Dindos and M. Mitrea [2] obtained in the case
A =0, i.e., for the Stokes system (see [6]).
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THEOREM 5.1. Let @ C M be a Lipschitz domain. Then the following
results hold:
(i) For any s € [0,1] and £ € H=*(0, AT M), one has

(5.12) Tr* (Vaoaf) = Tr™ (Vaeof) = Vaeaf.

If f € H5(0Q,A'TM), s € (0,1) then the property (5.12) holds as well.
(ii) If s € [0,1] and X € [0, 1], the following operators are linear and bounded:

Vyoa : H5(0QU, AYT M) — H=5(0Q, A'TM),

Kyoq @ HS(0Q,A'TM) — H*(9Q, A'TM)
(5.13) K o0« H1(0Q, A'TM) — H*1(9Q, A'TM)

Dfm H* (09, A\'TM) — H*=1(09, A'TM).

THEOREM 5.2. If Q C M is a Lipschitz domain, then for any s € [0,1] the
kernel of the operator Vy o : H™*(0Q, A'TM) — H1=%(9Q, AT M) is given
by

(5.14) Ker(Vy 00; H *(0Q,A'TM)) = Ry, Rv:= {cv: c € R}.
In addition, one has the property
(5.15) Vioav =0 on M.

In the case A = 0 one gets the result by Mitrea and Taylor [17, Lemma 6.1].

6. INVERTIBILITY RESULTS FOR RELATED LAYER POTENTIAL OPERATORS

The Fredholm and invertibility results below have been recently obtained
in [8, Lemma 5.3, Lemma 5.4].

THEOREM 6.1. Let Q C M be a Lipschitz domain and let X # 0, p € [0,1)
be given constants. Then for any s € (0,1) the following statements hold:

(i) The operators

- 11
(6.1) K;\t;fm;u ;:;21fﬂ]1+KwQ H5(0Q, A'TM) — H* (09, A'TM)

are Fredholm with index zero.
(ii) The operators

~ 11+
(6.2) Koo, = :F§iﬂ+ Koo : H(0Q,A'TM) — HE(0Q, A'TM)

are isomorphisms, where

(6.3) HE(0Q, ' TM) = {® € H*(0Q,A'TM) : (®,v),, =0}
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7. NEUMANN PROBLEM FOR THE BRINKMAN SYSTEM ON LIPSCHITZ DOMAINS
IN COMPACT RIEMANNIAN MANIFOLDS

Let Q@ C M be a Lipschitz domain on a compact boundaryless Riemann-
ian manifold M, dim(M) > 2, G € H- 2899, A'TM). For g € (—1,1),
consider the Neumann problem for the Brinkman system:

(L+MT)u+dr =0, du=0inQ

05 (w,m)] = [G] € H2 (0, A'T M) /Rw,
where G € H=213(9Q, A'TM). Note that the condition [0 (u,7)] = [G] is
equivalent with 9} (u,7) — G € Rv on 9.

Uniqueness result for the Neumann problem (7.1) The following
result yields the uniqueness of solutions of the Neuman problem (7.1).

(7.1)

THEOREM 7.1. Let Q2 C M be a Lipschitz domain on a compact boundaryless
Riemannian manifold M, dim(M) > 2, and let G € H_%“'B(@Q,AlTM) and
B € (—%, %) be given. Then the boundary value problem of Neumann type
(7.1) has at most one solution (u,n) € H'P(Q,A'TM) x HP(Q) (up to a
constant pressure).

Proof. Let us consider the homogenous problem:

(7.2) (L+ )\2]1)110 +dmg =0, dug =01in
. [0 (ug, mo)] = [0] on ON.

Therefore, there exists a constant ¢y € R such that 8;;(u0, ) = CoV.
Since (ug, o) € HA(Q, A'TM) x HP(Q) satisfies the Brinkman system,
one has the layer potential representation (see e.g., [2]):

(7.3) ug = W)\’GQ(TI'-FUO) — V)\@Q(aj(uO,ﬂ'o)) n Q,

where, in view of (5.15), the single-layer potential vanishes, as V) po(r) = 0
on M. Therefore, (7.3) becomes

(7.4) ug = W)\7QQ(TI'+UO) in €,
Next, going non-tangentially to the boundary in (7.4) we get the equation
Trtuy = (%I[ + K)\,ag) Trtug a.e. on 99, i.e.,

1
(7.5) <—2]I + K,\,ag> Trug =0 a.e. on 0.

1 1
Since the operator —3I + Ky g0 : H,3+6(89,A1TM) — H,,2+B(8Q,A1TM)
1

is invertible (see e.g. [6, 2]) and Trtug € H1,2+ﬂ(8§2,A1TM), it follows that
TrTug = 0 on 9. Consequently, the pair (ug, 7o) € H*P(Q, A'TM) x H?(Q)
is a solution of the following Dirichlet problem for the Stokes system:

(76) (L + N T)ug + dmp = 0, dug =0 in

) Trtug =0 a.e. on ON).
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In view of the uniqueness result (up to a constant pressure) for this problem
(see e.g. [6, 10]), we get:

(77) uy =0, mp=cop € Rin
as desired. O

8. LAYER POTENTIAL FORMULATION OF THE PROBLEM

Next, we show the existence of a solution (u,7) € H'*8(Q, A'TM) x H?(Q)
of the Neumann problem (7.1), by means of the layer potential theory. To this
aim, we use the invertibility property of the operators

1 3+ 1 5+ 1
51+ Koo : Hi (00N TM) — HZ (99, A'TM),
for any 8 € (—%, %), as follows from Theorem 6.1. In addition, in view of the

property (5.7) and the divergence theorem, we find that (V) poF,v),, = 0,

1
ie., Vyool' € H,,2+’6(8Q,A1TM) for any F' € H_%+B(8Q,A1TM). Taking
into account these properties, we consider the following layer potentials:

(8.1) u =W, soh,m=Q} yoh in Q,

1
with the density h € HZ (99, A'TM) in the form

1 AR -
(8.2) h:= <2]1 + K)\7QQ> <—2]I + KA,aQ) VA,@QG-
Let us now show that the pair (u, 7) given by (8.1) is a solution of the Neumann
problem (7.1). Indeed, by (5.8) this pair satisfies the Brinkman system
(8.3) (L+XNI)u+dr=0, su=0in Q.

It remains to show that the Neumann condition in (7.1) is also satisfied by
the layer potentials (8.1). To this aim, note that u admits the layer potential
representation (see [2], [8]):

(8.4) u=W, 0 (Tr"u) — Vys0 (9, (u,7)) on oNQ.

Going non-tangentially to the boundary in (8.4) and using the relations (5.11),
one then finds that

1
Trtu = (211 + K,\@Q) Trtu — Yy (6, (u, 7)) on 8Q,
i.e.,

(8.5) (—111 + K;Hag> Trtu = V) 0 (0, (u, 7)) a.e. on OQ.

[\]

In addition, in view of the fact that u = W) goh in 2, one has Trtu =
(%]I + K)\jag) h on 09, and hence the equation (8.5) becomes

1 1
(8.6) <—2]I + K>\739> <2]I + K)\@Q) h = V)\,ag (8j(u,7r)) a.e. on OS2
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Now, by using the expression (8.2) of the one form h, (8.6) takes the form
V00 (8j(u,7r)) = V090G a.e. on 09
ie.,
(8.7) Vyvoa (8 (u,m) — G) =0 a.e. on 9Q.
Finally, by using the property (5.15), we conclude that
9 (u,7) € Rv a.e. on 99,

i.e., [0F (u,m)] = [G]. Consequently, the pair (u, ) given by (8.1) is a solution
of the Neumann problem (7.1), in the space H'*#(Q, A'TM) x H?(Q). In view
of Theorem 7.1, this is the unique solution (up to a constant pressure) of the
Neumann problem (7.1). The boundedness properties of the layer potentials
(8.1) and those of the operators in (8.2) imply that there exists a constant
C > 0 such that this solution satisfies the estimate

(88) |’uHH1+5(Q,A1TM) + ||7THHB(Q) S C”[G] “H_%+B(8Q,A1TM)/RV'
By the above arguments, we obtain:

THEOREM 8.1. Let 2 C M be a Lipschitz domain on a compact boundary-
1
less Riemannian manifold M, dim(M) > 2, and let G € H~ 215 (0Q, A'T M)
and B € (—%, %) be given. Then the layer potentials (8.1) with the density
1
h e H,3+6(8Q,A1TM) given by (8.2) determine the unique solution (u,m) €
HYB(Q,A'TM) x H5(Q) (up to a constant pressure) of the boundary value

problem of Neumann type (7.1), which satisfies the estimate (8.8).

REMARK 8.2. If Q € M is a C' domains then for any u € [0,1) and
p € (1,00) the following operators are isomorphisms:

(8.9) F3I+ Kioq : L2, (0Q, A'TM) — L, (09, A'TM), s =0,1,
where LE,(0Q, A'TM) = {® € LY(0Q,A'TM) : (®,v),, = 0}. The Fred-

holm and zero index property of these operators follows from [2, Proposi-
tion 3.5] and the compactness of the complementary layer potential operators
for the Stokes and Brinkman systems (see [10]). In addition, the injectivity
property of these operators is provided by similar arguments to those for the
injectivity of the operators in Lemma 6.1.

By using similar arguments to those in the proof of Theorem 8.1, one obtains
the well-posedness of the boundary value problem of Neumann type (7.1)
whenever G € LP_ (09, A'TM), s € (0,1) and p € (1,00). Hence, we get:

THEOREM 8.3. Let  C M be a C!' domain on a compact boundaryless
Riemannian manifold M, dim(M) > 2 . Then for any G € LY_(0Q, A\\T M),
with s € (0,1) and p € (1,00), the layer potentials (8.1) having the density
h € LE,(09, A'TM) given by (8.2) determine the unique solution (u,m) €
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LP
s+1

(0Q, AYT M) x L§+l—1(g) (up to a constant pressure) of the boundary
P

P
value problem of Neumann type (7.1), which satisfies the estimate

(8.10) [l
s+

L (@9.M1 M) T \|W||L§+l_1(9) < OGN e oo.n1 00y /R 0
p P

with some constant C > 0.
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