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THE METHOD OF LOEWNER CHAINS IN THE STUDY
OF THE UNIVALENCE OF C? MAPPINGS

MIHAI CRISTEA

Abstract. We continue the work of W.C. Royster [26], P.T. Mocanu [20, 21], M.
Cristea [4-7], G. Kohr [19], H. Hamada and G. Kohr [14] of extending univalence
criteria for holomorphic mappings to C'* mappings and we continue our work
from [7] of improving the method of Loewner chains which is used in complex
univalence theory. We show that the method remains valid even for C* mappings
which are not necessarily holomorphic and we give further applications of our
results.
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1. INTRODUCTION

We set B the unit ball in R™ and if f : B — R" is Fréchet differentiable in z,
we set D f(z) the real Fréchet derivative of f in z. We shall have in mind the
usual identification of C™ with R?” and also two scalar products on R?" ~ C”,
namely a real scalar product

2n
(z,w) = szwk for z = (z1,...,20,) € R® w= (w1,...,w,) € R*™
k=1

and

n
(z,w)e = szm for 2= (21,...,2n) € C", w = (wy,...,w,) € C",
k=1

and we see that (a,b); = Re(a,b)s for a,b € R?" ~C". If D C C" ~R?" is a
domain, f: D — C” is holomorphic,

f=U i fn), fe=wp +ivg, 2= (21,...,20) € D, 2 = 2 + iy,
k=1,...,n, we have the usual identification of f given by
F(z1,y1, -y TnyYn) = (U1, V1, ..., Up, Up)
and if f/(z) is the complex derivative of f in z, we have
f'(2)(u) = DF (21,91, -+, Tn,Yn) (a1, b1, ..., an, by)

and
Lf' (Dl = IDF(z1, 91, - -, Zny yn) |11
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if
2= (21, -y2n), U= (Ul,...,Up), 2k = Tk + iYg, up = ap +ibg, k=1,...,n.

In this way, even if we work with complex functions (see for instance Theorem
6 from this paper), we reduce the problem to real functions.

The other theorems from this paper are given for real functions and using
their identification we have analogue enounces for holomorphic functions. We
deduce in this way that our results generalize the corresponding theorems from
complex univalence theory to C? mappings and also that our results hold even
on R", withn=2k+1, k€ N.

We denote by e, ..., e, the canonical base in R", by

H; ={x e R"[(z,e;) =0}, i=1,...,n

and by P; : R" — H; the canonical projection on H; for ¢ = 1,...,n. If
D C R" is a domain, we say that f is ACL if for every cube () CC D with the
sides parallel to coordinate axis it results that f|PZ-_1(y) nQ : Pi_l(y) nQ — R
is absolutely continuous for a.e. y € Q;, i = 1,...,n, where @; is the face of
@ which is perpendicular on e; for i =1,...,n. An ACL map has a.e. partial
derivatives and if afi € L) (D)for i =1,...,n, p > 1, we say that f is

ACLP on D. We denote by W, - 1P (D,R™) the Sobolev space of all functions
f: D C R — R" which are locally in LP together with their first order
partial derivatives. Using Proposition 1.2, page 6 from [25] we see that if
f € C(D,R™) and p > 1, then the weak and classical partial derivatives
coincide a.e. and f is ACLP on D if and only if f € W, ’p(D R™). We say
that f: D — R™ is quasiregular if f is ACL™ on D and there exists K > 1 so
that || f'(z)||" < K - J¢(x) a.e. in D. Here f’(z) denotes the weak derivative
of fin x and J¢(z) denotes the weak jacobian of f in x. A nonconstant
quasiregular map f is a.e. differentiable and J¢(x) # 0 a.e. We recommend the
monographs [25], [28], [29] for the basic properties of quasiregular mappings. If
A€ LR™ R™), det A # 0, we set [(A) = H1I|1f l|A(z)]|, ||All = sup |[|A(z)]],
= |z||=1
1IA[l [IA[]" 1(A) =
1I(A)’ | det A|” (A’

and we see that H(A) < Ky(A). If D C R" is a domain and f : D — R" is a.e.
differentiable and J¢(z) # 0 a.e. we set Ko(f) = esssup Ko(f'(z)), Kr(f) =
esssup Ky(f'(x)). If f: D — R™ is quasiregular and Ko(f) < K, Ki(f) <
K, we say that f is K-quasiregular and if in addition f : D — f(D) is a
homeomorphism, we say that f is K quasiconformal. If f € C1(D,D’) is K

quasiconformal with J¢(x) # 0 on D and we set H(z, f) = |l|(J},((x))|)| forx € D
we see that H(x, f) < K for every x € D. We set S™ = {x € R"|||z|| = 1}.

The following generalization of Loewner’s equation was proved in [7]:

THEOREM A. Let K = R,C, E a Hilbert space over the field K, b € (0, o0],
h: B x (0,00) = E continuous so that:

| det Al

H(A) = Ko(A) =
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(1) For every 0 < s < a < b and every 0 < r < 1 there exists K(s,a,r) so
that ||h(z,t)|| < K(s,a,r) for every s <t < a and every z € B(0,r).

(2) For every 0 < s < a < b and every 0 < r < 1 there exists M(s,a,r) so
that ||h(z,t) — h(w,t)|| < M(s,a,r) - ||z —wl|| for every s <t < a and every
z,w € B(0,7).

(3) For every 0 < s < b there exists 0 < rg < 1 so that Re(h(z,t),z) > 0 for
every s <t < b and every z € B\B(0, ).

Then the Loewner equation

d
() d—::—h(v,t), v(s)=2 0<s<b, z€B
has an unique solution v, on [0,b). If rs = 0, then ||[v.(t)|| < ||2|| for z € B
and every s < t < b and if Re(h(z,t),2) > c-||z||? for s < t < a, then

[o=()1] < l2]] - e =) for s <t < a.

The result extends known facts from the method of Loewner chains used
in complex univalence theory (see Theorem 8.1.3, page 298 from [12]). We
recommend the monograph of I. Graham and G. Kohr [12] for the applications
of the method of Loewner chains to complex univalence theory. See also the
strong contributions of Ch. Pommerenke [22] and J.A. Pfalzgraff [23]. The
main instrument used in [7] for proving univalence theorems for C! mappings
was the following theorem:

THEOREM B. Let n > 2, g: B — R" a continuous, light map, f € C1(B x
(0,00),R™), f; : B — R™ given by fi(z) = f(z,t) for (z,t) € B x (0,00) so
that 5

(4) a—{(z,t) = Dfi(z)(hi(z)) for (z,t) € Bx(0,00), where h : B x (0,00) —

R™ satisfies conditions (1), (2), (3) and ht(z) = h(z,t) for (z,t) € B x (0,00).

(5) There exists continuous mappings Ay : B — R™ for 0 < t < oo so that
for every 0 < r < 1 there exists t, > 0 so that the mappings A\ are injective
on B(0,7) fort, <t < oo and for every e > 0 there exists t, < d., so that
1 fi(2) = Ae(2)]| <€ on B(0,r) for 6., < t < cc.

(6) fr — g uniformly on the compact subsets of B.
Then g is injective on B. If the following conditions hold:

(7) There exists ¢ > 0 so that Re(h(z,t),z) > c||z||* for every (z,t) €
B x (0,00).

(8) There exists M > 0 so that ||h(z,t)|| < M - ||z|| for every (z,t) €
B x (0,00).

(9) f extends by continuity on B x (0,00).

(10) There exists K > 1 so that all the mappings f; are K quasiconformal
on B.
Then there exists F': R — R™ Q quasiconformal so that F|B = g.

Since there is a gap in the proof in Theorem 4 from [7] which says that
if g : B — R" is a C!' quasiconformal map, then there exists F' : R® — R"
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@ quasiconformal so that F|B = g, it results that also Theorem 5 from [7]
remains partially true. Indeed, using word by word the proof from Theorem
5 from [7], we have:

THEOREM C. Letn > 2, k > 1, g € C*(B,R") a light map so that g(0) =
0, G: B — LR"R") a C**! map so that det G(z) # 0 on B, G(0) =
I, ||G71(0) o Dg(0) — I|| < 1 and

1[21F74-(G(2) "t o Dg(2) =)+ (1= ||2|[*T1) - G(2) 1o DG(2) (2, )| < 1 on B.
Then g is injective on B.
2. APPLICATIONS OF LOEWNER’S METHOD TO UNIVALENCE CRITERIA

Theorem C extends some results from [24] and [16]. If G(z) = Dh(z) on B,
we extend a result from [9].

THEOREM 1. Letn >2, k> 1, g € C*(B,R"™) a light map so that g(0) = 0,
let h € C**2(B,R") be so that Jy(z) # 0 on B,

Dh(0) = I, ||Dh(0)"' o Dg(0) — I]| < 1
and
I1[2[*+1 - (Dh(2) " o Dg(z) — I) + (1 = ||2|[*") Dh(2) " o D?h(2)(z,-)|| < 1
on B. Then g is injective on B.

If G(z) = Dg(z), Theorem C extends the known univalence result of Becker.

THEOREM 2. Let n > 2, k > 1, g € C*2(B,R") be so that g(0) = 0,
Dg(0) =1, Jg(z) #0 on B and

11— []2][**") - (Dg(2)~" o D?g(2)(z,-))|| < 1 on B.
Then g is injective on B.
We can also prove in this case a quasiconformal extension result.

THEOREM 3. Letn>2,k>1,0<c<1, ge C*2(B,R") a light map so
that g(0) =0, Dg(0) = I, g is K quasiconformal on B and

(L= [|2][**") - Dg(2) ™" o D?g(2)(2,-)|| < ¢ on B.
Then there exists F': R — R™ @ quasiconformal so that F|B = g.

Proof. We use the method from Theorem 5 from [7].
Let f: B x (0,00) — R"™ be given by

f(z,t) = g(ze™h) + (¥ —e™")Dg(ze")(2) for (z,t) € B x (0,00).

We see that f; — g uniformly on the compact subsets of B, hence f satisfies
condition (6) and as in Theorem 5 from [7] we show that it also satisfies
condition (5). Let

H(z,t) = (1—e * D) Dg(ze™) Lo D2g(ze ™) (ze 7, ) for (2,t) € B x (0,00).
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We see that D(f;)(z) = e*Dg(ze™)(I — H(z,t)),

80];(2 t) = e Dg(ze (kI + H(z,1))(2) for (z,t) € B x (0,00).
(1 — |2[F*Y(EI + Dg(2)~! 0 D%g(2)(2,)) for z € B. We see that

Let E(z) =
||H(z,t)|| < E(z¢7%) < ¢ < 1 for (2,t) € B x (0,00), hence there exists
(I — H(z,t))"! for (2,t) € B x (0,00). Let h: B x (0,00) — R",

t) =

h(z, (I — H(z,t)) o (kI + H(z,t))(2) for (z,t) € B x (0,00)
and let h¢(z) = h(z,t) for (z,t) € B x (0,00). We see that

9 (21) = DUNEI(E) for (2,1) € B x (0,50),

hence f satisfies condition (4). Using relations (12) and (13) from [7] we

see that Re(hi(z),z) > ’?Z+c2 ||z||* and ||h(z,t)|] < kfg - ||z|] for (z,t) €

x (0,00), hence f also satisfies conditions (1), (2), (3), (7), (8). We also see
that f satisfies condition (9).

We see that if A,B € L(R",R"), det A # 0, det B # 0, then I(A) - [(B) <
l(Ao B) and HAOBH < ||A]| o ||B]|- We see that ||I — H(z,t)|| <1+ ¢ and
[(I=H(z,8)) ()| = |Jul|=[H (2, t)(u)[| > 1=[|H (2, D)||-{|ul]| = 1—c for u € S,
hence I(I — H(z,t) > 1 —c for (2,t) € B x (0,00). Then

I1Dfi(2)l] _ |le* - Dg(ze™) o (I — H(z,1))]]

Hiz fi) = I(Dfi(2))  U(eFDg(ze=?)) o (I — H(z,1))
" |[Dg(ze N)| - [T = H(z,1)]] l+c
S S U(Dglee ) I = Hz 1)) = 1 Polze N1
< Ko(Dglee ) 1o < K- 1

for every z € B and every t > 0. It results that f satisfies condition (10) and
using Theorem B, we find F' : R” — R™ @ quasiconformal so that F'|B =g¢g. O

We can also extend a result of Brodskii [2] and some results of P. Curt [8]
and G. Kohr and H. Hamada [16].

THEOREM 4. Let g € C?(B,R™) be so that g(0) = 0, Jy(z) # 0 on B and
there exists 0 < ¢ < 1 so that ||Dg(z) — I|| < ¢ on B. Then g is injective
on B, and if c < 1 and g is K quasiconformal, there exist F' : R® — R" Q
quasiconformal so that F|B = g.

Proof. Suppose that ¢ < 1. Let f: B x (0,00) — R™ be given by f(z,t) =
g(ze ) + (e! —e )z for (2,t) € B x (0,00) and let
H(z,t) = e (I — Dg(ze™)) for (z,t) € B x (0,00).
We see that ||H(z,t)|| < ¢ < 1, hence these exists (I — H(z,t))~! for (z,t) €
B x (0,00). Let h : B x (0,00) — R, h(z,t) = (I — H(z,t))"' o (I +
H(z,t))(z) for (z,t) € Bx(0,00) and let h(z) = h(z,t) for (z,t) € Bx (0, 00).
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Then Dfy(z) = e'(I — H(z,1)), L (2,t) = e!(I + H(z,t))(2) and % (z,t) =

D fi(z)(he(2)) OT(Z)GBX( 00).

Since ||H(z,t)|| < ¢, we use relations (13) and (14) from [7] to see that
Re(h(z,t),z) > 2(11;'3; 12012 and ||h(z, )] < =||2]| for (2,t) € B x (0,00).
Also H(z, fy) = M < H< for (2,t) € B x (0,00). We apply now
Theorem B. ([l

If ¢ = 1, the result is given by the following more generally and quite

elementary theorem:

THEOREM 5. Let D C R" be a convex domain and g € C*(D,R") so that
Jg(2) #0 on D and ||Dg(z) — I|| <1 on D. Then g is injective on D.

Proof. We see that ||Dg(z)(u)||>—2Re(Dg(2)(u),u)+1 = ||Dg(2)(u)—u||* <
1if z € D and u € S™, hence Re(Dg(z)(u),u) > 0 for every z € D and every
u € S™ Let z,w € D be so that ¢g(z) = g(w) and let h : [0,1] — R"™ be
given by h(t) = g((1 — t)w + tz) for t € [0,1]. Then 0 = Re(g(z) — g(w),z —

1

w) = Re(h(1) — h(0),z — w) = Re <f R (t)dt, z — > = gRe<h’(t),z — w)dt

1

= [Re(Dg((1 —t)z + tw)(z — w), z —w)dt > 0 if z # w. It results that z = w
0

and hence g is injective on D. O

If g € H(B), we have a quasiconformal extension result in the case of
Theorem C.

THEOREM 6. Letn > 2, k> 1, g € H(B) be quasiregular, nonconstant with
9(0) =0, let G : B — L(C",C"™) holomorphic so that G(0) = I, det G(z) # 0
for z € B, there exists K > 1 so that ||G(2)||™ < K-|det G(2)| for every z € B
and there exists 0 < ¢ < 1 so that

121571-(G(2) " o Dg(2) =)+ (1=[2[|*1)-(G(2) 1o DG(2)(2, )| < ¢ on B.
Then there exists F': C* — C™ Q - quasiconformal so that F|B = g.

Proof. We see from Theorem C that g is quasiconformal and let f : B x
(0,00) = R™, f(z,t) = g(ze™) + (" — e )G (ze7?)(2) for (2,t) € B x (0, 00).
Let H : B x (0,00) — C*, H(z,t) = —((e”**V (G (ze7")"' 0 Dg(ze™t) — I)
+(1 — e~ NG (ze )" o DG(ze ) (ze7t,-) for z € B, t >0 and

E(z) = ||2[**" - (G7'(2) 0 Dg(2) = I) + (1 = ||2]|**") - G(2) " 0 DG(2) (2, )
for 2 € B. Then ||H(z,t)|] = ||[E(ze7Y)|| < ¢ < 1ifz € S t > 0 and
applying the maximum principle we see that ||H(z,t)|| < ¢ on B for every
t > 0. It results that there exists (I — H(z,t))~! for (z,t) € B x (0,00) and
let h(z,t) = (I — H(2,t)) o (kI + H(2,t))(2 ) for (z,t) € B x (0,00). Then
Dfy(z) = et - G(ze™')(I — H(z,1)), Y (2,t) = e - G(ze™!)(kI + H(z,1))(z)
and % (z2,t) = D(fi)(2)(h(z,1)) for (2,t) € B x (0,00) and using relations
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(12) and (13) from [7] we see that Re(h(z,t), z) > kz;gz [|2]|? and ||h(z,t)]| <
kte||z|| for (2,t) € B x (0,00). We have that
_ DA _ e - Gze ) (I — H(z, 1))
Hz fi) = I(Dfi(z)) ekt - G(ze=t)) o (I — H(z,t))
MGG I = H(z 1] 1+c
T U(G(ze7t)) (I — H(z,1t)) l1—c¢

-1+C<K 1—|—
—C

< H(G(ze™)) -

< Ko(G(ze™"))

for( ,t) € B x (0,00).

We apply now Theorem B to find F' : (C" — C™ @ quasiconformal so that
F|B =g. O

REMARK 1. The result extends a similar one from [24] and [16] established
in the case k = 1 (see also Example 8.5.4 from [12]). The important instrument

we used in the case of holomorphic mappings was the maximum principle and
this allowed us to find that ||H(z,t)|| < cfor z € B, t > 0.

3. APPLICATIONS OF LOEWNER’S DIFFERENTIAL EQUATION TO THE STUDY
OF THE GROWTH OF THE MODULUS OF C? MAPPINGS

Let n > 2, D C R* aset with 0 € D, ® : D — R™ a C? map so that
®(0) = 0. We say that D is ® like if the equation 4 = —®(w), w(0) = z has
an unique solution w, : [0,00) — D for every z € D. If A € L(R™,R"), then
the equation G d—w = —A(w), w(0) = z has the unique solution w,(t) = e™*4 . 2

for z€ B, t > 0 If m(A) = Hlﬂlfl Re(A(z),z) > 0, then Re(A(z),z) > m(A) -

||2||? for every z € B and we see from Remark 3 from [7] that tlim w,(t) =
—00

lim e *.2 = 0. A set D C R with 0 € D which is A like is called of spirallike

t—o00
type and this is equivalent with the fact that e 4.z € D for every z € D and
everyt > 0. If A=1,aset D C R" with 0 € D is I like if and only is starlike,
i.e. if [0,2] € D for every z € D. If X C R” is a C'' manifold with boundary,
dim X =n and x € 90X, we set I — TX, = {u € R"\T(0X),| there exists  :
[0,1] = X a C! path so that v(0) = = and 7/(0) = u}.

Let n > 2, g € C*(B,R") so that g(0) = 0, Jy,(2) # 0 on B and let
® € C'(g(B),R™) be so that ®(0) = 0. We say that g is ® like if Re(Dg(z) 'o
®(g(2)),z) > 0on B\{0}. We say that g is asymptotic ® like if g is in-
jective, g(B(0,7)) is ® like for every 0 < r < 1 and the unique solution
w, : [0,00) — g(B(0,]|z]])) of the equation ‘é—’f = —®(w), w(0) = g(2)
is so that w(0) € I —T(g(B(0,]|z]])))g(z) for every z € B. The relation
w}(0) € I —=T(g(B(0,][zl[)))g(z) says that the path w; : [0,00) = g(B(0, ||z]]))
and the n—1 manifold g(S5(0, ||z||)) are transversal in the point z. If ®(z) = A
for z € B, where A € L(R",R") and ¢ is asymptotic ® like, we say that g is as-
ymptotic spirallike, and if A = I, we say that g is asymptotic starlike. These
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definitions are similar with those from [12], Definition 6.4.1 and from [13],
Definition 2.1 and the next theorems extend similar results from the theory of
holomorphic mappings (see Theorem 6.4.5 and 6.4.7 from [12]).

THEOREM 7. Let n > 2, g € C*(B,R") be so that g(0) = 0, Jy(z) # 0 on
B and let ® € C1(g(B),R") be so that ®(0) = 0 and g is ® like. Then g(B)
is ® like. Let h : B — R™ be defined by h(z) = Dg(z)~! o ®(g(z)) for € B

and the equations

() T = —h(v),0(0) = 2

(54) %" — —®(w), w(0) = g(2),~ € B

Suppose that one of the following conditions hold:
a) Bvery solution v, : [0,00) — R™ of the equation () is so that

lim v(t) =0 for every z € B.

b) There exists ¢ > 0 so that Re(h(z), z) > c||z||* for every z € B.
c) g71(g(0)) = {0} and every solution w, : [0,00) — R™ of the equation
(%) is so that hm w,(t) = 0.

d) g7 1(g(0 )) = {0} and there exists ¢ > 0 so that Re(®(w),w) > c- ||w]|?
for every w € g(B).
Then g is univalent on B and g is asymptotic ® like.

Proof. Let z € B. Since Re(h(x),z) > 0 on B\{0}, we see from Theorem
A that there exists an unique solution v, of equation (%) and ||v.(¢)|| < ||#||
for t > 0. Let w, : [0,00) — R", w, = gow,. Then w, is well defined,
Imw, C g(B), w,(0) = g(z) and

dw,

= Dg(u (1)) - 37 = Dgles () (~h(v=(1)

= —Dg(vs(t)) o (Dg(v=(1)) ™" - @(g(v=(1)) = —P(ws(t)) for t >0,

hence w, is the unique solution of equation (**) and hence g(B) is ® like.

Suppose that condition a) holds. Let a,b € B be so that g(a) = ¢g(b) and let
Wq, wp be the solutions of equation (xx). Since wy(0) = g(a) = g(b) = wy(0),
it results that wg(t) = wy(t) for ¢ > 0. Let € > 0 be so that g is univalent
on B(0,e) and let t. > 0 be so that v,(t) € B(0,¢), vp(t) € B(0,¢) for
t > t.. Then g(va(ts)) = wa(te) = wb(ti) = g(vb(te))v va(ts)vvb(ti) € B(O,&)
and g is injective on B(0,¢), hence v,(t:) = wvp(tz). Since g o (v4|[0,te]) =
go (v][0,t:]) = wq[0, ] and g is a local homeomorphism, we use the property
of the uniqueness of path lifting to find that v,(t) = vp(t) for ¢t € [0,t.]. Tt
results that a = v,(0) = v4(0) = b, hence ¢ is injective on B.

Suppose that condition b) holds and let ¢ > 0 be so that Re(h(z),z) >
c - ||z||? for = € B. Using Theorem A, we see that the unique solution v, :
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[0,00) — R™ of the equation (%) is so that ||v,(¢)|| < ||z||-e~¢ for t > 0, hence
tlim v,(t) = 0 and we apply the preceding step.
—00

Suppose that condition ¢) holds. Let z € B be fixed, let v, : [0,00) — R”
be the unique solution of equation (%) and let w, = g o v,. Then w, is the
unique solution of equation (%), hence tlim w;(t) = 0. Since ||v.(2)|| < |||

—00

for t > 0, we see that v, : [0,00) — B(0,]|z||) has at least a limit point, and
if b € B is such a limit point than g(b) = 0 and hence b = 0. It results that
tlim v,(t) = 0 and using condition a), we see that g is injective on B.
—00

Suppose now that condition d) holds. Using Theorem A, we see that the
equation (*x) has a unique solution w, : [0,00) — R™ so that

l[w.(t)]] < ||z|le”" for every z € B and every t > 0,
hence tlim w(t) = 0. We use now condition c) to see that g is injective on B.
—00

Suppose now that one of the conditions a), b), ¢), d) hold. Then g is
injective on B. Let z € B, r = ||z]|, let v, : [0,00) — R™ be the unique
solution of equation (%) and let w, = gow,. Then w, is the unique solution of
equation (*x) and w’,(0) = Dg(z)(v.(0)). Let p : [0,00) — Ry, p(t) = ||v.(2)]]?
for t > 0. Then

P (t) = 2Re(v)(t),v:(t)) = —2Re(h(v,(t)),v,(t)) <0 for t >0,
hence p is decreasing on [0,00). Suppose that there exists ¢y > 0 so that
p(to) = 0. Then p(t) = 0 for t > to and let t; = inf{¢t > 0|p(¢t) = 0}. Since
p(0) = r > 0, we see that t; > 0 and p(t) > 0 on [0,t1), p(t) = 0 on [t1,00).
Also, p/(t) = —2Re(h(v,(t)),v.(t)) < 0 on [0,¢1), hence p is strictly decreasing
on [0,t1). If p(t) > 0 for every ¢ > 0, then p is strictly decreasing on [0, c0)
and in both cases we see that v,(t) € B(0,r) for ¢ > 0, hence

w,(t) = g(vs(t)) € g(B(0,r)), for t > 0.
Since 2Re< 7(0),v,(0)) = —2Re(h(z),2z) < 0, we see that Re(v,(0),z) # 0,
hence v.(0) € I — T(B(0,r)), and since w’,(0) = Dg(z)(v.(0)), we see that
w,(0) € I=T(g(B(0,7)))4(»)- It results that g is asymptotic ® like. Moreover,

if z€ Bandr = HzH then every solution w, : [0,00) — R™ of equation (xx)
is so that w,(t) € g(B(0,r)) for t > 0 and w}(0) € I — T(g(B(0,7)))g(»)- O

THEOREM 8. Let n > 2, g € C%*(B,R") be injective so that g(0) = 0,
Jg(z) # 0 on B, let ® € C*(g(B),R") be so that ®(0) = 0 and g is asymptotic
D like. Then g is ® like.

Proof. Let h : B — R"™, h(z) = Dg(z)~! o ®(g(z)) for z € B. Let z € B,
r = ||z|| and let w, : [0,00) — g(B(0,7)) be so that w,(0) = g(z), %= =
—®(w(t)) for t > 0 and w,(0) € I —T(g(B(0,7)))g(z)- Let v. = g7 o w..
Then v,(0) = g~ (w,(0)) = g7 (g(z)) = z and

U~ Do) w1 (1)) = Dy(v- (1))~ (0w (1))
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— —Dyg(v. ()" 0 Bg(v(£))) = —h(u:(1)) for t > 0.
Let p: [0,00) — [0,00), p(t) = ||v.(¢)||? for t > 0. Since
vs(t) = g~ (w:(1)) € g (9(B(0,7))) C B(0,7)
for t > 0, we see that p(t) = ||v.(t)|| < r = p(0) for t > 0, hence p'(0) < 0.

Since
p'(0) = 2Re(v;(0),v(0)) = —2Re(h(2), 2),
we find that Re(h(z),z) > 0. If Re(h(z),z) = 0, then h(z) € T(S(0,r)), and
v2(0) = —h(v:(0)) = —h(2) € T(S(0,7)).. Then
w}(0) = Dg(2)(v2(0)) € Dg(2)(T(S(0,7)).) = T(g(S(0,7)))g(z)
and we reached a contradiction. We proved that Re(h(z),z) > 0 on B\{0},
hence g is ® like. O

Re(v
0.

We immediately obtain:

THEOREM 9. Let n > 2, g € C?(B,R") so that g~*(g(0)) = {0}, J,(2) # 0
on B and let A € L(R™,R") be so that Re(A(x),z) > 0 on B\{0}. Then g is
A like if and only if is asymptotic A like.

THEOREM 10. Let n > 2, g € C?(B,R") be such that g~'(g(0)) = {0} and
Jg(z) # 0 on B. Then Re(Dg(z) ' (g(2)),2) > 0 on B\{0} if and only if g is
asymptotic starlike.

If g € C*(B,R"), g71(g(0)) = {0}, J,(2) # 0 on B and A € L(R",R"),
det A # 0 is so that Re( (2),2z) > 0 on B\{0} and g is A like, we can define
m(A) = ||lﬂf1Re<A( z),z), K(A) = sup Re(A(z),z), my(r) = Hiﬂf Re(Dg(z)

= ll2ll=1 zli=r

Lo A(g(2)),2)/r?, My(r) = sup Re(Dg(z)"t o A(g(2)),2)/r* for 0 <r < 1.
|z||=r
We see that 0 < m(A) < K(A) <||A]],0 < my(r) < My(r) < oofor0 <r < 1.
We have the following estimate of the growth of the modules of a A like
map.
THEOREM 11. Let n > 2, g € C*(B,R"™) be so that

g1 (9(0)) = {0}, Dg(0) =1, Jy(2) #0 on B
and there exists A € L(R™,R™) so that 0 < m(A) = K(A) and g is A-like.
Then
IEl

12| - exp O/i(]\”;g(é)) —1) dz

e

<Ilg()I| < II2]] - exp /
0

-~ 1)ao

8=

for every z € B.
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Proof. We see from Theorem 7 that g is injective on B. Let h : B — R",
h(z) = Dg(2)~' 0 A(g(2)) for z € B.
Let z € B and let v, be the unique solution of the equation
d
d%’ = —h(v), v(0) = z.
- g(z) is the unique solution of the equation
d
o = —Aw), w(0) = g(2),
we see that v, = g~ ow,.
Indeed, let v : [0,00) — R™, v(t) = g~ (e 7t g(2)) for t > 0. Then g(v(t)) =
e tg(z) for t > 0 and

& = Do) w-(1) (d@ — D(g ) (e - g(2))(~A(w. (1))

= —D(g7")(g(v(1)))(A(g(v(t))) = —=Dg(v(t)) ™" o A(g(v(t)) = —h(v(t))
and v(0) = g7 1(g(z)) = 2, hence v = v,.

We show that €', (t) — g(2) if t — oo. Since |[e~*g(2)|| < e ™AW ||g(2)|]
for z € B, t > 0, we see that e *4g(2) — 0if t — co. We also see from Lemma
2.1 from [10] that €™ . [Ju|| < [[etu|] < KWL ||| and e KA. [ju|| <
lle=Au|| < et ||u|| for u € R™ and t > 0. Since D(g~)(0) = Dg(0)~! =
I, we see that for € > 0 there exists d. > 0 so that ||[g7(u) — u|| < e ||ul| for
|[u|| < 8. Let t- > 0 be so that |[e*4g(2)|| < 6. for t > t.. Then

[ - v2(8) — g(2)]| = [l (97" (e g(2)) — e g())|
<eMA g7 ey (2)) — e Mg(2)]] < £ - N [lem Mg (2)|

<e - KT 1g(2)|| = e|g(=)]| for t = t.,

Since w,(t) = e~ 4

hence et - v, (t) — g(2) if t = oo. Also, ||v,(t)|| < e=™At . ||et4p,(t)]], hence
v.(t) = 0if t — oc.

Let p : [0,00) — [0,00), p(t) = ||v.(t)]|? for t > 0. Then
20(t) - p/(t) = p°(8)' = 2Re(v(t), v:(t)) = —2Re(h(v:(?)), v=(t)) < 0 for t >0,
hence p is decreasing on (0, 00).

Using the substitution x = p(u), we have

IE] 0 ¢

/ dz _/ P (u)du B _/ p(u) - p/(u)du

vomg(w) S plu) -mg(p(u)) S pA(w) - mg(p(u)

p(t)

= ; Re(h(v:(u)), vz(u))du

o=@ - mg([ua()]) =
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1 /K(A
p(t) §_K(A)’t ||z|| - exp - ) — 1) dz | fort>0.
x

We also have
I=]]

)

dz /0 o' (u)du B / Re(h(v,(u)),v,(u))du <t

- My(x) p(u) - My(p(uw)) ) [Joz(u)][* - My(|[v=(w)]])
p(t) 0

1zl Izl
hence f ( 24)) - 1) dz <m(A)-t—In % and exp f (m(A) 1) dx )

<em (A) %. We obtained that

I1z]]

B A 1 /m(A)
m(A)-t . - -1
e ||| - exp / . (Mg(a:) > dx
(®)

IIz]]

< plt) < e KO el exp | [ 1 (K 4) 1) da
X

We have that
IIZH

e w2 (B < XA [l (0)]] < ] - exp
(t)

and [le"4v.(#)]] = ™D oz (8)]] = [|2]] exp f

5
)

—1 da:)

Iz Iz

m(A) tA
|\z||.exp(/ (Mg($)—1>dx)g||e va(1)]] < ||2]] exp /
o(t) p(t)

K=
H\»—k
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for every t > 0. Letting ¢t — oo, we find that

Il lIz]]
lelleso [ (1)) < ot < lllexp ([ £ (508 -1)ar),
for every ZOG B. : O

REMARK 2. If ¢ € H(B) then g is A like if and only if g is injective and
e g(z) € g(B) for every (2,t) € B x [0,00) and g is I like if and only if g(B)
is starlike and ¢ is injective. We have for A like holomorphic mappings some
estimates of the growth of the modulus of g(z) in Lemma 2.11 from [10] and
for starlike mappings we have the well known formulae:

Il IEl
(1 +Iz1) (1= 1l=1)?

In fact, for holomorphic starlike mappings we see from Lemma 6.1.32 from
[12] that my(r) = Mgy(r) = T~ for 0 < r < 1 and using Theorem 11 we
find this formulae.

Some of the result also hold on arbitrary Hilbert spaces.

THEOREM 12. Let K = R,C, E a Hilbert space over the field K, g €
C%*(B,E) so that g~1(g(0)) = {0}, ¢'(2) € Isom(E, E) for every z € B and
suppose that Re(Dg(2)"(g(2)),z) > 0 on B\{0}. Then g is univalent and
g(B) is starlike.

THEOREM 13. Let K = R,C, E be a Hilbert space over the field K, b €
(0,00], h : B x (0,b) — E continuous, satisfying conditions (1), (2), (3)
so that there exists c,d : (0,b) — Ry continuous so that c(||z]) - ||z]|*> <
Re(h(z,t),2) < d(||z]]) - ||z]|* for every z € B\{0} and every 0 <t < b. Then,
if z € B, 0 < s <band ¢(s,2) is the solution of Loewner’s differential

<|lg(z)|] < for z € B.

1—r
14r>

equation % = —h(v,t), v(s) = z and p(t) = ||¢(t,s,2)|| for s <t < b, we
have

H»ZII1 . I\»ZII1 )
s. . (= < et < eS. . il .
e®-||z]|-exp (/ x(d(x) 1)da:> <e'p(t) <e’||z||-exp (/ x(c(:z:) 1)da:>

p(t) p(t)
4. QUASICONFORMAL EXTENSION OF A LIKE MAPPINGS

The following theorem extends some results of Chuaqui [3] and Hamada
and Kohr [16, 17] established for holomorphic mappings:

THEOREM 14. Let n > 2, g € C?(B,R") K quasiconformal so that g(0) =
0, Jg(2) #0 on B and let A € L(R™,R™) and ¢, M > 0 be so that 0 < m(A)
K(A), Re(Dg(2)"! 0 A(g(2)),2) = c- ||2|[* on B and [|Dg(z)~" o A(g(2))]]
M on B. Then g is a Lipschitz map on B and there exists F' : R® — R"
quasiconformal so that F|B = g.

QINA
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Proof. We see from Theorem 7 that g is injective on B. Since A o g is
differentiable in 0, there exists e > 0, M; > 0 so that [|A(g(2))|| < M; -
||2|| for ||z|| < 1. Since g(0) = 0 and (¢~ !)" is continuous in 0, there exists
0 <e<erand My > 0 so that |[(g71) (g(2)) — (g71)(0)|| < M for ||z]| < e.
Let z € B(0,¢). Then

1Dg(2) " (Alg()II _ [1(g™) (9(=))(Alg())I|

[|]] ; |||
< ™) (9D (A=) — (g~ () (AGEDI lltg™) O)(Alg())I]
) Il IEl
< o™ (061 — (g™ - LAy gty oy [0

< Mi(Mz + /(g7 1) (0)]])-
Let M3 = My(Ma + [|(g71)'(0)||) and My = max { M3, £} . We showed that
1Dg(z)" (Alg(=))]| € Mo - |I2] for every = € B. Also,

e[zl < Re(Dg(2) "' (A(g(2))), )

< [(Dg(2) "' (Alg(2))), 2)| < [|Dg(=)" (Alg())]] - []=]],
hence c-||z|| < ||Dg(2)"1(A(g(2)))|| for every z € B. Let h: B — R"™, h(z) =
Dg(2)71(A(g(2))) for z € B and the initial value problem
dv
dt
Since Re(h(z), z) > c-||z||? for every z € B we see from Theorem A that there
exists an unique solution v, : [0,00) — R™ of this equation and ||v,(t)|| <
||z||-e= for z € B, t > 0. As in Theorem 11 we see that v, (t) = g~ (e *g(2))
for z € B, t > 0, hence ||g~ (e *g(2))|| < ||z]| - e~ for z € B, t > 0. Let
t>0,r>0and z € B(0,7). We see from Theorem 7 that g is asymptotic
A like, hence there exists w € B(0,r) so that e *4g(z) = g(w) and since
lwl] = llg~" (g(w)l = llg~" (™ gl < [l2ll - €7 < r- e, we see that
e g(2) = g(w) € g(B(0,re=)) € g(B(0, e_Ct)) Let Ky > 0 be so that
g(B(0,e=) € B(0,Ky). Then [lg(2)|| < eKA[le=t4g(2)[|, hence g(z) €
B(0, K; - K1) Tt results that g(B) C B(0, K; - X)) hence g is bounded
on B and let Ky > 0 be so that ||A(g(2))|| < Ky for every z € B.
We show that there exists 6 > 0 so that ||[Dg(z)7!|| > ¢ for every z € B.
Indeed, otherwise we can find 2, € B and u, € S™ so that || Dg(z,) " (up)|| —
0.

= —h(v), v(0) = z for z € B.

Let A : g(B) — B be the inverse of g. Then \ is also K quasiconformal and

o> INGEI [N (9(2)) (Alg(2p)) /[ Alg(zp)) 1)

= 1N (g(z) = 1N (g(2p)) ()|
__ IDg(z) " (Al o e llzll 1
1ACg(zp))II - [1Dg(zp) = (up)ll — [[A(g(zp))I| - [[Dg(zp) =" (up)]
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S . { 1 ¢ } 1
>c-ming —, — ¢ - —
My Ko [|Dg(zp) = (up)]]
We reached a contradiction, hence we proved that there exists § > 0 so that
|[Dg(2)71|| > § for every z € B. Then
K K
0

lg' ()|l = H(z,9) - Ug'(2)) < K - U(g'(2)) = D] <

for every z € B, and this implies that g is a Lipschitz map on B and hence it
extends continuously at B.

Let f; : B — R, fi(2) = eg(2) for 2 € B, t > 0. We see that Df;(z) =
et4 o Dg(z), a{( 1) = Aoetg(z) for (2,t) € B x [0,00), hence

Dfi(2)(h(2)) = €' Dg(2)(Dg(2) ' (Al9(2))))

= Mo A(gl2)) = Ao (g(2) = (1)

for 2 € B and ¢ > 0. Also, f; — g uniformly on the compact subsets of B,

every map f; is injective on B, f extends continuously on B X (0,00) and

Re(h(z),2) > c-||2||?> on B, ||h(2)|| < My - ||2|| for z € B and h is a C' map.
Also,

— oo if p = 0.

DA _ llet o Dg(2)]| _ [le]] - [1Dg(2)]]
I(Dfi(z)) l(etAng(Z)) = Uet) - U(Dg(z))
KA ||Dyg(2)|]
~ et (Dg(2))
for every z € B and every t > 0, hence all the mappings f; are K quasicon-

formal. We apply now Theorem B to find F' : R” — R" ) quasiconformal so
that F|B = g. O

REMARK 3. If a > 0 and A + A* = 2al, then 0 < a = m(A) = K(A).
Also, the condition Re(Dg(z)~*(A(g(2))),2) > c-||z||? for every z € B\{0} is
satisfied if f is strongly starlike (see Definition 8.3.22 in [12]) or if f is strongly
starlike of order o (see Definition 8.5.12 from [12]). Indeed, in both cases

there exists 0 < ¢ < 1 so that ‘U‘L‘(Z')'f) - }Jrgz <3 20 for every B\{0}, hence

U‘Ll(zl)l’f) € B <i+g2, = ) for every z € B\{0} and we see that %‘TQ)’@ >

1 —o on B\{0}. It results that Theorem 14 extends the results from [3], [16],
[17] even in the case of holomorphic mappings.

H(z, fi) =

=H(z,9) <K

Finally we give the proof of the eliminability result for quasiregular map-
pings from Theorem 2 from [7], which was omitted in [7].

THEOREM 15. Let n > 2, D C R™ a domain, E C D closed in D so that
pn(E) =0 and let f : D — R™ be continuous, open, discrete on D and K-
quasireqular on D\E. Let H; = {x € R"|(z,e;) = 0} fori =1,...,n and
let P; : R™ — H; be the projections on H; fori =1,...,n and suppose that
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P Y(y) N E is at most countable for a.e. y € H;, i =1,...,n. Then f is K

7
quasireqular on D.

Proof. We see from Proposition 1.2 page 6 from [25] that the weak partial
derivatives and the ordinary partial derivatives of f coincide a.e. in D\E. We
denote by é%(a:) the ordinary partial derivatives of f in x, i = 1,...,n, while
f'(x) and J¢(x) will denote the weak derivative of f in z, respectively the
weak Jacobian of f in z.

Let x € D be fixed. Since f is continuous, open, discrete on D, there exists
ry > 0, Ny > 1 and U, € V(z) so that U, cC D, f(U,) = B(f(x),r) and
N(f,U,) < N,. Since f € W' (D\E), we use the change of variable formulac

loc

(3) from [18] to see that [ |J;(z)|dz = [ |Jf(2)|dz < [ N(y, f,U;\E)dy
Us U\ E Rn
< Ny pin(B(f(z),75)) < 0o. We therefore proved that J; € £1 (D) and since

I|f'(2)||" < K - Jf(2) ae. in D, we see that @f||f’(z)H”dz < oo for every

case (Q CC D with the sides parallel to coordinate axes. Let Q CC D be
such a cube, let i € {1,...,n} and let @; be the face of @ which is parallel
to H; and let J, = P, '(y) N Q for y € Q;. Since [||f'(2)||[dz < oo, we use
Q
Fubini’s theorem to see that [ Hg—i(z)Hdz < oo for a.e. y € Q;. Since f is
Jy
quasiregular on D\ E, we see that f|J, : J, — R" is absolutely continuous on
every closed internal J C J, N (D\FE) for a.e. y € Q;, and since J, N E is at
most-countable for a.e. y € Q;, it results that all the components of the map
flJy + Jy = R™ satisfy condition (N) for a.e. y € Q;. Using Barry’s theorem
(see [27], page 285), we see that all the components of f|J, : J, — R™ are
absolutely continuous on J, for a.e. y € Q;, i = 1,...,n, hence f is ACL
on D. Since [ ||f'(2)|["dz < K - []Js(2)|dz < oo for every cube Q CC D
Q Q

with the sides parallel to coordinate axes, we see that f is ACL™ on D and
|| f'(2)||" < K-J¢(2) a.e. in D. We proved that f is K-quasiregular on D. O
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