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NEW SUBCLASS OF UNIVALENT HOLOMORPHIC FUNCTIONS
BASED ON SALAGEAN OPERATOR

SHAHRAM NAJAFZADEH

Abstract. By using generalized Salagean differential operator a new subclass of
Univalent holomorphic functions with negative coefficients is defined. Coefficient
estimates, weighted mean and arithmetic mean properties are proved. Finally,
effect of two integral operators on functions of this subclass are investigated.
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1. INTRODUCTION AND MOTIVATION

Let A denote the class of functions f(z) of the from

(1) f(2) :z—l—Zanzk
n=2

which are holomorphic in A = {z € C :| z |< 1}. We denote by T" the subclass
of A consisting of function f(z) € A which are holomorphic univalent in A
and are of the from

(2) f(z) :z—iakzk, ap > 0.
n=2

The generalized Salagean differential operator is defined in [1] by
D} f(2) = £(2)

D} f(2) = (L= A)f(2) + Azf'(2)
N f(z) =D A(DYTf(2), A >0.

See also [3].
If f(2) is given by (2), we see that
(3) V) =2 [+ (k= 1)\ axz".
n=2

When A = 1, we get the classic “Salagean” differential operator [4].
A function f(z) € T is said to be in S}(a, 8,7) if and only if

DY f(2)]' = ;DY f(2)
n+1
ZQM - B(1+0)c

(4)

<7
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for a, 3,7, 0 belong to [0,1).

2. MAIN RESULT

First we obtain necessary and sufficient codition for the function f(z) to be
in class S} (o, 3,7, 6).

THEOREM 1. A function f(z) given by (2) is in the class S)(a, 3,7,0) if
and only if

(5) D _[(1+ (k=N (RA+ k(1= A) — 1+ 2a7)ap] < ay(2 - B(1+06)).
n=2
The result is best possible for the function
(2~ A1+ 6)) p
(14 (k= DN HE2A + k(1 —X) — 14 2a)
Proof. Let the inequality (5) holds true and suppose |z| = 1, then we obtain
DY f(2)
z

(6) G(z)=z-—

|| =] 2a—2a i[1+(/~c—1))\]"+1akzk_l—B(l—i—@)a ]

n=2

| DY F(2))

= i[l + (k= DN T E2A + k(1 = \) — 1+ 2a9)ap — ay(2 — B(1 +6))] < 0.
n=2

Hence, by maximum modulus theorem, we conclude that f(z) € Sy (a, 38,7, 6).
Conversely, let f(z) defined by (2) be in the class S)(a, 8,7,6), so the
condition (4) yields

DY F(2)) - DY £(2)]

202X 1] _ 5(1 4 B)a

S50+ (k= DAPHRA + (1= ) — Dagzh!
200 =Y o 20(1 + (K — DA™ — B(1 + 0)«
Since for any z, we have |[Re(z)| < |z|, then
325911 (5 = DA™ (B2A + k(1= A) — Loy
a(2=B(1+0))— > o0 2a(1 + (k— 1)N)"Hagzk1
By letting z — 1 through real values, we have

<7,z €A.

Re

<.

i[u + (k= D" (EA + k(1 = \) — 1ay,
n=2
<ay(2 - B(1+40)) — 20y i(l + (k — 1)\ "y,

n=2

and this completes the proof. O
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COROLLARY 1. Suppose that the function f(z) belongs to T and is in the
class Sy(a, 3,7,0). Then
ay(2 - B(1+9))

7 < k> 2.
D S GG Ty FA = ) T 2a) F 2
3. WEIGHTED MEAN, ARITHEOREMETIC MEAN AND OPERATOR ON

S (e, B,7,0)

In the last section we prove that the class Sfl‘(a,ﬁ,fy,e) is closed under
weighted mean and aritheoremetic mean. Also we verify the effect of two
operators on functions in the same class.

THEOREM 2. If f(2) and g(2) be in the class S (a, B,7, ), then the weighted
mean of f(z) and g(2) defined by h(z) = $((1 — 7)f(z) + (1 + j)g(2)) is also
/Ln Sé(a7 57 /77 9)'

Proof. By a direct calculation we obtain h(z) = z— Y00, 2[(1—j)ay + (1+
§)bx]z*. Since f(z) and h(z) are in the class S)(a, 3,7,6), so by Theorem 1
we have

i[u +(k—=DN" T EA+E(L-N) -1+ 2(17)(%(1 — fag + (14 5)bg)]
n=2
= ;[i(l + (k= DN M EEA+ k(1 = X) — 14 209)(1 — j)ay

n=2

- iu 4+ (k= DN K2+ k(1 = A) — 1+ 209)(1 + 5)b]
n=2

< 310 = Par(2 = (1 +0)) + (1+ far(2 — (1 +6))] = ar(2 ~ B(1+6)).
Hence by Theorem 1 h(z) € S} (o, 8,7, 6). O

THEOREM 3. If fi(z) (j=1,2,---,m) defined by fj(z) =z—3 .2, ak,jzk
be in the class Sy(a, B,7,0), then the aritheoremetic mean of f;(z) is also in
the same class.

Proof. By a direct calculation we obtain h(z) = z2—Y 005 (& 7 | ay ;) 2".
Since f;(z) € Sp(«,B,7,0) for every j = 1,2,--- ,m, by using Theorem 1 we
get

iu + (k= DN AN+ k(1 - ) — 1+ 2a7) (; i ak7j> 2"
n=2 n=1

<=3 (2 B(1+0)
n=1

which in view of Theorem 2.1, yields the proof of Theorem 3. g
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THEOREM 4. Let f(z) of the from (2) be in Sp(a, B,7,0), then the Komato
operator [2] of f defined by

Pe+1) 1\ f(2)
K = ——t°| log - ——=dt -1,0>0
ren = [l (o) ar s —1020
belongs to S} (a, B,7,0).

Proof. Since fol t(log 1)0-1dt = (Crﬁ))é and fol tthe=l(log 1)9-1dt = %,
k > 2, we obtain

K(f(2)) = 2 — f: (21;)6%%

Since (gi—}g)‘s < 1 for k > 2 and (5) holds, we conclude,

00 1 1)
Z (1+ (k— 1)/\)"“(162)\ +k(1—=X) —14+2ay) <C+> ak]
= c+k
and this completes the proof. O

THEOREM 5. Let f(z) € S} (a,B,7,0), then the function J,(f(2)) defined
by J.(f(2)) = (1—u)z+ufoz f(tz)dt where p >0 and z € A is in S{)(a,ﬂ,’yﬁ)
if0< <2

Proof. By a simple calculation, we obtain J,(f(2)) = z — 357 £ax2*, and
£ <1 But since f(z) € SXa, B,7,8), so by Theorem 1 we have

I+ (k= DA™ EPA+E(1-A) — 1+ 2047)%% < ay(2 - B1+0)).

2
This inequality completes the proof. O
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