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SUBORDINATION PROPERTIES
FOR SPECIAL INTEGRAL OPERATORS

KAZUO KUROKI and SHIGEYOSHI OWA

Abstract. Applying the Integral Existence Theorem for normalized analytic
functions concerning the existence and analyticity of a general integral operator
which was proven by S. S. Miller and P. T. Mocanu (J. Math. Anal. Appl. 157
(1991), 147-165), the analyticity and univalency of the functions defined by a
certain special integral operator is discussed, and some interesting subordination
criteria concerning with several integral operators are obtained.
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1. INTRODUCTION AND PRELIMINARIES

Let H denote the class of functions f(z) which are analytic in the open unit
disk U= {z € C: |z| < 1}. For a positive integer n and a complex number a,
let H[a, n] be the subclass of H defined by

Hla,n] ={f(z) e H: f(2) =a+anz" + U124 }.
Also, we define the class A, of normalized analytic functions f(z) as
A, = {f(z) EH:f(2) =2+ ant12" +apio2™ 4 }

with A; = A. In addition, we need the classes of convex (univalent) and
starlike (univalent) functions given respectively by

IC:{f(z)eA:Re<1+Z;,/;S)> >0 (zeU)}

and
Zf’(2)> }
S* =4 f(z 6.A:Re< >0 (z€U);.
Ve ) 70 FEY
Furthermore, a function f(z) € A is said to be A-spirallike in U if it satisfies

Re (ei’\ Z;éi?) >0 (z€0)

for some real number A\ with || < g We denote by S* the class of all such

functions. And, the class S is defined by

§:U{S%|A|<g},
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which implies that $* C S. Specially, we note that all spirallike functions are
univalent in U.

We also introduce the familiar principle of differential subordinations be-
tween analytic functions. Let f(z) and ¢g(z) be members of the class H. Then
the function f(z) is said to be subordinate to ¢g(z) in U, written by f(z) < g(z)
(z € U), if there exists a function w(z) analytic in U, with w(0) = 0 and
lw(z)| <1 (z € U), and such that f(z) = g(w(z)) (¢ € U). In particular, if
g(z) is univalent in U, then f(z) < g(z) (z € U) if and only if f(0) = ¢(0) and
f(U) € g(U).

For the function F'(z) € A, Miller and Mocanu [3] (see also [4]) proved the
Integral Existence Theorem concerning with the existence and analyticity of

a general integral operator of the form
1

B+ [7 a -1 3,17
0 1F)e) = { 200 [ ra) e al
where «, 3, v and  are complex constants, and ¢(z), ¥(z) € H[1,n]. This
operator was introduced by Miller, Mocanu and Reade [6].
In the present paper, applying a certain special Integral Existence Theorem
which is obtained by giving some conditions, we discuss the analyticity and
univalency of the functions defined by the following special integral operator

) T F)() = {5 [ rwypweaf

Further, by making use of the properties of subordination chains [8] (see also
[4]) and the lemma given by Miller and Mocanu [2] (see also [4]) often used
in the theory of differential subordinations, we deduce some subordination
criteria concerning with

f(z) < {5/: (F(t))o‘@(t)t‘s‘ldt}é (z €U)

for analytic functions f(z) with f(0) = 0. Moreover, we apply our result
to find several subordination criteria for certain analytic functions defined as

B

follows: )
If the function f(z) € A with f(z)zf(z) # 0 in U satisfies
e < zf”(Z)> }
(3) Re {(1 @) 02 +a(l+ 702) >0 (z€ )

for some real constant «, then f(z) is said to be a-convex in U. We denote
this class by M,. The class of a-convex functions in U was introduced by
Mocanu [7], and was studied by Mocanu, Miller and Reade [5]. They proved
the following lemma.

LEMMA 1. If f(z) € Mg, then f(z) € S*. Moreover, if « = 1, then
f(z) e K.
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Also, Sakaguchi and Fukui [10] proved that, if f(z) satisfies the inequality

(3), then w never vanishes in U. In other words, this fact means below.

REMARK 1. A necessary and sufficient condition for f(z) € A to be a-
convex in U is that f(z) satisfies the inequality (3).

In 1962, Sakaguchi [9] introduced the class of k-starlike functions f(z) € A
which are defined by

(4) Re {k'z;;i’j) + (1 + Z]{i/;ij))} >0  (zel),

where k is a complex constant such that Rek > —1. We denote by Si the
class of k-starlike functions. We note that k-starlike functions are different
from a-convex functions.

Finally, we introduce the class of functions well-known as Bazilevi¢ function.

A function f(z) € A is called Bazilevi¢ of type (a, b, \), if there exists a function
g(z) € §* such that

Az l@ (FRN (RN .
®) R{ o (o) (°2) }>° et
for some real numbers a, b (a = 0) and A (|/\| < g) We denote by Bj(a, b) the

class of all such functions. Then, we note that By(0,0) = S* and B,(0,0) = S*.
In 1955, Bazilevi¢ [1] proved that Bazilevi¢ functions are univalent in U.

2. NOTE ON THE INTEGRAL EXISTENCE THEOREM

To considering the Integral Existence Theorem, we need to introduce the
following open door mapping which is a special mapping from U onto a slit
domain.

DEFINITION 1. (The Open Door Function) Let ¢ be a complex number such
that Rec > 0, let n be a positive integer, and let

n 2Rec
(6) C’n—Cn(c)—Rec{]d-\/l%— - +Imc}.

If R(z) is univalent defined by R(z) = 2C, 1=z (2 € U), then the open door
function R, (z) is defined by

R(z—l—b) _ 90, (sz)(l—%bz) |
1+ bz (1+0b2)2—(2+0)?
where b is complex number with R(b) = ¢. If ¢ > 0, then since C), in (6) is
simplified to Cy = C(c) =n+1/1+ 2, and since b= > 0 and b+ } = 2=,

[

Ren(z) =

: _ 14z 2nz
we obtain R n(2) = ci22 + {72
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REMARK 2. From the above definition, we see that R, ,(z) is univalent in
U, R;»(0) = cand R, ,(U) = R(U) is the complex plane w with slits along the
half-lines Rew = 0, Imw = C), and Rew = 0, Imw £ —C,,. Also note that if
¢ > 0, then C,41 > C,, and nh_)IgOC’ = 00. Thisleads us to R (2) < Ren+1(2)

and lim R.,(U)=C.

n—o0

LEMMA 2. (Integral Existence Theorem) Let p(z), ¥(2) € H[1,n] with ¢(z)-
P(z) # 0 in U. Also, let o, B, v and § be complex numbers with B # 0,
a+0 =L+ and Re(a+ ) > 0. Moreover, let F(z) € A, and suppose that

R CRee)
where Rq15n(2) is the open door function. If g(z) = I[F](z) is defined by
(1), then

+0 < Rotsn(2) (z € U),

00 L g g med 5@ WG
® o edn 820 and re 5L 20 L

for z € U, where all powers in (1) are principal ones.

From the assumptions of Lemma 2, we deduce that P(z) € H[a + J,n].
Also, from Remark 2, the condition P(z) < Ra4sn(2) in (7) can be replaced
by the stronger condition Re P(z) > 0 (z € U). Hence, using this result in
the Integral Existence Theorem, we find the following lemma.

LEMMA 3. Let (2), ¥(z) € H[L,n] with ¢(z) - (z) # 0 in U. Also, let «,
B, v and & be complex numbers with f # 0, a+ 0 =+ and Re(a+§) > 0.
Moreover, let F(z) € A, and suppose that
F()_29/(2)

F(z)  o(2)
satisfies Re P(z) >0 (z € U). If g(z) = I[F](z) is defined by (1), then g(z)
satisfies the conditions (8).

P(z) =« +6e€H[a+6,n]

We next consider a few special cases of Lemma 3. If we let ¢(z) = 1 and
v = 0, then we derive special Integral Existence Theorem below.

LEMMA 4. Let p(z) € H[1,n] with p(z) # 0 in U. Also, let o, B and 6 be
complex numbers with f = a+ 4§ and Re (a+9) > 0. Moreover, let F(z) € A,
and suppose that

_ @) ) .
P(z) = F02) + o02) + 4 € H[B,n]

satisfies Re P(z) > 0 (z € U). If g(z) = I[F](2) is defined by (2), then

9(z) and Re 20 (2)
g(z) € Ay, . #0 dR<ﬁg(z))>0

for z € U, all powers in (2) are principal ones.
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REMARK 3. Since Re 8 > 0, the above inequality
zg’(Z))
9 Re (B >0 zeU
) (525 (zev)

shows that g(z) produces spirallike, which implies that g(z) is univalent, even
when F(z) is not univalent. That is, the above lemma provides conditions
for which the function g(z) = I[ F'](z) defined by (2) will be an analytic and

univalent function. In particular, if 5 > 0, then g(z) € S*.

REMARK 4. By Remark 3, if the function g(z) € A, satisfies (9), then since
g(z) is univalent in U with g(0) = 0, we can deduce the condition @ #0(z €

U), because we know that @ - 1#0.
z=

3. AN APPLICATION OF INTEGRAL EXISTENCE THEOREM CONCERNING WITH
DIFFERENTIAL SUBORDINATIONS

Applying special Integral Existence Theorem which was obtained in the
previous section, we discuss the following subordination

f(z) < {5/OZ(F(t))%(t)té1dt}é (z € U)

for analytic functions f(z) with f(0) = 0, and deduced a subordination crite-
rion.

In order to discuss our main result, we need some lemmas for subordination
(or Loewner) chains. A function L(z,t), z € U, t = 0, is said to be a subor-
dination chain if L(-,¢) is analytic and univalent in U for all t = 0, L(z,-) is
continuously differentiable on [0, 00) for all z € U, and L(z,s) < L(z,t), when
0 = s <t (Pommerenke [8] or Miller and Mocanu [4]). The following lemma
provides a necessary and sufficient condition for L(z,t) to be a subordination
chain.

LEMMA 5. (Loewner’s Theorem) The function L(z,t) = a1(t)z + az(t)2% +
-, with a1(t) # 0 fort 20, and tlim la1(t)| = oo, is a subordination chain if
—00
and only if there exist constants r € (0,1] and M > 0 such that
(1) L(z,t) is analytic in |z| < r for eacht = 0, locally absolutely continuous
int 20 for each |z| < r, and satisfies
|L(z,t)| < Mai(t)], for|z| <r andt = 0.
(ii) there exists a function p(z,t) analytic in U for all t € [0,00) and
measurable in [0,00) for each z € U, such that Rep(z,t) > 0 for z € U,
t €[0,00), and
OL(z,t)  OL(z,t)
5 =7 g, P&
for |z| < r, and for almost all t € [0, 00).
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Note that the univalency of the function L(z,t) can be extended from |z| < r
to all of U. This lemma is well-known as the Loewner’s theorem (see [8]). In
the proof of our main result, the following lemma given by Pommerenke [8] is
useful to apply the slight forms of Lemma 5.

LEMMA 6. The function L(z,t) = a1(t)z + ag(t)2% 4+ - - -, with a1 (t) # 0 for
allt =20 and tlim la1(t)| = o0, is a subordination chain if and only if
—00

L
z@ (z,t)

0z
Re DL (2. 1) >0,

ot

for z€e U and t 2 0.

In addition, the next lemma comes from the general theory of differential
subordinations.

LEMMA 7. Let g(z) be analytic and univalent on the closed unit disk U
except for at most one pole on OU, where OU = {z € C : |z| = 1}, U=UUIU.
Also, let a = g(0) and f(z) € Hla,n] with f(z) # a. If f(2) is not subordinate
to g(z), then there exist two points zy = 1'% € U and ¢y € U, and a real
number m with m =2 n 2 1 for which f(U,,) C ¢g(U), f(z0) = g(¢o) and
20/ (z0) = mCog'(Co), where Uy, = {2z € C: |z| < ro}.

More general forms of this lemma are given by Miller and Mocanu [2] (see
also [4]).

Our main theorem is contained in Theorem 1.

THEOREM 1. Let a, B and § be complex numbers with 8 = a4+ § and
Re(a+6) > 0. Also, let F(z) € Ay, ©(z) € H[1,n] with ¢(z) # 0 in U, and
suppose that

() ()
F(z)  o(z)
satisfies Re P(z) > 0 (z € U). If f(2) is analytic in U with f(0) = 0 and
satisfies the following differential subordination

) (@) T ()" < {(F) =)=}

then

(10) P(z) =«

+ 9 € H[B,n]

B—1
B

™|

(z € 1),

1
B

f(2) < {ﬁ/oz (F(t))“¢(t)t5—1dt} (z € ).

F
Proof. From (10), we see that (2) # 0 in U. If we let
z

1

(12) G(2) = {(F())"e(2)2"},
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then G(z) can be represented by

=+ (%

We note that G(z) € A,
(z € U), we have
(13)  Re <5Zgég)> — Re {azgég) + Zzg) + 5} >0 (zeD).

Thus, by Remark 3, we deduce that the function G(z) is univalent (spirallike)
in U, and hence the subordination (11) is well defined. Also, if we set

(14) 6(z) = {ﬁ JREORIUE dt}é ,

then from Lemma 4 and Remark 3, we see that the function g(z) is analytic
and univalent (spirallike) in U. And, from (12) and (14), we have

1
) o(z ﬁ—z—l—An_,_lan—F-'-

G()

(2) >0

B—1

(902) T (29 () = {(F)°0)2"}” = G,
We now show that
(15)  L(zt) = (9() 7 {1+ ()} =(1+D3G(z)  (t20)
is a subordination chain. Since G(z) € A,,, the function
L(z,t) = (1+8)7G(2) = ar(t)z + ansr ()" + -+

is analytic in U for all ¢ = 0, and is continuously differentiable on [0, c0) for
all z € U. Also, we have

OL(z,1) , OL(z,t) 1 1,
9 =(1 +t)ﬂG( ), 5 B(1+t) G(z).
Then, since G(z) € Ay, it is clear that
ai(t) = OLéz,t) :(1+t)%G’(O):(1+t)% #0 (t=20),

z=0
and
1
1 — 1 B =
Jim a0 = Jim |1+ )3 = oo

A simple calculation combined with the condition (13) yields

;2L (11 0h0) ()
. Oz _ Re 14+1)82G' (2 _ . G (z
R 7@L(z,t) R %(1 +t)%*1G(z) (I+ )R <5 G0 ) > 0,

ot
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for z € U and ¢t =2 0. Hence by Lemma 6, L(z,t) is a subordination chain, and
we have L(z,s) < L(z,t), when 0 < s < t. From (15), we obtain L(z,0) =
G(z), and hence we must have

(16) L(¢,t) ¢ G(U),

for |(|=1and t 2 0.
Next, applying Lemma 7, we will show that

(f(z))% (zf’(z))% < G(z) implies f(z) < g(z) (z € V).

We observed that the function g(z) is univalent in U. Here, without loss of
generality, we can assume that g(z) is univalent on U, and ¢'(¢) # 0 for |(| = 1.
If not, then we can continue the remainder of the proof with the function g(rz)
(0 < r < 1) which is univalent on U, and obtain our final result by letting
r—1".

If we assume that f(z) is not subordinate to g(z), then by Lemma 7, there
exist two points 29 € U and (4 € 9U, and a real number m = 1 such that
f(2z0) = 9(¢o) and 20f'(20) = mCpg’({o). Then from (15) and (16), we have

(f(20))

7 (20f"(20)) 7 = (9(¢0)) 7 (mlog'(¢o))
where zg € U, (o] = 1 and m = 1. This contradicts the assumption (11) of

the theorem, and hence we must have f(z) < g(z). Therefore, we conclude
that

-1 1 -1
B

=

= mB ()

1
B

10 <{s [(Fa) ewrtal”  ceo.
0
which completes the proof of Theorem 1. O

As an example of Theorem 1, we give

ExAMPLE 1. For the following functions
F)= g e A and ()=
z —(1_2)26 and (z B SR
since 8 = a + J, we see that

Rofaz 54 2200 g} —nofar ey ARA ) g

_Re{(a+5)+(2lRiﬁ—(a+6))z}

€ H[1,1],

B+ Bz

=R
¢ 1—=2

>>O (z € ).
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Hence, F(z) and ¢(z) satisfies the assumption of Theorem 1. And, we have

1

1 a+9d B
{(Foe ) {0 =) - e
Thus, from Theorem 1, we find that
()T GF @) < — s
(1—2) 5

implies

z -1
for analytic functions f(z) with f(0) =0

REMARK 5. For the function in Example 1, we note that

{@K“j;%%&ﬁ_lgf{fﬂT$%”“1}&F

n=0

— = ﬂ (QRGﬁ)n n

_{nz:%ﬁm' (D)n Zm}
2Reﬁ 5

PR EnE

:z{2F1(5,2Reﬁ,5+1;2)}B7

where 9 F}(a, b, c; z) represents the hypergeometric function.

=

|

4. SOME SUBORDINATION CRITERIA RELATED TO SEVERAL INTEGRAL
OPERATORS

Let us consider some particular cases of Theorem 1.

Letting @ = a (a > 0), 6 =1ib (b € R), namely 5 = a + ib in Theorem 1, we
obtain

COROLLARY 1. Let a and b be real numbers with a > 0. Also, let F(z) € A,
with 22 £ 0 in U, o(z) € H[L,n] with p(z) # 0 in U, and suppose that

()t (55) e

If f(z) is analytic in U with f(0) = 0 and satisfies the following differential
subordination

a—14ib

(F(2) 0 (21'(2) 77 < {(F(2)"0(2)2" )" (ze D),
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then
f(z) =< {(a+ib)/ (F(t))ago(t)tlb_ldt} (z € U).
0
REMARK 6. The function
1
‘atib

9(z) = {(a +ib) /OZ(F(t))asO(t)ti“ dt} € A,

has the same form as the Bazilevi¢ function. A simple calculation yields that

0= () ()

If F(z) € S*, and o(z) € H[1,n] satisfies Reep(z) > 0 (z € U) for some
real A\ with |A] < g, then since g(z) satisfies the inequality (5), we see that
g(z) € Bx(a,b) (see [1]).

Setting p(2) =1, a=k+1 (Rek > —1) and § = 0 in Theorem 1, we have

COROLLARY 2. Let k be a complex number with Rek > —1, and let F(z)
€ A,, satisfies
2F'(z2)
(2)

F
If f(z) is analytic in U with f(0) = 0 and satisfies the following differential
subordination

(17) Re{(k+1) }>o (z € U).

(F(2)FT (f(2) 71 < F(z)  (z€U),
then

1

p k+1 E+1
£(z) < {(k+1)/0 (F(tz)dt} (z € ).

REMARK 7. If we let

1

2 k+1 E+1
g(z):{(kz—i—l)/o (F(tz)dt} €A,

then we have

2(2) (D) L 2F(E)
e (” 7(2) ) = DTGy

Thus, from (17), we see that g(z) satisfies (4) which implies that g(z) € Sk.

Taking k = — — 1 (a > 0) in Corollary 2, we find

1
«o
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COROLLARY 3. Let a be a real number with o > 0, and let F(z) € A, be
starlike in U. If f(z) is analytic in U with f(0) = 0 and satisfies the following
differential subordination

(f(2) "“(zf'(2)* < F(z)  (z€D),
then

[0}

£(2) < 1/02(1?(”)&& (> € U).

REMARK 8. Since the function F(z) is starlike and o > 0, it is easy to show
that

[e%

9(z) = 1/02(F(t))adt e A,

satisfies the inequality (3). That is, g(z) € M,. In addition, according to
Lemma 1, we see that g(z) is not only starlike but also convex for a = 1 (see

[5])-
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