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INTERVAL-VALUED (α, β)-FUZZY SUBGROUPS II

K.B. LATHA, D.R. PRINCE WILLIAMS and E. CHANDRASEKAR

Abstract. In continuation of [13] we provide characterizations of an interval-
valued (∈,∈ ∨q)-fuzzy subgroup. We show that a proper interval-valued (∈,∈)-
fuzzy subgroup µ̂F of group G such that # {Im(µ̂F )} ≥ 3 can be expressed as
the union of two proper non-equivalent interval-valued (∈,∈)- fuzzy subgroup of
group G. Finally, we also prove that if µ̂F is a proper interval-valued (∈,∈ ∨q)-
fuzzy subgroup of group G such that # {µ̂F (x)|µ̂F (x) < [0.5, 0.5]} ≥ 2, then
there exist two proper non-equivalent interval-valued (∈,∈ ∨q)-fuzzy subgroup
of group G such that µ̂F can be expressed as the union of them.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [22]. Since then, this
idea has been applied to other algebraic structures such as semigroups, groups,
rings, ideals, modules, vector spaces and topologies; for a detailed study see
[1, 2, 3, 4, 7, 14, 16, 17, 19]. Later on, Zadeh [23] also introduced the concept
of fuzzy set by an interval-valued fuzzy set (i.e., a fuzzy set with an interval-
valued membership function). The interval-valued fuzzy subgroups were first
defined and studied by Biswas [6], and they are subgroups of the same nature
as the fuzzy subgroups defined by Rosenfeld. Zeng et al. [24] gave a kind of
method to describe the entropy of interval-valued fuzzy set based on its simi-
larity measure, and discussed their relationship between the similarity measure
and the entropy of the interval-valued fuzzy sets in detail. However, the ob-
tained results can still be applied in many fields such as pattern recognition,
image processing and fuzzy reasoning etc. The definition of a fuzzy subgroup
with thresholds, which is a generalization of Rosenfeld’s fuzzy subgroup and
Bhakat and Das’s fuzzy subgroup was introduced by Xuehai Yuan et al. [21].
Saeid [20] introduced the notion of interval-valued fuzzy BG-algebras and de-
termined the relationship between these notions and BG-subalgebras. A new
type of fuzzy subgroup (that is, the (∈,∈ ∨q)-fuzzy subgroup) was introduced
in an earlier paper of Bhakat and Das [5] by using the combined notions of
“belongingness” and “quasi-coincidence” of fuzzy points and fuzzy sets, which
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was introduced by Pu and Liu [18]. In fact, the (∈,∈ ∨q)-fuzzy subgroup is
an important generalization of Rosenfeld’s fuzzy subgroup. With this objec-
tive in view, Davvaz [8] applied this theory to near-rings and obtained some
useful results. The notion of interval-valued (∈,∈ ∨q)-fuzzy filters of pseudo
BL-algebras was discussed by Jianming Zhan et al. [25]. Later Xueling Ma
et al. [15] introduced the notion of interval-valued (∈,∈ ∨q)-fuzzy implica-
tive ideals of pseudo-MV algebras is considered and some characterization
theorems of these generalized fuzzy implicative ideals are discussed. Using
the “belongs to” relation (∈) and quasi-coincidence with the relation (q) be-
tween fuzzy points and fuzzy sets, the concept of (α, β)-fuzzy subalgebra on
BCK-algebra, where (α, β) are any two of {∈, q,∈ ∨q,∈ ∧q} with α 6=∈ ∧q
was introduced, and related properties were investigated in [11]. As a con-
tinuation of paper [11], relations between a fuzzy subalgebra with thresholds
and an (∈,∈ ∨q)-fuzzy subalgebra were discussed in [9, 10]. The notion of
an interval-valued (∈,∈ ∨q)-fuzzy subgroup, interval-valued (∈,∈ ∨q)-fuzzy
subgroup with thresholds by using their level subgroups, TG-interval-valued
(∈,∈ ∨q)-fuzzy subgroup, the direct product and TG-product of an interval-
valued (∈,∈ ∨q)-fuzzy subgroup and TG-interval-valued (∈,∈ ∨q)-fuzzy sub-
group with thresholds by using their level subgroups was introduced and some
of their related properties were investigated in [12].

In this paper, using the “belongs to” relation (∈) and quasi-coincidence with
relation (q) between fuzzy points and fuzzy sets, a new concept of interval-
valued (α, β)-fuzzy subgroup is considered, where α and β are any two of
{∈, q,∈ ∨q,∈ ∧q} with α 6=∈ ∧q, and related properties are investigated. We
provide characterizations of an interval-valued (∈,∈ ∨q)-fuzzy subgroup. We
show that a proper interval-valued (∈,∈)- fuzzy subgroup µ̂F of group G such
that # {Im(µ̂F )} ≥ 3 can be expressed as the union of two proper non-
equivalent interval-valued (∈,∈)-fuzzy subgroup of group G. Finally, we also
prove that if µ̂F is a proper interval-valued (∈,∈ ∨q)-fuzzy subgroup of G
such that # {µ̂F (x)/µ̂F (x) < [0.5, 0.5]} ≥ 2, then there exist two proper non-
equivalent interval-valued (∈,∈ ∨q)-fuzzy subgroup of group G such that µ̂F
can be expressed as the union of them.

2. PRELIMINARIES

In this section we recall some basic definitions for the sake of completeness.

Definition 1 ([19]). Let µ be a fuzzy set in a group G. Then µ is called a
fuzzy subgroup of G if

(FS1) (∀x, y ∈ G) (µ(xy) ≥ min{µ(x), µ(y)}),
(FS2) (∀x ∈ G) (µ(x−1) ≥ µ(x)).

An interval-valued fuzzy set F defined on G is given by the set F =
{(x, [µLF (x), µUF (x)])} for all x ∈ G. Briefly denote F = [µLF , µ

U
F ], where µLF

and µUF are any two fuzzy sets in G such that µLF (x) ≤ µUF (x) for all x ∈ G.
For simplicity µ̂F (x) = [µLF (x), µUF (x)], for all x ∈ G.
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Let D[0, 1] denote the family of all closed sub-intervals of [0, 1]. It is clear
that if µLF (x) = µUF (x) = c where 0 ≤ c ≤ 1 then µ̂F (x) = [c, c] is in D[0, 1].
Thus µ̂F (x) ∈ D[0, 1] for all x ∈ G. Therefore the interval-valued fuzzy set
F is given by F = {x, µ̂F (x)} for all x ∈ G, where µ̂F : G → D[0, 1]. Now
we define the notion of refined minimum (briefly, rmin) and the order “≤”
on elements D1 = [a1, b1] and D2 = [a2, b2] of D[0, 1] as: rmin(D1, D2) =
[min{a1, a2},min{b1, b2}], and D1 ≤ D2 ⇔ a1 ≤ a2 ∧ b1 ≤ b2 respectively.
Similarly we can define ≥ and =.

First we can extend the concept of fuzzy subgroup to the concept of interval-
valued fuzzy subgroup of G as follows:

Definition 2 ([6]). An interval-valued fuzzy set F inG is called an interval-
valued fuzzy subgroup of G if

(i) (∀x, y ∈ G) (µ̂F (xy) ≥ rmin{µ̂F (x), µ̂F (y)}),
(ii) (∀x ∈ G) (µ̂F (x−1) ≥ µ̂F (x)).

An interval-valued fuzzy set F = {x, µ̂F (x)|x ∈ G} of the form:

µ̂F (x) =
{
t̂( 6= [0, 0]) if x = y

[0, 0] if x 6= y

is said to be an interval-valued fuzzy point with support y and the interval-
valued t̂ and is denoted by xt̂. For an interval-valued fuzzy point xt̂ and an
interval-valued fuzzy set µ̂F in a set G, Pu and Liu [18] gave meaning to the
symbol xt̂αµ̂F , where α ∈ {∈, q,∈ ∨q,∈ ∧q}.

To say that xt̂ ∈ µ̂F (resp. xt̂qµ̂F ) means that µ̂F (x) ≥ t̂ (resp. µ̂F (x) + t̂ >
[1, 1]), and in this case xt̂ is said to belong to (respectively, is quasi-coincident
with) an interval-valued fuzzy set µ̂F . To say that xt̂ ∈ ∨qµ̂F (respectively,
xt̂ ∈ ∧qµ̂F ) means that xt̂ ∈ µ̂F or xt̂qµ̂F (respectively, xt̂ ∈ µ̂F and xt̂qµ̂F ).

For all t̂1, t̂2 ∈ [0, 1], rmin{t̂1, t̂2} will be denoted by m(t̂1, t̂2).

Definition 3 ([13]). An interval-valued fuzzy set µ̂F in G is called an
interval-valued (α, β)-fuzzy subgroup of G, where α 6=∈ ∧q, if it satisfies the
following conditions:

(i) (∀x, y ∈ G) and (∀t̂1, t̂2 ∈ (0, 1]) (xt̂1αµ̂F , yt̂2αµ̂F ⇒ (xy)m(t̂1,t̂2)βµ̂F ),
(ii) (∀x ∈ G and ∀t̂ ∈ (0, 1]), (xt̂αµ̂F ⇒ x−1

t̂
βµ̂F ).

3. CHARACTERIZATIONS OF (α, β)-FUZZY SUBGROUPS

In what follows let α and β denote any one of the symbols ∈, q,∈ ∨q, or
∈ ∧q and let G be a group, unless otherwise specified. To say that xt̂ᾱµ̂F
means that xt̂αµ̂F does not hold.

Theorem 1. Let f : G→ G′ be a group homomorphism, and let µ̂F and µ̂H
be interval-valued (∈,∈ ∨q)-fuzzy subgroups of G and G′ respectively. Then:

(i) f−1(µ̂H) is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.
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(ii) If µ̂F satisfies the sup property, i.e., for any subset T of G there ex-
ists x0 ∈ T such that µ̂F (x0) = ∨{µ̂F (x)|x ∈ T}, then f(µ̂F ) is an
interval-valued (∈,∈ ∨q)-fuzzy subgroup of G′ when f is onto.

Proof. (i) Let x, y ∈ G and t̂1, t̂2 ∈ (0, 1] be such that xt̂1 ∈ f
−1(µ̂H) and

yt̂2 ∈ f
−1(µ̂H). Then (f(x))t̂1 ∈ (µ̂H) and (f(y))t̂2 ∈ (µ̂H). Since µ̂H is an

interval-valued (∈,∈ ∨q)-fuzzy subgroup of G′, it follows that (f(xy))m(t̂1,t̂2) =
(f(x)f(y))m(t̂1,t̂2) ∈ ∨q (µ̂H) so that (xy)m(t̂1,t̂2) ∈ ∨q f−1(µ̂H). The rest is
obvious. Hence f−1(µ̂H) is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G.

(ii) Let a, b ∈ G′ and t̂1, t̂2 ∈ (0, 1] be such that at̂1 ∈ f(µ̂F ) and bt̂2 ∈ f(µ̂F ).
Then (f(µ̂F ))(a) ≥ t̂1 and (f(µ̂F ))(b) ≥ t̂2. Since µ̂F has the sup property,
there exist x ∈ f−1(a) and y ∈ f−1(b) such that µ̂F (x) = ∨{µ̂F (z)| z ∈ f−1(a)}
and µ̂F (y) = ∨{µ̂F (w)|w ∈ f−1(b)}. Then xt̂1 ∈ (µ̂F ) and yt̂2 ∈ (µ̂F ). Since
µ̂F is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G, we have (xy)m(t̂1,t̂2) ∈
∨qµ̂F . Now xy ∈ f−1(ab), and so (f(µ̂F ))(ab) ≥ µ̂F (xy). Thus (f(µ̂F ))(ab) ≥
m{t̂1, t̂2} or (f(µ̂F ))(ab) + m{t̂1, t̂2} > [1, 1] which means that (ab)m(t̂1,t̂2) ∈
∨q f(µ̂F ). The rest is obvious. Consequently, f(µ̂F ) is an interval-valued
(∈,∈ ∨q)-fuzzy subgroup of G′. �

Theorem 2. Let µ̂F be an interval-valued (q,∈ ∨q)-fuzzy subgroup of G
such that µ̂F is not constant on G0. If µ̂F (0) = ∨{µ̂F (x)|x ∈ G}, then
µ̂F (x) ≥ [0.5, 0.5] for all x ∈ G0.

Proof. Assume that µ̂F (x) < [0.5, 0.5] for all x ∈ G. Since µ̂F is not con-
stant on G0, there exists y ∈ G0 such that t̂y = µ̂F (y) 6= µ̂F (0) = t̂0. Then
t̂y < t̂0. Choose t̂1 > [0.5, 0.5] such that t̂y + t̂1 < [1, 1] < t̂0 + t̂1. Then
0t̂1qµ̂F and yt̂1qµ̂F . Since µ̂F (x) + t̂1 = t̂y + t̂1 < [1, 1], we get yt̂1qµ̂F ,
and so (y.0)m([1,1],t̂1) = yt̂1∈ ∨qµ̂F . This contradicts the fact that µ̂F is an
interval-valued (q,∈ ∨q)-fuzzy subgroup of G. Therefore µ̂F (x) ≥ [0.5, 0.5]
for some x ∈ G. Now if possible, let t̂0 = µ̂F (0) < [0.5, 0.5]. Then there
exists x ∈ G such that t̂x = µ̂F (x) ≥ [0.5, 0.5]. Thus t̂0 < t̂x. Take
t̂1 > t̂0 such that t̂0 + t̂1 < [1, 1] < t̂x + t̂1. Then xt̂1qµ̂F and 0t̂1qµ̂F , but
(0.x)m([1,1],t̂1) = 0t̂1∈ ∨qµ̂F , a contradiction. Hence µ̂F (x) ≥ [0.5, 0.5]. Finally
let t̂x = µ̂F (x) < [0.5, 0.5] for some x ∈ G0. Taking t̂1 > [0, 0] such that t̂x +
t̂1 < [0.5, 0.5], then x[1,1]qµ̂F and 0[0.5,0.5]+t̂1

qµ̂F since µ̂F (0) ≥ [0.5, 0.5]. But
µ̂F (x) + [0.5, 0.5] + t̂1 = t̂x + [0.5, 0.5] + t̂1 < [0.5, 0.5] + [0.5, 0.5] = [1, 1], which
implies that x[0.5,0.5]+t̂1

qµ̂F . Thus (x.0)m([1,1],[0.5,0.5]+t̂1) = x[0.5,0.5]+t̂1
∈ ∨qµ̂F ,

a contradiction. Hence µ̂F (x) ≥ [0.5, 0.5] for all x ∈ G0. The rest is obvious.
This completes the proof. �

An interval-valued fuzzy set µ̂F in G is said to be proper if Im(µ̂F ) has at
least two elements. Two interval-valued fuzzy sets are said to be equivalent
if they have same family of level subsets. Otherwise, they are said to be
non-equivalent.
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Theorem 3. Let G be a fuzzy group. Then a proper interval-valued (∈,∈)-
fuzzy subgroup µ̂F of G such that # {Im(µ̂F )} ≥ 3 can be expressed as the
union of two proper non-equivalent interval-valued (∈,∈)-fuzzy subgroup of G.

Proof. Let µ̂F be a interval-valued (∈,∈)-fuzzy subgroup ofG with Im(µ̂F ) =
{t̂0, t̂1, . . . t̂n}, where t̂0 > t̂1 > . . . > t̂n and n ≥ 2. Then U(µ̂F ; t̂0) ⊆
U(µ̂F ; t̂1) ⊆ . . . ⊆ U(µ̂F ; t̂n) = G is the chain of ∈-level subgroup of µ̂F .
Define an interval-valued fuzzy sets ν̂F and δ̂F in G by

ν̂F (x) =


r̂1 if x ∈ U(µ̂F ; t̂1)
t̂2 if x ∈ U(µ̂F ; t̂2)\U(µ̂F ; t̂1)
. . .

t̂n if x ∈ U(µ̂F ; t̂n)\U(µ̂F ; ˆtn−1)

and

δ̂F (x) =



t̂0 if x ∈ U(µ̂F ; t̂0)
t̂1 if x ∈ U(µ̂F ; t̂1)\U(µ̂F ; t̂0)
r̂2 if x ∈ U(µ̂F ; t̂3)\U(µ̂F ; t̂1)
t̂4 if x ∈ U(µ̂F ; t̂4)\U(µ̂F ; t̂3)
. . .

t̂n if x ∈ U(µ̂F ; t̂n)\U(µ̂F ; t̂n−1)

respectively, where t̂2 < r̂1 < t̂1 and t̂4 < r̂2 < t̂2. Then ν̂F and δ̂F are
interval-valued (∈,∈)-fuzzy subgroups of G with U(µ̂F ; t̂1) ⊆ U(µ̂F ; t̂2) ⊆
. . . ⊆ U(µ̂F ; t̂n) = G and U(µ̂F ; t̂0) ⊆ U(µ̂F ; t̂1) ⊆ . . . ⊆ (µ̂F ; t̂n) = G as
respective chains of ∈-level subgroup, and µ̂F , δ̂F ≤ µ̂F . Thus ν̂F and δ̂F are
non-equivalent, and obviously ν̂F ∪ δ̂F = µ̂F . This completes the proof. �

Theorem 4. Let µ̂F be an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G
such that µ̂F (x) < [0.5, 0.5] for all x ∈ G. Then µ̂F is an interval-valued
(∈,∈)-fuzzy subgroup of G.

Proof. Let x, y ∈ G and t̂1, t̂2 ∈ (0, 1] be such that xt̂1 ∈ µ̂F and yt̂2 ∈ µ̂F .
Then µ̂F (x) ≥ t̂1 and µ̂F (y) ≥ t̂2. It follows from [12, Theorem 3.4] that

µ̂F (xy) ≥ m{µ̂F (x), µ̂F (y), [0.5, 0.5]} = m{µ̂F (x), µ̂F (y)} ≥ m{t̂1, t̂2}
so that (xy)m(t̂1,t̂2) ∈ µ̂F . The rest is obvious. Hence µ̂F is an interval-valued
(∈,∈)-fuzzy subgroup of G. �

Theorem 5. An interval-valued fuzzy set µ̂F is an interval-valued (∈,∈ ∨q)-
fuzzy subgroup of G if and only if the set U(µ̂F ; t̂) = {x ∈ G| µ̂F (x) ≥ t̂} is a
subgroup of G for all t̂ ∈ (0, 0.5].

Proof. Assume that µ̂F is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of
G. Let x, y ∈ U(µ̂F ; t̂) for t̂ ∈ (0, 0.5]. Then µ̂F (x) ≥ t̂ and µ̂F (y) ≥ t̂. It
follows from [12, Theorem 3.4] that µ̂F (xy) ≥ m{µ̂F (x), µ̂F (y), [0.5, 0.5]} =
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m{t̂, [0.5, 0.5]} = t̂, so that xy ∈ U(µ̂F ; t̂). The rest is obvious. Therefore
U(µ̂F ; t̂) is a subgroup of G.

Conversely, let µ̂F be a fuzzy set in G with U(µ̂F ; t̂) = {x ∈ G| µ̂F (x) ≥ t̂}
a subgroup of G for all t̂ ∈ (0, 0.5]. If there are x, y ∈ G such that µ̂F (xy) <
m{µ̂F (x), µ̂F (y), [0.5, 0.5]}, then we take t̂ ∈ (0, 1] such that µ̂F (xy) < t̂ <
m{µ̂F (x), µ̂F (y), [0.5, 0.5]}. Thus x, y ∈ U(µ̂F ; t̂) and t̂ < [0.5, 0.5], and so
xy ∈ U(µ̂F ; t̂), i.e., µ̂F (xy) ≥ t̂. This is a contradiction. Therefore µ̂F (xy) ≥
m{µ̂F (x), µ̂F (y), [0.5, 0.5]} for all x, y ∈ G. The rest is obvious. Using [12,
Theorem 3.4], µ̂F is an interval-valued (∈,∈ ∨q)-fuzzy subgroup of G. �

For any interval-valued fuzzy set µ̂F in G and t̂ ∈ (0, 1], denote [µ̂F ]t̂ =
{x ∈ G|xt̂qµ̂F } and [µ̂F ]t̂ = {x ∈ G|xt̂ ∈ ∨qµ̂F }. Clearly, [µ̂F ]t̂ = U(µ̂F ; t̂) ∪
[µ̂F ]t̂.

Theorem 6. An interval-valued fuzzy set µ̂F in G is an interval-valued
(∈,∈ ∨q)-fuzzy subgroup of G if and only if [µ̂F ]t̂ is a subgroup of G for all
t̂ ∈ (0, 1].

We call [µ̂F ]t̂ an interval-valued (∈,∈ ∨q)-level subgroup of µ̂F .

Proof. Let µ̂F be an interval-valued (∈,∈ ∨q)- fuzzy subgroup of G and
let x, y ∈ [µ̂F ]t̂ for t̂ ∈ (0, 1]. Then xt̂ ∈ ∨qµ̂F and yt̂ ∈ ∨qµ̂F , that is,
µ̂F (x) ≥ t̂ or µ̂F (x) + t̂ > [1, 1] and µ̂F (y) ≥ t̂ or µ̂F (y) + t̂ > [1, 1]. Since
µ̂F (xy) ≥ m{µ̂F (x), µ̂F (y), [0.5, 0.5]} by [12, Theorem 3.4], we have µ̂F (xy) ≥
m{t̂, [0.5, 0.5]}. Otherwise, xt̂∈ ∨qµ̂F and yt̂∈ ∨qµ̂F , a contradiction. If t̂ ≤
[0.5, 0.5], then µ̂F (xy) ≥ m{t̂, [0.5, 0.5]} = t̂ and so xy ∈ U(µ̂F ; t̂) ⊆ [µ̂F ]t̂. If
t̂ > [0.5, 0.5], then µ̂F (xy) ≥ m{t̂, [0.5, 0.5]} = [0.5, 0.5] and thus µ̂F (xy) + t̂ >
[0.5, 0.5] + [0.5, 0.5] = [1, 1]. Hence (xy)t̂qµ̂F , and so xy ∈ [µ̂F ]t̂ ⊆ [µ̂F ]t̂. The
rest is obvious. Therefore [µ̂F ]t̂ is a subgroup of G.

Conversely, let µ̂F be a fuzzy set in G and t̂ ∈ (0, 1] be such that [µ̂F ]t̂ is
a subgroup of G. If possible, let µ̂F (xy) < t̂ < m{µ̂F (x), µ̂F (y), [0.5, 0.5]} for
some t̂ ∈ (0, 0.5] and x, y ∈ G. Then x, y ∈ U(µ̂F ; t̂) ⊆ [µ̂F ]t̂, which implies
that xy ∈ [µ̂F ]t̂. Hence µ̂F (xy) ≥ t̂ or µ̂F (xy) + t̂ > [1, 1], a contradiction.
Therefore µ̂F (xy) ≥ m{µ̂F (x), µ̂F (y), [0.5, 0.5]} for all x, y ∈ G. The rest is
obvious. Using [12, Theorem 3.4], we conclude that µ̂F is an interval-valued
(∈,∈ ∨q)-fuzzy subgroup of G. �

Theorem 7. Let µ̂F be a proper interval-valued (∈,∈ ∨q)- fuzzy subgroup
of G such that # {µ̂F (x)| µ̂F (x) < [0.5, 0.5]} ≥ 2. Then there exist two proper
non-equivalent interval-valued (∈,∈ ∨q)- fuzzy subgroup of G such that µ̂F can
be expressed as the union of them.

Proof. Let {µ̂F (x)| µ̂F (x) < [0.5, 0.5]} = {t̂1, t̂2 . . . t̂r}, where t̂1 > t̂2 >
. . . >̂ tr and r ≥ 2. Then the chain of interval-valued (∈ ∨q)-level subgroup of
µ̂F is

[µ̂F ][0.5,0.5] ⊆ [µ̂F ]t̂1 ⊆ [µ̂F ]t̂2 ⊆ . . . ⊆ [µ̂F ]t̂r = G.
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Let ν̂F and δ̂F be interval-valued fuzzy sets in G defined by

ν̂F (x) =


t̂1 if x ∈ [µ̂F ]t̂1
t̂2 if x ∈ [µ̂F ]t̂2\[µ̂F ]t̂1
. . .

t̂r if x ∈ [µ̂F ]t̂r\[µ̂F ]t̂r−1

and

δ̂F (x) =



µ̂F (x) if x ∈ [µ̂F ][0.5,0.5],

k if x ∈ [µ̂F ]t̂2\[µ̂F ][0.5,0.5]

t̂3 if x ∈ [µ̂F ]t̂3\[µ̂F ]t̂2
. . .

t̂r if x ∈ [µ̂F ]t̂r\[µ̂F ]t̂r−1

respectively, where t̂3 < k̂ < t̂2. Then ν̂F and δ̂F are interval-valued (∈,∈ ∨q)-
fuzzy subgroup of G, and ν̂F , δ̂F ≤ µ̂F . The chains of interval-valued (∈ ∨q)-
level subgroup of ν̂F and δ̂F are given by [µ̂F ]t̂1 ⊆ [µ̂F ]t̂2 ⊆ . . . ⊆ [µ̂F ]t̂r and
[µ̂F ][0.5,0.5] ⊆ [µ̂F ]t̂2 ⊆ . . . ⊆ [µ̂F ]t̂r respectively. Therefore, ν̂F and δ̂F are
non-equivalent, and clearly ν̂F ∪ δ̂F = µ̂F . This completes the proof. �
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